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Abstract 

We study the mixed twistor 25-modules associated to meromorphic functions. In particular, we describe 
their push-forward and specialization under some situations. We apply the results to study the twistor 
property of a type of better behaved GKZ-hypergeometric systems, and to study their specializations. As a 
result, we obtain some isomorphisms of mixed TEP-structures in the local mirror symmetry. 
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1 Introduction 

1.1 Mixed twistor ©-modules 

I n EH], C. Simpson introduced the concept of mixed twistor structure as a generalization of mixed Hodge 
structure. According to his principle, called Simpson’s meta theorem, most objects and theorems concerning 
with mixed Hodge structure should have their counterparts in the context of mixed twistor structure. 

The concept of mixed Hodge module due to M. Saito mm is one of the ultimate in the Hodge theory. 
Roughly speaking, mixed Hodge modules are regular holonomic 25-modules equipped with mixed Hodge struc¬ 
ture. One of the main results in the theory is the functoriality of mixed Hodge modules. Namely, we have 
the standard operations on the derived category of algebraic mixed Hodge modules such as push-forward, pull 
back, duality, inner homomorphism, tensor product, nearby cycle functor, vanishing cycle functors, which are 
compatible with the standard operations for algebraic regular holonomic 25-modules. 

According to Simpson’s meta theorem, we should have a twistor version of mixed Hodge modules, that is 
the concept of mixed twistor 25-module. The concept of pure twistor 25-module was introduced by C. Sabbah 
03150], and studied by himself and the author ESEz]. The mixed case was studied in [40] . 

As in the Hodge case, we have the standard functors on the derived category of algebraic mixed twistor 
25-modules, that is one of the most useful points in the theory of mixed twistor 25-modules. Another interesting 
point is that we have the mixed twistor 25-modules associated to meromorphic functions. 

Let / be a meromorphic function on a complex manifold X whose poles are contained in a hypersurface H. 
Let L*(/, H) be the holonomic 25-modules given by Ox{*H) with the flat connection d + df. We also have the 
holonomic 25-module L\{f,H) := £5(L*(—/, 22)), where D denotes the duality of holonomic 25-modules. We 
have the natural mixed twistor 25-modules over L*(/, H) (* = *,!). Applying the standard functors to such 
mixed twistor 25-modules, we can obtain many mixed twistor 25-modules. In other words, many important 
holonomic 25-modules are equipped with a natural mixed twistor structure. It would be interesting to have 
applications of the mixed twistor structure. 

In this paper, we shall explain that a type of better behaved GKZ-hypergeometric systems are naturally 
equipped with the mixed twistor structure. We shall also explain an application in the study of toric local 
mirror symmetry. 

1.1.1 Ingredients for mixed twistor 25-modules 

Originally, ingredients for twistor 25-modules are given as ©-triples by Sabbah [47l . (See Tl.ll for a review.) But, 
in this paper, we consider only integrable mixed twistor 25-modules with rea^structure. So, in this introduction, 
we explain it in a slightly different way, although we use the formalism of ©-triples after ([2] 
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Let X be any complex manifold. Let X := C x X and X° := {0} x X. Let A be the standard coordinate 
of C. We have the sheaf of differential operators T>x on X. Let 1Zx C T>x denote the sheaf of subalgebras 
generated by A©* (log A 0 ). 

An TH.Y-module Xi is called strict if it is flat over Oc • Any coherent Px-module Xi has the characteristic 
variety Ch(Al) in T*X( log A 0 ) as in the case of P-modules. We say that XI is holonomic if Ch(Al) is contained 
in C x A for a Lagrangian subvariety A C T*X. A real structure of strict holonomic Px-module Xi is a IE- 
perverse sheaf Pr on C* x X with an isomorphism Pr ® C ~ DRc* x x(A / J|c*xx)- 

Then, an integrable mixed twistor P-module with real structure on X is a strict holonomic P.Y-module Xi 
with a real structure and a weight filtration (XI, Pr,W) satisfying some conditions. Here, W is an increasing 
filtration of strict holonomic Px-modules with real structure. 

In this introduction, “mixed twistor P-module” means “integrable mixed twistor P-module with real struc¬ 
ture” . 


1.2 Better behaved GKZ-hypergeometric systems 

1.2.1 P-modules 

L. Borisov and P. Horja 0 introduced the concept of better behaved GKZ-hypergeometric system as a gener¬ 
alization of GKZ-hypergeometric systems [15] • (See also [22].) Let us recall a special type of better behaved 
GKZ-hypergeometric systems. 

Let A = {ai, ..., a m } C Z" be a finite subset generating Z". We have the cone Kr(A) := r o a i \ r j — 

0} C R" generated by A. We set K(A) := Ar(A) D Z n . The semigroup K(A) is the saturation of Z> 0 A = 
{£r= x rijCij | rij £ Z>o}. We denote aj = (aji,..., a,j n ). 

Let T C K(A) be any subset such that T + a C T for any a £ A. Let (3 £ C n . The following system of 
differential equations GKZ(Al, T,/3) for tuples of holonrorphic functions (<f> c | c £ T) on any open subset in C m 
is called the better behaved GKZ-hypergeometric system associated to (A, T,/3): 

d Xj $ c = $ c +a 3 - (Vc £ T, Vj = 1,..., m) 

( Y. ajiXjd Xj +Ci- $c = o (Vc e T, Vi = 1,..., n) 

0 

Here, (x \,..., x m ) denotes the standard coordinate system of C m . 

Remark 1.1 In [5], any tuple in a finitely generated abelian group is considered instead of a finite subset in 
IX. In that sense, the above system is a special case of better behaved GKZ-hypergeometric systems. Later, 
moreover, we shall mainly consider the case (3 = 0. 

But, as in jT], we omit the existence of an element a £ (Z”) v such that a(di) = 1 for any i. 1 


Expression as the twisted Gauss-Manin systems We can describe the corresponding P-modules using 
the twisted Gauss-Manin system. Let T n := (C*) ra . We consider the morphism : T n —>■ C m given 
by ip^(ti,... ,t n ) = (t ai ,... where = n"=i tf, 3 '■ Let -^A denote the closure of the image of . 

Let Xff —> X^ be the normalization. Let Dy * denote the complement of T n in Note that X^f = 

SpecC[A'(M)] and X^ = SpecC[Z> 0 A]. 

Let HA^^logA)^) denote the sheaf of meromorphic differential k- forms which are logarithmic along Dy 
studied in [3]. Let ^atf) denote the sheaf of holomorphic fc-forms on the normal variety Xff which are 0 

along , studied in [§]. Let q : Xf^ x C m —> X^ be the projection. We set 


O k 

* L vaff 


X af f xc™/e 


.(log-D^f x C" 


) := g*ni^(logDf), 


Qh 


(X“ ff ,£)“ ff )x C m /C r 


— n *n k , 

■— t U /Y 


(xf ,£>“«)• 


The family of Laurent polynomials X^=i x 3 t aj induces a meromorphic function F' A on (X^, x C m . 
We also have the logarithmic closed one form k(j 3) = PidU/U. We obtain the relative algebraic de Rham 
complexes: 


C'(A,(3). := (%a ffxCm)/Cm (log Df x C m ),d + dF A - k(/3)) 
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C m (A,f3) 0 ^dFA ~~ k (/3)^ 

Let 7 r _4 : X^ x C m — > C m denote the projection. Each n A *C k (A, /?)* is naturally a 21c m -module by 
d Xj ■ ( g ) = d Xj g + (d Xj F A )g. The differential d + dF A — k(/ 3) of the complexes are compatible with the actions 
of V cm. So, we obtain the following 2?c m -modules 

Ma i/3> * := M n 7f^*C*(^4,/3)* (*=*,o). 

Let K (4)° be the intersection of if (.4) and the interior part of Kr(A). The 2?c m -modules M^, and M At p <Q 
correspond to the systems GKZ(4, K (4), /3) and GKZ(4, K (4)°, (3) in the sense of the following lemma. (See 
Lemma rE.il and Proposition [E4] for more details.) 

Proposition 1.2 Let U be any open subset in C m . We have a natural bijective correspondence between solutions 
o/GKZ(4,A'(4),/3) (resp. GKZ(4, K (4)°, (3)) and T>u-homomorphisms M A ^. m — > Ojj (resp. M At p t0 —> 
Ou). 

In this paper, we are mainly interested in the case /3 = 0. 


Expressions as the push-forward of P- mo doles We take a toric resolution i : -Xej —> Aj^, i.e., AT, 
be a smooth toric variety, and ip^ 1 is a projective morphism which is T n -equivariant. Let := \ T n . 

We have the meromorphic algebraic function F A ^ 1 on (IedDsJ x C m given by F A . We have the algebraic 
holonomic 2?x Sl x€"*- m odules L i ,(F A ^ 1 , x C m ) (* = *,!). Let : X% 1 x C m —> C m denote the 
projection. By the results in 96.1.41 and 96.1.61 we have the following proposition, which gives expressions of 
GKZ(4, K (4), 0) and GKZ(4, K(A)°, 0) in terms of 21-modules. 


Proposition 1.3 


Here, tt^ ^ (* = 
respect to 


We have natural isomorphisms 

X c m ) ~ X C m ) ~ 

x C m ) ~ n^MFA^,D Sl x C m ) ~ M A>0 , o . 

*,!) denote the 0-th cohomology of the push-forward functors of algebraic V-modules with 


Special case For any p = (p 1 ,... ,p m ) £ Z m , we put s + (p) := {j \pj > 0} and s_(p) := {j |Pj < 0}. We set 

°p= n a %- n 

ie«+(p) lea-(p) 

We have the morphism Z m —► Z” given by p = (pi,... ,p m ) 1 —> Y^jLi Pj a j- Let L A denote the kernel. 

For c 0 £ K(A), we have the following ordinary GKZ-hypergeometric system GKZ ord (4,/3 — c 0 ) for holo- 
morphic functions <E> Co on any open subset of C m : 

□ P $c 0 =0 (Vp S L a ) 

m 

^Coi f$i T ^ ( ajiXjd x ^ 4? Co — 0 (i — 1, - - ■, n) 

3 =1 

For any 7 £ C n , let I(A, 7 ) denote the left ideal of Vc™ generated by D p (p £ L A ) and — 7 * + 1 a ji x jd Xj 

(i = 1 ,..., n). Then, for T = Co + Z>o4, we have a natural isomorphism M GKZ (A, T, (3) ~ 21c m /I{A,P- c 0 ) 
which is the 21-module corresponding to the system GKZ old {A, P — c 0 ). 

Suppose that K(A) = Z>o-4. Then, we have a natural isomorphism 

M Ai o,» — Dcm/I(A,0). ( 1 ) 


3 






Suppose moreover K(A)° = Z >qA + Cq for an element Cq £ K(A). Then, we have a natural isomorphism 

Ma, 0,0 — Vc m/I(A, —c 0 ). (2) 

For an expression Cq = ^i a £ we have the following commutative diagram: 

Ma. 0,0 - > Ma, o.» 

“1 “1 

V cm /I(A, -c 0 ) —► Vc»/I(A,0). 

Here, the vertical morphisms are m and ©, a is the natural morphism, and b is the induced by the multiplication 

of n^x t - 


1.2.2 Mixed twistor 21-modules 


By the geometric expression in Proposition ll.31 we naturally obtain mixed twistor 21-modules T_a.o,* over M A . o,* 
(* = •, o). Namely, we have the algebraic mixed twistor 21-modules 7 K(.Fa,Ei , 2?e x x C m ) (* = *,!) on X-^ 1 x C m 
whose underlying 21-modules are L i ,(F^ s 1 , x C m ). We obtain the algebraic mixed twistor 21-nrodules 


T AOj . =4 1 .r*(JU, El) i3E 1 X C m ) ~ 7T ^MFa^D^ x C m ) 




0,0 


‘El* 


Wa.el ^E! x <C m ) ~ <,77(^2! ,21s! X <C m ) 


Let denote the underlying 77c™-nrodules of T. 4 , 0 ,* (* = *,!)■ Let us describe them as systems of 

differential equations. 

Let T C A'(A) be any subset satisfying T + a C T for any a £ A. We consider the following system of 
differential equations GKZ^(Vl, T, (3) for a tuple $r = (‘he | c £ T) of holomorphic functions on any open subset 
of C x C m = {(A, xi ,... ,x m )}: 


Xd Xj = ^c+a 3 , (Vc e r, j = 1,... ,m) 

m 

[x 2 d\ +n\ + ^2 A Xjd x ^ d> c = 0, (Vc e T) 

1=1 

m 

(\(ci - ft) + ^ ajjXxjdx^] 4> c = 0, (Veer, i = l,...,n) 

l=i 

We have the 77-modules lW GKZ (Vl, T, /3) corresponding to the system GKZ^(Vl, T, /3). (See flE.2.11 in particular 
Lemma IE.51 1 According to Proposition IE.61 and Remark I E. 71 we obtain the following proposition. 


Proposition 1.4 lW GKZ (.4, K(A), 0) (resp. lW GKZ (.4, K(A)°, 0)) is naturally isomorphic to Ma,o,» (resp. 
A4a,o,o)- 


Special case For any p £ Z m , we set 

□ p: = n (Hr- n ( xd o)~ pi - 

jes + (p) ies-(p) 


for ( \k 


For any element c 0 £ K(A), we consider the following system of differential equations GKZ!~ (AA3 — c 0 ) 


□pd’co =0 (Vp£ L A ) 


(a 2 c>a + nA + ^2 ) ^c 0 = 0 

1=1 
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^A(coi (3i) T ^ ] QjiXj Ad X j^ q — 0 (l — !)••*) 
i=i 

For any 7 G Z m , let X(4, 7 ) denote the left ideal of 7^c m generated by D p ( p G A©, A 2 d\ + nX + Y^jLi A Xjd Xj , 
and —A 7 i + Yl'jLi a jiXxjd Xj (i = 1,..., n). Then, we have a natural isomorphism 

M gkz (A, r, (3) ~ Kcm/1(A, (3 - Co) 

which is the A.c m “ m odule corresponding to GKZ ord („4,/3 — c 0 ). 

Suppose that A'(4) = Z>oA Then, we have 

M gkz (A,K(A), 0 ) ~ Kcm/1{A, 0 ). ( 3 ) 

Suppose moreover that A(4)° = K(A) + c 0 for an element c 0 G A' (.A). Then, we have 


X gkz (A A(4)°,0) ~ K C m/X(A,-c 0 ). 


For an expression Cq = bi a i> we have the following commutative diagram: 


(4) 


M a, 0,0 


“1 

Tic m /X(A, —cq) 


* -Ad .4,0,. 

■> Tlc m /X(A, 0) 


(5) 


Here, the vertical arrows are given by ©, © and Proposition 11.41 and the upper horizontal arrow is the 
morphism underlying the natural morphism of mixed twistor 22-modules Xa,q,o —> < X_ 4 ,o.«, and the lower 
horizontal arrow is given by the multiplication of 111=1 (Ad Xi ) bi . 


1.2.3 Relation with the reduced quantum 22-module of toric complete intersection 

Inspired by the work of E. Mann and T. Mignon [34] . T. Reichelt and C. Sevenheck [45] introduced some systems 
of differential equations to describe the reduced quantum 22 -nrodules of complete intersections. 

Let X be an n-dimensional projective toric manifold corresponding to a fan E. Let Di (i = 1,... ,m) be 
the hypersurfaces of X corresponding to the one dimensional cones in E. Let Kx denote the canonical bundle 
of X. Let Li (i = 1 ,...,r) be nef line bundles on X such that (I<x G A) v is nef. We may assume 
that Lj = 1 PjiDj) for some /3j, > 0. We can regard ©A^ as a toric manifold. Let A C Z n+r be the 

set of primitive vectors in the one dimensional cones of © Cf . We have the systems of differential equations 

n r 

GKZ| d (4, A(4),0) and GKZ| d ( 4 , K(A)°, -c 0 ), where c 0 = ((©"©W,,-1) G Z n+r . On (C*) m+r \ the 
systems GKZ!~ d (Al, K(A), 0) and GKZ!~ d (4, K(A)°, — c 0 ) are equivalent to the systems in Definition-Lemma 
6.1 of [32], i.e., we have the following commutative diagram: 

(ji C m+ r /x(A, —c 0 )) |(c „ )m+f . s^ (0,0 ’ 0) 

I J 

(Tl Cm +r/l(A, 0 )) |(c . )m+r —^ oM ( -’'’°- 0) 

(See [12] § 6 ] for the Xl-modules qA/A 0,0,0 ) and qAA^ - ’'’ 0 ’ 0 ).) Hence, the commutative diagram |5]) implies that 
the 7t-modules qA/A 0,0,0 ' and qAA^ 1- ’ 0 ’ 0 ) underlie mixed twistor 22 -modules. We also obtain that the image of 
the morphism b underlies a pure twistor 22 -module, which is related with the reduced quantum 22 -module of 
the complete intersection. 

Remark 1.5 In [45] . they constructed Tl-modules by using the partial Fourier-Laplace transform of GKZ- 
hypergeometric systems and the Brieskorn lattices associated to the Hodge filtrations. (See also |44| and [49 ] .) 
They conjectured some relation of the Tl-modules with qA/A°’ 0 ’°) and qAA*- - ’’’ 0 ’ 0 ) [45] Conjecture 6.13]. 
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We review the construction in as and we compare it with the IZ-modules underlying our mixed twistor 
T>-modules in Proposition [DT6J. (See also Provosition 16.701 and Corollaru 16.711 ) In this way, we can verify their 
conjecture. In [46| . they also verified their conjecture in a different way. I 


1.3 Application to toric local mirror symmetry 

Recall that GKZ-hypergeometric systems GKZ ord („4, T, 0) and the variants GKZ!~ d (.4, T, 0) play important 
roles in the study of mirror symmetry of toric manifolds. We shall apply the general theory of mixed twistor 
22 -modules to the study of toric local mirror symmetry. 

One of the important goals in the study of mirror symmetry is to obtain an isomorphism of Frobenius 
manifolds associated to a mirror pair of an /1-model and a B-model. Roughly, a Frobenius manifold is a 
complex manifold with a holomorphic multiplication and a holomorphic inner product on the tangent bundle 
satisfying some compatibility conditions. The Frobenius manifold associated to the A-model contains much 
information on the genus 0 Gromov-Witten invariants. The Frobenius manifold associated to the R-model 
contains much information on the generalized Hodge structure of the Landau-Ginzburg model. Hence, it is 
interesting to have such an isomorphism of the Frobenius manifolds. One of the most celebrated results is due 
to A. Givental who established it in the case of toric weak Fano manifolds. (See also [21] [44].) 

Pursuing an analogue of such an isomorphism in the study of local mirror symmetry, Konishi and Minabe 
E29U30H3I] [32] introduced the concept of mixed Frobenius manifold as a generalization of Frobenius manifold. 
Note that Frobenius manifolds do not appear at least naively in the local case. Roughly, a mixed Frobenius 
manifold is a complex manifold with a holomorphic multiplication, a holomorphic filtration on the tangent 
bundle, and inner products on the graded pieces with respect to the filtration, satisfying some compatibility 
conditions. It looks natural to expect that mixed Frobenius manifolds appear widely. 

Konishi and Minabe particularly studied the case of any toric weak Fano surface S. On the local A-side, 
they constructed a mixed Frobenius manifold from the genus 0 local Gromov-Witten invariants of S. On the 
local .B-side, they suggested that the expected mixed Frobenius manifolds should be related with a variation of 
mixed Hodge structure associated to the corresponding Landau-Ginzburg model. 

Then, it is natural to ask whether there really exists a mixed Frobenius manifold on the local B-side. 
Recently, in his master thesis, Y. Shamoto proved a reconstruction theorem of mixed Frobenius manifolds as 
a generalization of a reconstruction theorem of Frobenius manifolds due to C. Hertling and Y. Manin |18| . 
Together with the description of the variation of mixed Hodge structure in ®mm, he proved the existence of 
mixed Frobenius manifolds associated to some toric local H-models, up to the ambiguity of the choice of inner 
products on the graded pieces. It is still interesting to ask how to choose pairings on the graded pieces, and 
how to obtain an isomorphism of mixed Frobenius manifolds associated to the local mirror pair. 

In this paper, we study the expectation in a rough level. Instead of mixed Frobenius manifolds, we shall 
study mixed TEP-structures which will be explained in the next subsection. We shall obtain an isomorphism 
of mixed TEP-structures associated to a mirror pair of a local A-model and a local H-model. 

1.3.1 Mixed TEP-structure 

Recall that a TE-structure on a complex manifold M in the sense of [14] is a locally free (Ac^xM-module V with 
a meromorphic flat connection V : V —>■ V ® H] :xxM (log({0} x M)) ® 0({O} x M). If it is equipped with a 
perfect pairing P : V® j*V —> A n Oc x xM such that (j*P)(j*a®b) = (— 1 ) n P(h®j*a), then (V, V,P) is called 
a TEP-structure or more precisely TEP(?r)-structure [14] on M. Here, j : C\ x M — > C\ x M is given by 
j{A,Q) = (— A,Q). We shall often omit to denote V, i.e., (V, V,P) is denoted by (V, P). 

A mixed TE-structure on a complex manifold M consists of the following: 

• A TE-structure V on M. 

• An increasing filtration W = ( W m (V ) |m € Z) on V such that (i) W m = 0 (m « 0) and W m = V 
(m » 0), (ii) Gr]^(V) are locally free dc^xM-modules, (iii) W m are preserved by the connection of V. 

If each GrJ^(V) is equipped with a non-degenerate pairing P m : Gr^(V) ® j* Gr^(V) —> A“ m £>c jX M such 
that (GrJ][ V, P m ) is a TEP(—m)-structure, then (V, W, {Pm}) is called a mixed TEP-structure. 
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For example, a graded polarized variation of mixed Hodge structure naturally induces a mixed TEP-structure 
by the Rees construction. In that case, we can reconstruct the Hodge filtration, the weight filtration and the 
polarization on the graded pieces of the original graded polarized variation of mixed Hodge structure from the 
mixed TEP-structure. So, it still contains much interesting information. 

1.3.2 Mixed twistor "D-modules with a graded polarization 

Let (A), Pr, W) be a mixed twistor P-module on a complex manifold Y. If the P^-module A) is a locally free 
Oy-module, then (A),IY) is a mixed TE-structure by definition. 

Suppose that (A), Pr, W) is pure of weight w, i.e., Gr^ = 0 unless j = w. Then, a polarization of (A), Pr, W) 
is equivalent to a morphism A) —> X~ w j* D(A4), where D is the duality functor for mixed twistor P-modules. 
If A1 is a locally free (Dy-module, the morphism gives a pairing V : A) (g) j* M. —> y-io+dim v anf ] (y\/f ; p) 
is a TEP (—w + dim Y)-structure. 

If (A), Pr, W) is not necessarily pure, a tuple of polarizations V = (V m \m £ Z) on Gr^ (A), Pr) is called a 
graded polarization of (At, Pr, W). If At is a locally free (Ay-module, each Gr^ (At) is a locally free (Ay-module. 
We set Wm-dimvAt := IY m AL Then, (At, HAT 7 ) is a mixed TEP-structure. 

1.3.3 Mixed TEP-structures on GKZ(A, K(A), 0) and GKZ(A K(A)°, 0) 

We use the notation in 1)1.21 We have the open subset (C m ) reg c C m determined by the regularity condition 
of the Laurent polynomials F 4 . The restriction M_ 4 ,o,*|(C m ) re « (* = *,!) are locally free (Amodules. By the 
general theory of mixed twistor P-modules, A4a,o,+ are locally free (Amodules on C x (C m ) reg . As previously 
remarked, we obtain the mixed TE-structure (A')_ 4 j o l *|(c m ) re «, W). 

If 0 is an interior point of the convex hull of A , then it turns out that we have a natural isomorphism 
(Afyqo,!, Pr, W) — (M.a,o,*i Pr, W), that they are pure of weight n + m, and that they are equipped with 
a natural polarization. In particular, the restriction to (AI^^.ij -Pr, W)\(c™ye S with the polarization give a 
TEP(—n)-structure. It is equivalent to the TEP-structure previously studied in the mirror symmetry Elllll- 
In the general case, we need to choose an additional datum for the construction of graded polarization on 
(Ma,o,\,Pri W) and (Ma,o,*, -Pr, W). It turns out that if we are given a point b £ Z n such that 0 is an interior 
point of the convex hull of AU{b}, then we obtain graded polarizations on (Ma,o,\, Pr, W) and (A!. 4 , 0 ,*, Pr, W) 
depending on b. In particular, we obtain mixed TEP-structures (AI^ ! o,*|(C m ) re Ei W", Vb.*) on (C m ) reg . 

We have the action of T n on (C*) m given by (si,..., s n )(zi,... , z m ) = (s 0 l zi,..., s am z m ). Let Sa '■= 
(C *) m /T n . Let ^ eg denote thejmage of (C*) m n (C m ) reg by the projection (C*) m S A - 

It turns out that W, Vb,*) on (C*) m fl (C m ) reg is equivariant with respect to the action. So, we 

obtain mixed TEP-structures (V^t, W, Vb,*) (* = *,!) on S^ g . 

1.3.4 An isomorphism 

Let X be an n-dimensional smooth projective toric variety corresponding to a fan X. Let Di (i = 1,..., to) 
be the hypersurfaces of X corresponding to the one dimensional cones in X. Let Kx denote the canonical 
bundle of X. Let (* = l,...,r) be nef line bundles on X such that (Kx ® A) V is nef. We may 
assume that Cj = f ) for some /3ji > 0. Let Y be the projective completion of £ v := ©’ =1 C)', i.e., 

y = p(©A©0). 

We have the degenerated quantum products •„ (a £ Ux) on H*(X,C) induced by the Gromov-Witten 
invariants of Y, as explained in 1 )7.3.31 Here, Ux is an appropriate open subset in H 2 (X , C). As in the ordinary 
case, we have the associated TE-structure QDM(X, £ v ) on Ux- Let 7 £ H 2 (Y) be the first Chern class of the 
tautological line bundle of Y over X. As explained in 1 )7.3.41 we introduce a filtration W on H*(X,C), and 

pairings on Gr^ H*(X , C) by using the action of 7 on H*(Y) and inner product on H*(Y). The construction was 
motivated by both the general theory of mixed twistor TAmodules and the construction of Konishi and Minabe 

—■— c*V 

m- Thus, we obtain a mixed TEP-structure (QDM(X, £ v ), W, V ) on Ux- It is equivariant with respect to 
the translation action of 2 71 V —1H 2 (X, Z) on Ux- So, we obtain a mixed TEP-structure (QDM(A, £ v ), W, V s )' 
on U x /2t xyf-iH 2 (X, Z). 
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Remark 1.6 As explained in 1 )7.3.51 the degenerated quantum products are related with the local Gromov-Witten 
invariants in some special cases. It was essentially given in |29j . and used in EU for the construction of the 
weight filtration and the pairings. I 


Let A{£^) C Z n+r be the set of the primitive vectors in the one dimensional cones in the fan corresponding 
to £ v . Let A{X) = {[/jj] | i = 1,..., m} C Z™ be the set of the primitive vectors in the one dimensional cones in 
the fan E corresponding to X. In this case, A (£ v ) consists of elements cq (i = 1,... ,m + r) given as follows: 

a , = f [pi\ + Ei=i Pji n 3 {i = ■ ■ ■ ,m) 

\ rii- m (i = m + l,...,m + r) 

1 

Here, n» = (0,..., 0,1, 0,..., 0). We also set a m+r+ 1 := — X][=i Then, we have the mixed TEP-structure 
(M A{£V) ,W,V am+r+1 ,*) on (C m+r ) reg . We obtain a mixed TEP-structure (V^gv), W, V am+r+1 ,*) on S^ ( g £V ) 
as the reduction. 

Theorem 1.7 We have the following. 

• An open subset U\ C H 2 (A', C)/27rV— 1 H 2 (X,Z) which contains a neighbourhood of the large radius limit 
point. 

• An open subset U 2 C <S^£ V ) which contains a neighbourhood of the large radius point. 

• A holomorphic isomorphism <p : U\ ~ U?. 

• Isomorphism of mixed TEP-structures 

(QDM (X,S y ) i W,T s ' , )\ Ui and W,V am+r+ll ^ Ua 

up to shift, of weights. 

See Theorem 17.341 for a more refined and precise claim. 

Remark 1.8 In [45j . it is announced that a result in [24j implies the comparison of the TE-structures in 
Theorem O In [23] . the mirror theorem of Givental is generalized for non-compact or non-semipositive toric 
manifolds. At this moment, it is not clear to the author if we could also deduce the comparison of the weight 
filtrations from [23j [24] . I 

1.3.5 Idea of the proof 

Roughly, our isomorphism is obtained as the specialization of the isomorphism of Givental for the weak Fano toric 
manifold Y. We naturally have H 2 (Y,C) = H 2 { A', C) x C 7 . We have the quantum H-module (QDM(T),TV) 
on an appropriate open subset of H 2 (Y,C)/2ny/— 1 H 2 (Y, Z) associated to the Gromov-Witten invariants of 

Y. The mixed TEP-structure (QDM(X, £ v ), W, V s ) is described as the “specialization” of (QDM(T), Vy)- 
(We explain the procedure “specialization” in gB.lh Let .4(F) := A(£ y ) U {a m+r+ 1 } in Z n+r , which is the 
set of the primitive vectors in the one dimensional cones in a fan corresponding to F. We naturally have 
Sa(y) = £>a{£' / ) x C*. By using the results on the specialization of mixed twistor T>-nrodules, we can describe 
the mixed TEP-structure (V A (£v ) *,W,'P arn+r+1 *) as “the specialization” of the TEP-structure (VU(y), V). We 
have the isomorphism of Givental between the TEP-structures (QDM(F),7V) and (Va(y)-'P)- (See [2T1 Hi] .l 
Hence, we can obtain the isomorphism of mixed TEP-structures in Theorem 11.71 as the specialization of the 
isomorphism of Givental. 






1.4 The mixed twistor ©-modules associated to meromorphic functions 

Motivated by the applications to the study of the twistor property of GKZ-hypergeometric systems, mentioned 
in the previous subsections, we shall consider the technical issues on the mixed twistor 25-modules. Let X be 
a complex manifold with a hypersurface H. Let / be a meromorphic function on X whose poles are contained 
in 77. We have the naturally defined integrable mixed twistor 25-modules with real structure 7*(/, 77) (* = *,!) 
over L*(/, 77). We also have the naturally induced polarizations on Gr^f 7*(/, 27) which depend on the choice 
of an effective divisor 25 whose support is 77. The much part of this paper is devoted to the study of such kind 
of graded polarized mixed twistor 25-modules with real structure. For instance, we consider the following issues. 

• Let Xd) := P* x X. We set ifd) := (p 1 x 77)U ({0, oo} x X). Let l : X —> Xd) be the morphism induced 
by {0} —> P*. Let f,g £ Ox{*H). We have the graded polarized mixed twistor 25-modules with real 
structure T*(g + rf,H d)) on Xd) and T+{g,H) on X, where * = *,!. Under some assumptions, we shall 
relate 6 f 7 ^(< 7 , 77) with the kernel and the cokernel of 7\(g + rf, 27d)) —> 7 ~*(g + rf, 77 d)). It is not difficult 
to obtain a relation in the level of mixed twistor 25-modules with real structures (Proposition 13.251) . We 
need more preliminaries to obtain the relation between polarizations on the graded pieces (Proposition 

IQ1) . 

• Let Xd) an d Tfd) be as above. Let n : Xd) —$. X be the projection. We have the graded polarized 
mixed twistor 25-modules x^T^g + rf, 27d)) by taking the push-forward via n. Let Zf be the zero-set of /. 
We have the graded polarized mixed twistor 25-modules %(g, 72)[!(/)o] and 7T(< 7 ,77)[*(/) 0 ] on X. Under 
some assumptions, we shall relate -rr®%{g + rf, H^) (resp. n°T[(g + rf, H)) and %{g,D)[\Zf] (resp. 
77 (g, D)[*Zf].) Again, it is not difficult to obtain a relation in the level of mixed twistor 25-modules with 
real structure (Proposition [322]). We need more preliminaries to obtain the relation between polarizations 
on the graded pieces (Proposition 15.711 . 

We also need the compatibility of various standard functors for 25-modules and flat bundles, which are 
explained in the appendix sections jjA] and jjB] 
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C. Sabbalr for his kindness and for discussions on many occasions. I thank Y. Shamoto for some discussion. I 
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some discussions. I thank A. Ishii, A. Moriwaki, M.-H. Saito, Y. Tsuchimoto, T. Xue and K. Vilonen for their 
kindness and supports. 
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the Mathematisches Forschungsinstitut Oberwolfacli, partially supported by the Simons Foundation and by the 
Matliematisches Forschungsinstitut Oberwolfacli. 

2 P-modules associated to meromorphic functions 

2.1 Purity condition 

2.1.1 25-modules associated to meromorphic functions 

Let X be a complex manifold with a hypersurface D. Let Ox{*D) be the sheaf of meromorphic functions on X 
whose poles are contained in 25. Let D denote the duality functor on the category of holonomic 25-modules on 
X. For any coherent 25x-niodule M, we set M(*D) := Ox(*D) < 8 >e> x M and M(\D) := Z5(£5(M)(*25)). The 
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restriction of M(*D) (* = *,!) to X \ D is naturally isomorphic to M|x\d- We have the canonical morphism 
M(\D) —> M(*D) whose restriction to X \ D is the identity. 

Let / be a meromorphic function on (X,D), i.e., a section of O x (*D). Let (/)o and (/)oo denote the 
effective divisors obtained as the zeroes and the poles of /. The supports of the divisors are denoted by |(/)o| 
and |(/)oo|- 

We obtain the meromorphic flat bundle L*(/, D) := Ox{*D)v with Vv = vdf. We naturally regard it 
as a T>x -module. We set L\(f, D) := L*(/, D)(\D) = D(L*(—/, D)). The image of the canonical morphism 
L\{f,D) —> L*(f,D) is independent of the choice of D such that |(/)oo| C D, and denoted by L(f). We 
have natural isomorphisms L*(/, D) ~ L(f)(*D) for * =!,*. Indeed, L(f) —> L*(f,D) naturally induces 
L{f){*D) —> L*(f 1 D) which is clearly an isomorphism. By using the duality, we obtain L\{f,D) ~ L(f)(\D). 
When D = |(/)oo|, we set L*(/) := £*(/, |(/)oo|)- 

2.1.2 Purity 

We continue to use the notation in N2.1.1I We introduce a condition. 

Definition 2.1 We say that a meromorphic function f on X is pure at P € X if the canonical morphism 
L\(f) —► L*(f) Is an isomorphism on a neighbourhood of P. We say that f is pure if it is pure at any point 
of X. I 

Because D(L*(/)) ~ L\(—f) and D(Li(/)) ~ L»(—/), we have the following easy lemmas. 

Lemma 2.2 Let f be a meromorphic function on X. 

• f is pure if and only if —f is pure. 

• f is pure if and only if the morphisms L\(f) —> L*(f) and L\(—f) —> L*(—f) are epimorphisms. I 

Let ip : Y —> X be a proper morphism of complex manifolds such that ip induces an isomorphism Y \ 
■p '(I))~X\I). 

Lemma 2.3 Let f be a meromorphic function on (X,D). Suppose that |((/?*/)oo| = and that <p*(f) is 

pure. Then, f is also pure, and it satisfies |(/)oo| = D. 

Proof We set f Y ■= p*(f) and D Y := p~ 1 {D). Because D = y>(|(/r)oo|) C |(/)oo| C D, we have |(/)oo| = 
D. We have p l + L*(f Y ,D Y ) = 0 (i / 0), and ip+(L*(f Y ,D Y ))(*D) ~ p° + (L»(/y, D Y )). Hence, we have 
<p+(L*(f Y ,D Y )) ~ L*(f,D). By the duality, we have tp+(L\(fy, Dy)) ~ L\(f,D). Then, from the purity of 
fy, we obtain that L\(f , D) —> L*(f, D) is an isomorphism. 1 

2.1.3 Vanishing of cohomology for pure functions 

The purity condition sometimes implies the vanishing of the cohomology. We mention a typical case. Let X be a 
complex manifold with a hypersurface D. Let / be a meromorphic function on ( X , D) such that (i) |(/)oo| = D, 
(ii) / is pure. Let F : X —> S' be a proper morphism of complex manifolds. 

Proposition 2.4 Suppose that R l F*(p? x ® 0(*D )) = 0 for ( i,j) £ Z> 0 such that i + j > dim X. Then, we 
have FfL(f) = 0 (k ± 0). 

Proof Because DL{f) ~ L(—f) and because —/ is also pure, it is enough to prove that F*L(f) = 0 for k > 0. 
We have only to prove the claim locally around any point of S. We set uix '■= and wg := Sl < g mS . Recall 

that F^L(f) is obtained as RF* ^ [ux i S>f- 1 o s (Ps ® X )] ®t> x ^(/)) • We have the standard free resolution 

Dx ® fl*-[dim X] of the right Tby-modules cox ■ By the assumption, if i + j > dimX, we have 

R j F * ([njf 0 F -i Os (F-'Vs ® us )] ® 0x L(f )) ~ R?F. (f T x ® L(f)) ®o s (Ps ® u s ) = 0. 

Hence, we have the desired vanishing F^L(f) = 0 for k > 0. I 
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Example 2.5 The condition of Proposition^^ is satisfied if F is factorized into the composite of morphisms 

of complex manifolds X —> X' —> S such that (i) D' = p{D) is also a hypersurface of X' , (ii) p induces 

X \ D ~ X' \ D' , (Hi) Ox'(D') is relatively ample with respect to F' . 1 

2.2 D-modules associated to non-degenerate meromorphic functions 

2.2.1 A non-degeneracy condition 

Let X be a complex manifold with a simple normal crossing hypersurface D. Let / be a meromorphic function 
on (X, D). In this paper, we shall often use the following non-degeneracy condition. 

Definition 2.6 f is called non-degenerate along D if the following holds for a small neighbourhood N o/K/)^. 

• (/)o H N is reduced and non-singular. 

• JVn (|(/)o| ud) is normal crossing. I 

Let D = (J )eA A: and |(/)oo| = UjgAj A: be the irreducible decompositions, where A f C A. For any non¬ 
empty subset I C A, we set Dj := P| igA -D/ and D J := Di \ (JIf I = 0, we set = X. Then, the 
second condition can be reworded that D) is transversal with |(/)o| for any I C A with JflAj ^ 0. 

Remark 2.7 Suppose that a meromorphic function f on (X,D) is non-degenerate along D. Let D' be a 
hypersurface of X such that |(/)oo| C D' C D. Then, f is non-degenerate along D'. But, the converse does 
not hold in general. Namely, even if a meromorphic function f on (X, D') is non-degenerate along D', it is 

not necessarily non-degenerate along D. For example, set X = C 2 , f = (zi — Z 2 )/z 2 , D' = {z 2 = 0} and 

D = {zi = 0} U {z 2 = 0}. I 

We reword the condition in terms of local coordinate systems. We set D) := UjgA c where A^ := A\ A f. 
We have D = |(/)oo| U D). Let Q G |(/)oo|- We take a holomorphic coordinate neighbourhood (Xq; Z\,..., z n ) 
around Q such that 

t\ ^1+^2 

|(/)oo| nx Q = \J{zi = o}, D c f nx Q = (J = o}. 
i =1 i=e 1 + 1 

Let ki denote the pole order of / along {zi = 0}. Then, we have an expression / = /o Jlfii z i ki w here /o is 
holomorphic. Let I C A/ be determined by Q £ D). Note I fl Af ^ 0. If / is non-degenerate along D , then 
the divisor is reduced and non-singular. Conversely, if the above holds for any Q £ |(/)oo|j then / is 

non-degenerate. 

Remark 2.8 See Definition 16.51 and Lemma 16.91 for the relation between the non-degeneracy condition in 1531 
and the condition in Definition 12.61 We postpone to discuss the exact relation between the (cohomologically) 
tameness condition for algebraic functions (see |48j ) and the conditions in Definitions \‘2.l\ and 12.61 1 

2.2.2 Convenient coordinate systems 

Suppose that a section / of Ox(*D) is non-degenerate along D. We have a holomorphic coordinate system 
(Xq; zi, ..., z n ) around Q £ |(/)oo| satisfying the following conditions. 

• |(/)oo| n Xq = Ui=i {zi = 0} and D c f D Xq = Ui=tf+i i z i = °}- 

• If Q £ |(/)o|. we have f\ XQ = z n nf=i. z i~ ki for some k e z >o- 

• If Q £ |(/)o|, we have f\ XQ = II^i z (f ki for some k £ 1%. 

In this paper, such a coordinate system is called a convenient coordinate system. 
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2.2.3 Families of non-degenerate functions 

Let X —> S' be a smooth morphism of complex manifolds. Let D be a simple normal crossing hypersurface 
in X with the irreducible decomposition D = (J ie\Di- Suppose that the induced morphisms Dj — > S are 
smooth for any I C A. For any s £ S, let (A s , D s ) denote the fibers of (X, D ) over s £ S. In such a situation, 
we sometimes consider a condition which is stronger than the non-degeneracy along D. 

Definition 2.9 Let f be a meromorphic function on ( X , D) which is non-degenerate along D. If moreover f\x, 
is non-degenerate along D s for any s & S, we say that f is non-degenerate along D over S. I 


2.2.4 Purity in the non-degenerate case 


Let X be a complex manifold with a normal crossing hypersurface D. Let / be a meromorphic function on 

(•V. D). 

Lemma 2.10 Suppose that D = |(/)oo| and that f is non-degenerate along D. Then, f is pure. 

Proof We have only to check the claim locally around any point of |(/)oo|- We use a convenient coordinate 
system as in 1 12.2.21 We have a natural isomorphism L\(f)(*D) ~ L*(/)(*Z)). Hence, for a large N , u := 
nfii z i' v is a section of L\(f). 

We have a natural morphism ip : T>x —> Li(/) given by P i —> Pu. Let us check that the composite of 
tp and L\(f) —> L*(/) is an epimorphism. It is enough to observe that the image of u in L*(/) generates 
L*(f). For m e Z mi , let z m = ll^z™*. If Q G |(/)oo|, note d Zn (z m v) = z m ~ k v. If Q & |(/)oo|, note 
Zid Zl (z m v) = — kiZ m ~ k v + miZ m v. Then, the claim easily follows. 

Hence, the natural morphism k : L\(f) —> L*(f) is an epimorphism. As remarked in Lemma |2.21 because 
the dual of n is the epimorphism L\(—f) —> we obtain that k is a monomorphism. I 


2.2.5 Expressions of the 2?-modules associated to non-degenerate functions 

Let VoVx denote the sheaf of subalgebras of T>x generated by 0x(log D) over Ox- Let / be a meromorphic 
function on (X. D) which is non-degenerate along D. Then, L(f) and L(f)(D) = L{f)®o x Ox{D) are naturally 
Vo^x-modules. 

Lemma 2.11 We naturally have L\(f,D) ~ T>x ®v d 'Dx L{f) and L*(f, D) ~ V x ®v D v x L{f){D). 

Proof Because {'Dx®v d t> x L{f)){*D) ~ ( T > x®v D 'V x L(f)(D)){*D) — L(f)(*D), we have natural morphisms: 

Vx ®v D v x L(f)(D) ^ L,(/,£>) (6) 

L,(f,D)^V x ®VnV x L(f). (7) 

It is enough to prove that the morphisms are isomorphisms locally around any point of D. We use a convenient 
coordinate system in 1 12.2.21 

Let v be a frame of L(f) over Ox(*(f) oo) such that Vu = vdf. Because a\ : L\(f,D) —> L(f) is an 
epimorphism, we can locally take a section v' of L\(f,D) which is mapped to v via a±. We consider the 
submodule VjjVx v' C L\(f,D). It is coherent over VdVx- Note that L{f) is coherent over VoT>x- Because 
KeraiD VdV\v' = Ker(ai|y D p x „/), it is coherent over VjpDx- In particular, it is locally finitely generated over 
VjjVx. Take a generator fi,...,f m of Kerai D VnVxv'. The supports of fj are contained in D. We can take 
a large N such that fj = 0 in L\(f,D), because L\(f,D)(*D) = L(f)(*D). Then, it is easy to see 

that nflf 2 zf* (VdVx v' flKer(ai)) = 0. We set v" := an d then we have VdVxv" nKer(ai) = 0. 

The morphism VjjD x v" —> L(f) induced by a\ gives an isomorphism VrjV x v" —> Ox(*(f)oo) Tli^ 2 z f v °f 
VdV x - modules. In particular, VjjV x v" is naturally an Ox (*(/)oo)-module. 

We set := nf=i z ff N v". We have zAv^ = -kiV® Tlf=i for i = 1,.. -,h, a nd zAv^ = Nv^ 
for i = l x + 1,... ,i\ -b ii- Take 0 < pe 1+ i,. .. ,Pe 1 +i 2 < N. We set p := (pe 1+ i, ■.. ,pe 1+ e 2 ). We set v p := 
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n££.i df i v( 3 '>. Note that a\(v p ) = C'pTIiilf+i z ? Piy f° r a non-zero constant C p . We consider the following 
morphism induced by Oi: 

^ 1+^2 

VdPy- n <9f u (3) —> L(f) ( 8 ) 

*=<i+i 

Let us observe that © is a monomorphism. If p = (0,... ,0), it has already been observed. If pi > 0, set 
p', := Pj (j 7 ^ z) and p[ := pi — 1. We have 9,;u p / = v p . Let s £ Ker(ai) D V/AxVp- We have s = dis' for some 

N—v' 

s' £ VnT>xv p '. We have 0 = a\(zis) = ai(zAs) = 0 . We have zAs' = 0 in VdDxv p > ~ Ox{*{f)oo) ]TIj=i 3 v - 

But, because N — p\ > 0, it is easy to see that if a section s' of Ox(*(f)oo) IIj=i 3 v satisfies zAs' = 0 
then s' = 0. Hence, we obtain s = 0. In particular, the induced morphism Vr/Dx V(n,...,n) —I L(/) is a 
monomorphism. Because ai(u(jv,...,jv)) is v multiplied by a non-zero constant, VjA>x V(n,...,n) —> £(/) is also 
an epimorphism, i.e., an isomorphism. 

Hence, we have a V/j^x-homomorphism 02 : L{f) —> L\(f,D) such that ai oa 2 = id. It induces a Dx- 
homomorphism / 3 2 : T>x ®v d 'D x L(f) —> L\(f,D). We set g := ° a-i which is an endomorphism of L\(f,D). 

For the dual, g induces the identity on DL\(f,D). Hence, we obtain that g is the identity. In particular, © is 
an epimorphism and /?2 is a nronomorphism. Because T>x < 8 Wr>T> x L(f) is generated by v, 02 is an epimorphism. 
Hence, 0.2 and P 2 are isomorphisms. 

Let us study the morphism oq. Because L(f) = L(f)(*(f 00 )), we naturally have 

v x ®v D v x L(f)(D) ~ D X (*{f)oo) < 8 >v d £>*(*(/)= o) L (f)( D )- 

For any non-negative integer to, we consider the C?A'(*(/)c»)Tomomorphism 7 m : L(/)((to + 1 )Z?) —> 
T>x ®v d 'D x L(f)(D) determined by 

£1 £i+e 2 < i +< 2 ti+t? 

7 m (n^ n n 

2 = 1 i=£l + l *=<1 + 1 2=1 

Let L m : L(f)(mD) —> + 1)1?) be the natural inclusion. Then, we have oq o o i m = aq o 

We obtain an 0.Y(*(/)oo)-homomorphism 7 : L{f){*D) —> D x ®v d t> x L(f)(D). By the construction, 7 is an 
epimorphism, and oq o 7 is the identity. Then, we obtain that aq is an isomorphism. I 

2.2.6 De Rham complexes 

We give some complexes which are quasi-isomorphic to the de Rham complexes of L*(/, D) when / is non¬ 
degenerate along D. (See [IT], [FT), [52] f° r the case |(/)o| n |(/)oo| = 0-) We set dx ■= dimX. 

We have the natural complex of right X>x-modules fl\ ®o x Dx[dx\ which is a right locally 2 ?x-free res¬ 
olution of fix := ttif. We have the subcomplex H^(logD)(— D) ®o x VnT>x[dx], which is a right locally 
Vd'Dx -free resolution of f lx- Indeed, the natural morphism fix ® VrAx —> fix induces a quasi-isomorphism 
fl\(\ogD)(—D) ® VdD x[dx\ — fix of complexes of right Vo^x-modules. 

Suppose that / is 11011 -degenerate along D. Because L*(/,!?) ~ Dx ®v D v x L(f)(D) according to Lemma 
mu we have the following natural isomorphisms: 

fix ®^ x L*(f, D) ~ fix ®b D v x L(f)(D) ~ fii(log D)(-D) ® L(f)(D)[d x } 

~ (log £>)(*(/)«,), d + d/) [dx] (9) 

Because L\(f,D) — Dx ®v d 'D x L(f) according to Lemma 12.111 we have the following isomorphisms: 

fix ®v x L\(f,D) ^ fix ®v D v x L (f) - flx(logD)(-D) ® L(f)[d x ] 

- (flx(logD)(-D)(*(f) 00 ),d + df)[d x ] (10) 
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Coherent expression Let H be any divisor in X. Let us consider the complex 

n e -\l°g D)(H) ^ n e x (logD)(H+(f) 00 ) ^ (log D) (H + 2(/) 00 ), 

where at are induced by the multiplication of df. 


Lemma 2.12 If f is non-degenerate along D, we have Imai = Kera 2 on a neighbourhood of |(/) 00 |. 


Proof We have only to check the claim locally around any point Q of |(/)oo| by using a convenient local 
coordinate system. Let us consider the case Q £ |(/)o| LI |(/)<x>|- Then, f = z n nf=i z 7 ki ■ We have the following 
local section of ^(logD): 

T:=df ■ II Z i* = dz n-^2 k i Z n — 

i=l i =1 Zi 

We have T|q ^ 0. We consider the following on a neighbourhood of Q: 


H^Qog D) ^ n e x (log D) ^ ^ +1 (log D) 


Here, b ; are induced by the multiplication of r. Because T|q ^ 0, we have Im(6i) = Ker(6 2 )- Then, in the case 
Q £ |(/) 0 |, the claim of the lemma follows. The case Q tfL |(/)o| can be argued similarly, and it is well known. I 


We set 0^-(log D,f) := V. x (log D)(£(f) 00 ). Together with the differential d + df, we obtain a complex 
(H3c(logT ) , /), d + df). We also have ( Q x (logD , /)(— D), d + df). We obtain the following from the previous 
lemma. 


Lemma 2.13 The following natural morphisms are quasi-isomorphisms: 

(fix(log D,f),d + df) —> (n^(logl>)(*(/)oo),d + tf) 

(fix(log D,f)(-D),d + df) —> (n m x (loe D){-D)(*{f)°°),d + df) 


I 


Hence, we have the following natural quasi-isomorpliisms: 

Hy L*(f,D) ~ (H^(log D,f),d + df)[d x ] 

H a - ®v x - i&xQ-OgD, f)(-D),d + df)[d x ] 


Kontsevich complexes 

of df: 


Let Cl x j D denote the kernel of the following morphism induced by the multiplication 


H^(log D) 


df , 


Hj+^log D)(l(f)oo) 

n k x +1 (\ogD) 


Lemma 2.14 H X f D are locally free. 

Proof We have VL k X j D = H^-(logH) outside |(/)oo|- Locally around any point of (/)oo> we have local decom¬ 
positions Q x (\og D) = Ak ® Bk such that the multiplication of df induces Bk — Ak+i((f)oo)- Hence, we have 
H x f D = Ak® Bk(—{f) oo), and the claim of the lemma follows. I 


The multiplication of df induces df : VL k x f . D —> ^xf d- Hy the commutativity [d,df] = 0, the exterior 
derivative induces d : f D — > H xfD • Hence, we obtain the complex (H x j D ,d + df). We also obtain the 

complex (Q x ^ d {—D), d + df). 

Lemma 2.15 The following natural morphisms are quasi-isomorphisms: 


{fl*x,f,Di d + df) > (ti x (logD, f),d + df) 
(n*x, f M-D),d + <tf) —► (log DJ)(-D),d + df) 


I 


14 



2.2.7 The push-forward by a projection 

Let us consider the case (X, D) = (X 0 , D 0 ) x S. Suppose that X 0 is compact. Let / be a meromorphic function 
on (X, D). Let 7r : X —y S denote the projection. Let n := dimX 0 . 

Lemma 2.16 Suppose that f is non-degenerate along D. We have the following natural isomorphisms: 

4(L*(/,D)) ~Wn.(Sl$' s ()ogD)(*{f) 00 ),d + 4f) (11) 

n\(L,(f,D)) ~R i 7r,(n5+S(logI>)(-I>)(*(/) 00 ),d-|-^) (12) 

Proof Let us consider (fTTl) . By Lemma l2.Hl we have L* (/, D) ~ T>x®v D v x L(f) (D). We have T>x = T>x 0 HI T>s 

and V]jT>x = Vd 0 T>x 0 HI Vs- Let p : X x X 0 be the projection. We obtain 

t r+(L,(/,£>)) ~ Rn*(p*n Xo ®% Xo L.(f,D)) * Rw*(p*Sl Xo ®p*v D v Xo ( L *{f, D ) ® 0{D))) 

~ Rn*(n'+ n s {logD)(-D) ®o x {L*{f, D) ® C>(£)))) ~ 1?tt* (pT+ n s {\ogD) ® 0x L,(/,£>)) (13) 

It implies (fill) . Similarly, we obtain C2D from the expression L\(f,D) ~ ®VdO x {L(f)(-D)) in Lemma 
12.111 as in (HOI) . I 

Suppose moreover that / is non-degenerate along D over S. (See Definition 12.91 for this stronger condition.) 
As in mm we can naturally define the complexes (D^y S (log D, /), d+df ) and (SlL s ^ D , d+df ) in the relative 
setting. 

Lemma 2.17 If f is non-degenerate along D over S, then we have the following natural isomorphisms: 

4 (£,(/,£>)) ~MV*(0^(logD,/),d + d/) ~KV*(0^” / D ,d + d/) (14) 

4 (£,(/,£>)) ~RV*(Q^(fogD,/)(-D),d + d/) ~MV,(D'+^ D (-D),d+d/) (15) 

Proof As in 112.2.61 we obtain the isomorphisms from Lemma T2.161 I 

Corollary 2.18 Suppose that f is non-degenerate along D over S. Then, n + (L*(/, D)) are flat bundles on S, 
i.e., locally free Os-modules with an integrable connection. 

Proof The right hand sides of (THl) and (fl5l) are Og-coherent. Then, the claim of this corollary follows from a 
well known result, i.e., if a XW-nrodule is coherent over Ox, then it is a flat bundle. 1 

2.3 Some functions satisfying the purity condition 

We give some examples of meromorphic functions which are not necessarily non-degenerate but satisfy the 
purity condition. Let X denote a complex manifold with a normal crossing hypersurface D. 

2.3.1 Basic cases 

We set X^ 1 ) := X x P 1 and TflO := [D x P 1 ) U ({oo} x X). Let r be the standard coordinate on P 1 . Take 
/, g € Ox{*D), and we consider a meromorphic function F := rf + g on (X^\ D^). We give some sufficient 
conditions for F to be pure on an open subset in X^ 1 ). 

Lemma 2.19 Suppose the following. 

• g is non-degenerate along D. 

• |(/)o| n |(/)oo| = 0, and |(/) 0 | C |(ff)oo|- In particular, |(/) 0 | C D. 

• D = |(/)oo| U KflOool- 
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Then, F is pure on X^f 

Proof Let us consider the T> x m (*Z)W)-module V = O x m{*D^)v with Vv = vdF. It is enough to prove 
that V[!Z?W] —> V is an epimorphism around any point of (P, r) £ . We take a holomorphic coordinate 

system (x ±,..., x n ) around P such that D = (J i=1 { x i = 0}- 

Let us consider the case r /oo. For a large N , we have vi = n!=i x f v £ V(*D^) (* = *,!). It is enough 
to prove that v\ generates V as a T> x a) -module. For any m £ Z e , we have 

di(x m v) = + dig + Tdif)x m v. 

We also have d T v = fv. For i = 1, we obtain 

Xidi{x m v) - {f~ x Xidif) ■ Td T (x m v) = x m (xidig + mj )v. (16) 

For i = l + 1,..., n, we have 

di{x m v ) - (f- 1 d t f)Td T (x m v) = x m di{g)v. (17) 

By using (fl6l) and 03, we obtain that 0 X (i) (*(g)oo)vi is contained in T> X (i)V\. Then, by using d T v = fv, we 
obtain that V is contained in D X (i)Vi around (P, r). 

Let us consider the case t = oo. Let k := r” 1 . It is enough to see that v\ = k n JX j=1 x ? v generates 
V around (P, oo). We have nd K v = —rd T v = —n~ l fv. As in the case t ^ oo, we obtain O x m {*(g)oo)vi is 
contained in D X (i)Vi by using m and m- Then, by using nd K v = — n 1 fv, we obtain that V is contained in 
V X (i)V\. I 

The following lemma is easy to see. 

Lemma 2.20 Suppose the following: 

•3 = 0. 

• D = \(f) 00 \. 

• (/)o is smooth and reduced, and DU |(/)o| is normal crossing. 

Then, F = rf is non-degenerate on {t ^ 0} x X. In particular, F is pure on {r / 0} x X. 1 

2.3.2 A variant 

Let X be a complex manifold with a simple normal crossing hypersurface D. We set X^ := P) x P) x 1. Let 
denote the union of {oo} x P{ x X and P{ x {0, oo} x X and Pj. x Pj x D. Let h be a meromorphic function 
on (X,D) such that (i) D = |(/i) 0O |, (ii) h is non-degenerate along D, (iii) (h)o is reduced and non-singular on 

X. We have the meromorphic function F = t~ x r + th on (X^ 2 \ D^ 2 i). 

We set D\ := {t = 0} x X and Z ?2 := ({t = oo} x X) U (P) x D) in P) x X. We take a projective birational 
morphism ip : Y —> P} x X such that (i) g := tp*(th) is non-degenerate, (ii) Dy := <p~ x {D\ U D 2 ) is normal 
crossing, (iii) Y \ <p -1 (Di) ~ (P{ x A') \ D\. We set / := p*{t~ l ). 

Lemma 2.21 F = rf + g is pure on Y := P{ x Y. 

Proof Because D 2 \ Pi C \(th)oo\, we have p~ l {D 2 \ Pi) C |(<?)oo|- We clearly have p~ l (D 1 ) = |(/)oo|- 
Hence, we have Dy = |(/) OD | U |(3)oo|- We also have |(/) 0 | D |(/)oo| = 0 and |(/) 0 | C |(g)oo|- Then, we obtain 
the claim of Lemma 12.211 from Lemma 12.191 1 

Lemma 2.22 F is pure on P) x Pj x X. 

Proof Let £p : Y —> X^ be the induced morphism. Let Dy be the union of { 00 } x Y and P} x Dy in 

Y. By the previous lemma, F := rf + g is pure on Y. We also have Dy = |(P)oo|- Hence, the natural 

morphism L\(F,Dy) —> L*(F,Dy) is an isomorphism. Because L+(F, D^) ~ £p^L+(F, Dy), we obtain that 
L\(F, D^ 2 i) —> L*(F, D 1 ' 2 ' 1 ) is an isomorphism, i.e., F is pure on AP 2 ). I 
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2.4 Push-forward 

2.4.1 A statement 


Let X be a complex manifold with a simple normal crossing hypersurface D. We set Y := X x P 1 and 
Dy' 1 := (X x {oo}) U (D x P 1 ) and Dy 1 := Dy' 1 U (A x {0}). Let / and g be meromorphic functions on (X, D). 
We assume the following. 

• The divisor (/)o D {X \ D) is reduced and non-singular. 

We set Zf := |(/)o|- Let [zq : z\] be a homogeneous coordinate system of P 1 , and we set t := zq/z\. We obtain 
the meromorphic function tf on Y. The pull back of g by the projection Y —> X is also denoted by g. We set 
F:=tf + g. ^ i 

We have the T>- modules F*(F, Dy 1 ) and L„,(F, Dy on Y. We have the natural exact sequence: 

0 —► F*(F,F^ 0) ) —► L.(F,dP) —► L4F,D^)/L4F,D^) —► 0 (18) 

Let 7 r : T — > X be the projection. We shall prove the following proposition in H2.4.3I 
Proposition 2.23 We have w l + (M) = 0 (i ^ 0) for 

M = L*(F,D i ° ) ), L,(F,DP), L*(F,£)W)/L*(F,D^ 0) ). 

We have the following isomorphisms: 

tt+L*(F, Dy^) ~ L.(g,D){*Z f )/L.(g,D) ~ Ker(F*( fl )(!Z / )(*F) —> F*( ff ,P)) (19) 

7r°F*(F,F«)~L*( ff )(!Z / )(*F) ( 20 ) 

n° + (L*(F,DP)/L t {F,D^)) ~ L*(<?,£>) (21) 

TTie push-forward of mu is isomorphic to the following standard exact sequence 

0—►Ker(Ms)(!Z / )(*2?)—►L,( 0 ,£>)) —* L*(g)(\Z f )(*D) —* F*(g,F) —* 0 

By the duality, we obtain the following as a corollary of Proposition 12.231 
Corollary 2.24 We /lave 7 T+M = 0 (i ^ 0) for 

M = L\(F,dP), u (F,£)W), Ker(F,(F,F^ 1) ) —»F!(F,^ 0) )). 

We /lave t/ie following isomorphisms: 

t r°(L,(F, £><?>)) ~ Ker(L,( fl ,F)(!Z / ) —► L\(g, Z))) ~ Cok^foD) —► L ! ( ff )(*Z / )(!F)) 

7t“(L,(F,£>W)) ^L,Xg)(*Z f )(\D) 
tt° (Ker(F ! (F,F[ 1) ) —► LfF,D^))) ~ L,( 5 ,£)) 

T7ie push-forward of 

0 —» Ker(L!(F,Z)W) —> L,{F,D^)) —> L,(F,P^) —* LfF,D^ ] ) —» 0 (22) 

is isomorphic to the standard exact sequence: 

0-^L l (g,D)^>L l {g)(*Z f ){\D)-^C6k(L l (g,D)—>L l {g){*Z f )(\D))^0 
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Remark 2.25 Note that the restriction of the morphism L\{F,Dy ?■*) — > L*(F, Dy' 1 ) to P 1 x (X \ D ) is an 
isomorphism. Indeed, the restriction of F to P 1 x (X \ D) is non-degenerate along { 00 } x (X \ D). In partic¬ 
ular, the restriction of the morphism iTyLifF, Dy^) —> t:^L^{F, Dy^ ) to X \ D is an isomorphism. Indeed, 
nyL+(F, Dy ^)\ x \d are isomorphic to the push-forward of the V Zf \ D -module (0 Zf \£,,d + dg') via the inclusion 
Zf\D —>■ X \D, where g' is the restriction of g to Zf\D. 1 

Let us consider the case that / is moreover non-degenerate along D. In this case, Zf is smooth, and ZfUD 
is normal crossing. Let 1 : Zf —>■ X denote the inclusion. We set D Zf := D C I Zf. We set go := g\z f - We have 
the 22-modules L*(go,D Zf ) on Zf. 

Corollary 2.26 If f is moreover non-degenerate along D, we have the following isomorphisms: 

n 0 + L,(F,D[ 0) ) ~ L.(g,D)(*Z f )/L,{g,D) ~ i + L*(g 0 ,D Zf ) (24) 

tt“L,( f,4 0) ) ~ Ker (L,{g,D)(\Z f ) —> L,(g,D)) ~ t+ L,(g 0 ,D Zf ) (25) 

The image of n+L\(F, Dy ^) —> TTyL*(F, Dy^) is naturally isomorphic to i + L{go). Note that it is L+0 Zf if 

g 0 . 

Proof The first isomorphism in (l24l) is given in Proposition 12.231 If Zf U D is normal crossing, we clearly 
have the second isomorphism in (HH1) . We obtain the isomorphisms in (l?5l) by the duality. According to 
Remark 12.251 the restriction of the morphism 7 t5.Li(F, D®) — > 7TyL*(F, Dy^) to X \ D is an isomorphism. 
Hence, the image of nyL\(F, Dy^) —> 7t5_L*(F, Dy ^) is identified with the image of a non-zero morphism 
L + L\(g 0 , D Zf ) —> i + L*(go,D Zf ), which is isomorphic to i + L(go). 1 


2.4.2 Extensions 

We give a general preliminary which is a variant of Beilinson’s construction [4]. Let h be any meromorphic 
function on a complex manifold Z. We set Dh := |(/i)o| U |(/i)oo|- Let Oz(*Dh)[s] := O z (*Dh) 0c C[s]. For 
any pair of integers (a, b ) with a < b, we consider the meromorphic flat bundle 

/“’ b := s a O z (*D h )[s\/s b O z (*D h )[s] 


with the connection V determined by Vs J = s^ +1 dh/h. For any holonomic 2?z-module M , we set Uff b M := 
Ih b M. 

We return to the situation in 1 12.4.11 We shall prove the following proposition in 112.4.41 

Proposition 2.27 Suppose that (/) 0 flX\fl is smooth and reduced. Then, we have 7r^_ (n“’ b L*(F)(*f)) = 0 
(★ = *,!) for j ^ 0, and we have the following natural isomorphisms: 

K’ b : tt° (H“- b L*(F)(*f)) ~ (n^’ b 1 L*(g)) (\(f)o)(*D) 

: tt° (n“’ b L,(F)(\t)) ~ (n“y b 1 L ! ( 5 ))(*(/) 0 )(!.D) 

The following diagram is commutative: 

7T°(n T b HF)(\t)) -> (n“’ b L*(F)(*t)) 


(n“’_ b 1 L ! ( 5 ))(*(/)o)(!L>) 


\Jr a > b 

(TL a f tL.(g))m 0 ){*D) 


(26) 


Here, the upper horizontal arrow is the natural morphism, and the lower horizontal arrow is given by the 
multiplication of —s. 
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2.4.3 Proof of Proposition 12.231 

Let us obtain the first isomorphism in (fT!?l) . We set Ox(*D)[t] := O x (*D) ®cC[t]. Let I?7r* denote the ordinary 
push-forward of sheaves by 7r. We have R^ir* (L*(.F, Dy ^)) = 0 for j > 0, and 7r* (i* (F, Dy ^)) — Ox(*D)[t} as 
an Ox-module. Hence, 7 t + L*(F) is represented by the following complex: 

O x (*D)[t] d -^l O x (*D)[t} 

Here, the second term sits in the degree 0. The action of vector fields V on X is given by V {t l ) = t z (tV {f)+V (g)). 

It is easy to see that the morphism Ox(*D)[t } d ^4 O x (*D)[t] is a monomorphism. Let us look at the cokernel. 
We consider the following morphism of Ox(*-D)-modules: 

Ox(*D)[t] —► L.(g,D)(*Z f ), f ► (-l)**!/"*- 1 

Here, we use the natural identification L*(g, D)(*Z /) = Ox{*D)(*Z /) as an Oy-module. It is a morphism of 
Px-modules. Indeed, for a holomorphic vector field V on X, we have 

V(f) = t i+1 V(f) + fV(g), = (-1 ) l+1 (i + 1 + V{g)f~ i ~ 1 {—l) i i\. 

For * > 0, we have dtt 1 + ft 1 = it l ~ x + ft 1 which is mapped to i(— l) i_1 (i — 1 )!/“* + /(—1 ) z i!/ _I_1 = 0. We 
also have dtt 0 + ft 0 = f which is mapped to 1. Hence, we obtain the morphism of the P-modules: 

Cok (o x (*D)[t\ O x (*D)[t ]) —► L.(g,D)(*Z f )/L.(g,D) (27) 

We consider filtrations Fj(O x (*D)[t]) = © f<J - Ox(*D)t l v and FjL*(g, D)(*Zf) = L*{g,D)(fj + 1 )Zf). It is 
easy to see that the induced morphism on the graded modules is an isomorphism. Hence, m is an isomorphism. 
Thus, we obtain the first half of (fl9l) . 

Let us prove (1211) . Let G x (*D)[t, t~ x ] := Ox(*D) <S>c C[t,t -1 ]. Let i : X x {0} —> IxP 1 denote the 
inclusion. We identify L*(F, Dy^)/L*(F, Dy^) with the Oy-module 

Mi := ^(Ox^D^r^/Ox^D^t]) v 

and the connection V given by Xv = vd(F). Then, 7T+ (A* (F, Dy ^)/L* (F, Dy ^)) is represented by the complex 

Mi Mi. Here, the second term sits in the degree 0. The kernel and the cokernel are denoted by Kei'i 
and Coki, respectively. For the identification Mi = ©Jli O x {*D)t~^v, we set F n := © ; <„ Ox{*D)t~^v. We 
have dt + f : F n —> F n +i, which induces an isomorphism Gr^ ~ Gr^ +1 for n > 1. Hence, it is easy to check 
Kei'i = 0, and that the natural Ox-morphism L^(g 1 D) —> Ox{*D)t~ 1 v = Ti given by \—> p(t~ 1 v) induces 
an isomorphism L*(g, D) —> Coki which is compatible with the flat connection. 

Let us observe (l20l) . We consider M 2 = Ox(*D)[t,t x ]u with Xv = vdF. As before, 7 r + (L*(F,-D^)) is 

represented by M 2 M 2 , where the second term sits in the degree 0. The kernel and the cokernel are 
denoted by Ker 2 and Cok 2 , respectively. We set M 0 := Ox{*D)[t]v. We have the natural exact sequence 

0 —> .Mo —» M 2 —> Mi —> 0. Because Mi Mi (i = 0,1) are monomorphisms, we obtain that 
Ker 2 = 0. We also have the following exact sequence of 25-modules: 

0 —► L*( 5 , D)(*Z f )/L.(g, D) —► Cok 2 —► L.(g, D) —► 0 

It implies that Cok 2 (*iT/) ~ L*(g, D)(*Zf). Hence, we have a uniquely induced morphism L*(g, D)(\Z /) —> 
Cok 2 . Because Cok 2 (*D) ~ Cok 2 , we have a uniquely induced morphism 

p : L*{g)(\Z f ){*D) ~ L.(g, D){\Z f )(*D) —► Cok 2 . 

Let us prove that the morphism is an isomorphism. Around any point of Zf\D , we have ijjf( Cok 2 ) ~ ‘iff(L*(g)) 
and <j)f( Cok 2 ) ~ <f>f(L*(g)(*Zf)/L*(g)). By a direct computation, we can check that the natural morphism 
7/>/(Cok 2 ) —> <j>f{ Cok 2 ) is non-zero. It implies that tj)f( Cok 2 ) —> </>/(Cok 2 ) is an isomorphism. Hence, p is 
an isomorphism on X \ D, and then it follows that p is an isomorphism on X. We also obtain the second 
isomorphism in (fl9l) . and that the push-forward of (l22l) is isomorphic to (l23l) . I 
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2.4.4 Proof of Proposition 12.271 


Let us prove the claim in the case * = *. We have the following exact sequence: 


0 


IT 


a— 1,6 j 


L*(F)(*t) —> n“’ b L*(P)(*t) —► L*(F)(*t) s a 


0 


Then, we obtain 7r+n“’ L*(F)(*t) = 0 (j ^ 0) by applying Proposition 12.231 and an easy induction. We also 
have the exact sequence: 


0 —► n° + Hr 1 ,b L*(F)(*t) —> <n—► L.(g){\(f) 0 )(*D) —► 0 

By an easy induction, we obtain that the following natural morphisms are isomorphisms: 

<(n“’ b L*(F)(*f)) ^4 <(n a t ’ b L*(F)(*t))(*D) ^ n° + (lL a t ’ b L*(F)(*t))(\(f) 0 )(*D). 

Hence, for the construction of 4'“’ b , it is enough to obtain an isomorphism 7r+(n“’ b L*(-F)(*£)) ~ U a f b 1 L^(g) on 
X\(DuZ f ). 

We have the following representative of 7T+(n“’ 6 L*(F)(*t)): 

6—1 6—1 

Qo x (*D)[t] S i -© 0 O x (*D)[t]t- 1 s j 


_0 JT CL,b i 


Here, the morphism n is given by <9 t + / + st 4 The action of any vector field V € Ox is given by V^s- 7 ) = 
( V(g)+tV(f))sF The kernel of n is clearly 0. The natural inclusion of © b I* L if (g)t~ 1 s J into © b I* L Jf (g)[t]t~ 1 s 1 ’ 
induces an isomorphism of © b I* L^(g)W 1 s^ and the cokernel of k. We have V(sH~ 1 ) = V(g)sH~ 1 + V(f)sF 
Because k(s j ) = /s- 7 + s J+1 t _1 , we have H(/)s J = /H(/ _1 )s- J+1 t _1 on X \ (Zf U D ). Thus, we obtain the 
isomorphism 4'*’ b : 7r° (n“’ b L*(W)(*t)) ~ n y^L^g) on X \ (ZHJ Zf) by setting 4'*’ b (f _1 s- 7 ) := sF 

Let us consider the case * =!. We can deduce it from the claim in the case * = * by using the duality. But, 
we give a more explicit construction which would be useful for our study later. As in the case of * = *, we have 
7r^_n“’ b Li(F)(!t) = 0 (j ^ 0) and the following natural isomorphisms: 

7r° + (ufFXF)(lt)) ^4 7r° (n“’ b Li(F)(!t))(!.D) 4^ tt° (n?’ b L ! (F)(!t))(*Z / )(!£>). 

Hence, it is enough to obtain an isomorphism 7dj_(n“’ b L!(.F)(!<)) ~ U a f b 1 L\(g) on X \ (D U Zf). 

We have the following representative of w+(Uf’ b L\(F)(\t)) on X \ ( Zf U D ): 


6—1 6-1 

0 O x [t]ts J -©■ 0 O x [£]s J 

j=a j=a 

The morphism k and the action of V £ Ox are given by the same formula. The natural inclusion of © b = * 
into © b I* L^(g)[t]s :i induces an isomorphism of ©*1* £*(5)■ s ' , and the cokernel of k. On X\ (Z/UD), we have 
H(s J ) = V{g)s^ + V(f)ts J " and k(sH) = fsH + s^ +1 + sF Hence, we have V(fs : ’) = V(g)(fs - 7 ) + fV(f~ 1 )fs : ' +1 . 
Thus, we obtain the isomorphism T“ ,b by setting 4'“’ b (/S' 7 ) ;= sF 

Let us look at the restriction of the natural morphism 7d}_n“’ b L\(F)(\t) —> 7r°n f' b L*(F)(*t) to X \ (D U 
Zf). Because k(s- 7 ) = /s- 7 + s J ’ +1 £ -1 , we have /s- 7 = —£ _1 s J+1 in 7r° n“’ b L !t (F)(*t). Hence, under the above 
isomorphisms \l/“’ b and Ti*’ 6 , it is identified with n“’ b L(<?) —> n ^’ b L(g) induced by the multiplication of —s, 
i.e., the diagram ECU) is commutative. I 

Remark 2.28 We also have the following representative of Tt^(nf' b L*{F) (!£)): 


6-1 

Q)O x (*D)(\t) S i 

j=a 


b -1 


0Ox(*D)(!i)s J 

j=a 


For any local section c of Q) b j = aOx(*D)(\t)s : ’, let [c]t denote the induced section of (n“’ b L*(F)(!t)) . Recall 
that we have a natural isomorphism L(F)(\t) ~ L(F) ® Ox^-t). 
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2.4.5 A consequence 

We continue to use the notation in 1 )2.4.11 For simplicity, we consider the case g = 0. Motivated by the 
descriptions of some hypergeometric systems in [2 and ED, we give a remark on another description of 
7T+ Dy' 1 )). We set Yo := A x IP* x P 1 . Let p t denote the projection of Yo onto the i-th component. 

We set D 0 := pf 1 (D) Up^' 1 ({0,oo}) U pf 1 ({0,oo}). We regard t and s as meromorphic functions on ( Y 0 ,D 0 ). 
Let us consider L* (t(f + s), D 0 ). 

Let 7 Tts : I x Pj x P] —> X , ir t : X x Pj —> X and n s : X x P 1 — X denote the projections. Set 
D X x v\ ■= (X x {0, oo}) U(DX P^), and D XxP i := (.X x {0,oo}) U (D x P 1 ). 

Proposition 2.29 We have the following natural isomorphisms: 

Ks+Oxxvi (!(/ + s)o) (*-C>xxpi) — n ts+L*(t(f + s), Do) — Tr t +L*(tf, D XxW ,i) ~ O x (\(f)o){*D)- (28) 

Proof Let pi 2 and pis denote the projection of lo onto X x P) and A'xP], respectively. By Proposition ^. 231 
we have 


P° 13+ L*(t(f + s),D 0 ) ^0 Xx rl(Kf + s)o){*D Xxn ), p{ 3+ L*(t(f + s),D 0 ) = 0 (i ^ 0). 

We also have the following by Proposition 12.231 

Pi 2 + L *{t{f + s),D 0 ) ~ L*(t/,D XxP i), p\ 2+ L*(t(f+ s),D 0 ) = 0 (i ± 0). 

Then, the claim of the proposition follows. 1 

2.4.6 Complement for a non-resonant case 

We give a remark on a non-resonant case to compare the resonant case above. Take a £ C \ Z. We consider the 
line bundle L a ,y(f/) := CV(*Dy^) e, with the flat connection V determined by Ve = e(d(tf) + adt/t), where 
e is a global frame. Similarly, we consider the line bundle L- a , x ■= O x (*(D U (/)o)) v with the connection V 
determined by Vv = v (— adf / f). The following is essentially contained in Theorem 1.5 of [2]. 

Proposition 2.30 We have a natural isomorphism i L a ,Y(tf) ^ L-ci,.Y- 

Proof We use the notation in 1 )2.4.31 Indeed, 7r° L Qj y(t/) is represented by the complex 

O x (*D)[t, W 1 ] e -A Ojr(*I>)[t, t" 1 ] e. 

Here, the second term sits in the degree 0, and a(g) = ( tdt + a + t,f)g. The action of a holomorphic vector 
field V on Pe is given as V(Pe) = P +1 (V f)e. We define an (9x(*D)-homomorphism $ : O x (*D)[t, t _1 ] e —> 
O x (*D)v by <f»(f J e) = r (—a + l)r (—a — j + I) -1 / - - 7 ?;. Then, we can check that is compatible with the 
connections, and 4> o a = 0. It induces a morphism of D-modules n r° i a ,y(t/) —> L_ a , x . We can check that 
the induced morphism is an isomorphism. 1 

2.5 Specialization 

2.5.1 Statement 

Let A be a complex manifold with a simple normal crossing hypersurface D. Let us consider meromorphic 
functions / and g on (A', D). We set A*^ := A' x C T and := D x C T . We have the meromorphic function 
rf + g on (A^, D^) and the associated D-modules M-*j, g := L*(t/ + g , D^) on A^ for * = *,!. Let K*j, g 
and C+j^g denote the kernel and the cokernel of . A4*j, g (lT) —> M. *,/, g (*T) for * = *,!. Let to : X —> AW be 
given by iq{Q) = (Q , 0). We shall prove the following proposition in D2.5.2I - D2.5.4I 

Proposition 2.31 If |(/)o| fl |(/)oo| = 0, we have the following: 

C*,f, g — to+L* (<?, D), K.,f,g — tQ-f--L^(g, H)(l(f)oo). 

— t‘0+I j \Xg,D')i C\j,g — io+Li (g, D)(*(/) oc ). 
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2.5.2 The case g = 0 and D = |(/)oo| 

First, we consider the case g = 0 and D = |(/)oo|- In this case, rf is non-degenerate along Hence, we 

have which we denote by Mf. We also have o — K\,f,o and C*,f ,o — C\,f,o- We have a 

global section v of M ./ such that A if = 0 X ( i) (*D^)v with Vv = v d(rf). 

We described the H-filtration of A if along r = 0 in !?T|, which we recall here. We use the 

convention that rd T + a is locally nilpotent on U a /U <a . We describe the filtration locally around any point of 
(Q, 0) G D x {0}. Suppose Q ^ |(/)oo|- We have Gr^(Af/(*r)) = 0 unless j G Z, and Uj(M /(*r)) = 
for j G Z. Suppose Q G |(/)oo|- We take a holomorphic coordinate system (zi,...,z n ) around Q such that 
D = IJi=i { z i = 0} and / = z~ k for some k G Z> 0 . For 0 < a < 1 , we set p = [ak\ := ([afci], ..., [aki]), where 
[a] := max{n G Z|n < a}. Let S = (1,..., 1) G Z> 0 . Let n : —> X denote the projection. We may 

naturally regard tt*V x as a sheaf of subalgebras in D x a >. Locally around ( Q , 0), we have 

OO 

U a (M f (*T)) =n*V x (O x(1) x~ s - p v) = n*V x (j20 xW x- s ~ p (Tfy 

i=o 

in O a -(i) (♦Di 1 ))?;. We have L r i(A / l(*r)) = t~ 1 UqM. We obtain 

OO 

t/<oAf + rd T H 0 7W = n*V x O x(1) x~ s (Tf) j u). 

.7=1 

Hence, U 0 M/(U <0 M + Td T U 0 M) ~ t 0 *(r>x(Ox(D))^ — to*O x {*D). It implies C*,/,o — to+0x(*-D) if 
-D = |(/)oo|- By using the duality, we obtain AA,/,o ^ l 0+ O x (\D) if D = |(/)oo|- 

2 . 5.3 The case |( 5 ) 0 | n Kfifjool = 0 

Let us consider the case that |(g)o| n |(g)oo| = 0- We define Mo := L(rf). Set M := • We put 

Do := |(/)oo| U |( 5 )oo|- We have the hypersurface D\ C D such that D 0 U Di = D and codim A -(.Do FI D 1 ) > 2. 
We set D 2 := (( 5 ) 00 1 UDi. We have M ~ Mo0 L*(g, D^). We naturally have A 4(*t) ~ Mq{*t) 0 L*(g, D^). 
We shall observe that M(\t) ~ Afo(! T ) ® L t (g, D^). 

We have the H-filtration U,(Mq{*t)) of Set U a (M(*T)) := U a (Mo(*x)) ® L*(g,D^) for any 

aGl 

Lemma 2.32 U,(M(*t)) is the V-filtration of M(*t). 

Proof By the construction, rd T + a is locally nilpotent on U a M(*r)/U < q M(*t). Let us prove that U a M is 
WD A (i)-coherent. If Q ^ |(/)oo|, the claim is clear. Let us consider the case Q G |(/)oo|- We take a holomorphic 
coordinate system (cci,... ,x n ) around Q such that D = (J i=1 {xi = 0} and 5 = x~ a and / = fix~ b , where /1 
is nowhere vanishing. Here a, b G Z> 0 . Put p := [ab\. Let S = (1,..., 1) G Z f . 

We use the identifications AIo = O x ^ (*(f)oo) v with Vu = v d(rf ), and L*(g, D^) = 0 X ( 1 ) (*D^) e with 
Ve = e dg. It is enough to prove that C/ q (A!(*t)) 0 L*(g, D^) is generated by x~ s ~ p v ® e over VV x <i). 

Set s(a) := {«| at 0} and s(b) := {i\bifi^ 0}. For i G s (a) U s(b), and for any q G Z> 0 , we have 

diXi(x~ s ~ p ~ q v ® e) = x~ s ~ p ~ q (^—pi — qt — aiX~ a — birfix~ b + TXiX~ b dif\^ v ® e. 

Because rd T (v ® e) = firx~ b (v ® e), we have 

diXi{x~ 5 ~ p ~ q v ® e) + ( 6 j — Tffi 1 Xidifi)Td T (x~ s ~ p ~ q v ® e) = x~ s ~ p ~ q (—pi — qt — aiX~ a )v ® e. (29) 

By using (1^1) . we obtain that x~ s ~ p v 0 <D X o) (*L4^)e C VD X ( 1 ) (u ® e). Let di := (1,..., 1) G Z 5 f b ^. For any 
Q G tt*T> x and for any h G 0x0) (^-O^ 1 '')? we have (Q(a;” < 5 l u) ® he) = diQ(x~ Sl v) 0he + Q(x~ Sl v) 0 dfihe). 
Hence, we can easily deduce that U a (M) C VV X (i) x~ s ~ p {v 0 e). Thus, we obtain the lemma. I 

We set Ua(MoOr) 0 Lfig, D ^)) := U a (Mo{ ] -T)) 0 L*(g, D^) for any aGl. 
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Lemma 2.33 U,(Mq(\t) ® L*(g, D^)) is the V-filtration o/A4o(!t) ® L*(g, D^). 

Proof For a < 1, we have U a (A4o (!t) ® L*(g, P^)) = U a (Mo) <8> L*(5j -D^); which is coherent over VV X ^). 
For a > 1, we have U a (M 0 { ] -T) <g) L*(g,D^)) = S/ 3 + n <a, /?<i <9”U/3 (A^ 0 (!r) <g> L^g, D^)). We obtain that 
U a (Mo(\T ) ® L^^g.D^)) are coherent over VV x a) for any a. We have rdr + a are nilpotent on U a /U <a . 
Hence, U, (A4o(!t) <g> L*(g, D^)) is the U-hltration of M o(!r) ® L* [g, D^). I 

Because the induced morphism 


d T :U 0 (Mo(\T)®L4g,D£ ) ))/U < o(M 0 (\T)®L4g,Dy)) 


(W 


— >U 1 (Mo(\T)®L.(g,D£ ) ))/U <1 (Mo('.T)®L.(g,D£ ) )) (30) 

is an isomorphism, we have 7\do(!r)®L*(g, D^) — We obtain C*j iS ~ 6 0 +^Gx(*(/)oo)®U*(g,!^)) — 

to+L*(fll D). We also obtain K*j iS ~ i 0 + (Ox('-if)oo) <8> L*(lb -D 2 )) • Under the assumption |(g) 0 | D |(ff)oo| = 0, 
it is naturally isomorphic to io+L*(g, -D 2 )(!(/)<»)• 

Thus, we obtain the claims for K*j, g and G*,/^ in the case |(g)oo| (~l |(< 7 ) 0 1 = 0- By using the duality, we 
also obtain the claims for Gij iff and K\j tg in this case. 


(W 


2.5.4 The general case 

Let us consider the general case. We take a projective birational morphism of complex manifolds G : X’ — > X 
such that (i) D' := G _1 (D) is a simple normal crossing hypersurface, (ii) X'\D' ~ X\D , (iii) |(fl ,/ )o| | ~l|(5 ,, )oo| = 0, 
where f := G*(f). We set g' := G*(g). We have (/') 0 = G*((f) 0 ) and (/')oo = G*((/)oo)- In particular, we 
have |(/0o| n K/%1 = 0. We have G./W' - and A r J. . 4/ D')(!(/'U. 

The induced morphism —► X U) is also denoted by G. We have G° (■M*,f , , g ') — A i*j, g and 

G+(A4*,//, ff ') = 0 for i 7 ^ 0. We obtain G+(.A4 * i /' i 9 '(*t)) ~ A4*,/, g (*r) and G l + (M *,f, g ’ (*r)) = 0 for i 7 ^ 0. 
We have G° (L*{g', £>')) ~ L*(g,D) and G!|_(L*(g / ,'-D')) = 0 for * ^ 0. We also have G° (Wg', £>')(!(/')oc)) ^ 
L*(g,D)((f) 00 ) and G\(L*(g', D')(\(f) 00 ) = 0 for i 7 ^ 0. Let / be the image of Af*j, ]g ,(!r) —S> AT*,/',g'(* r )- 
Because G!|_(A / 1 * i /, s (*t)) = G!|_(G*j iS ) = 0 for * 7 ^ 0, we obtain that G+(-0 = 0 for i 7 ^ 0,-1. Because 
G+(A / l*,f, g (-T)) = G^(AT*,/,g) = 0 for i 7 ^ 0, we obtain that G l + (I) = 0 for i 7 ^ 0,1. Hence, we obtain 
G\(I) = 0 for i 7 ^ 0. It implies that G+(C* t f> l9 ') — C t j, g and G° ~ if*,/, g . Thus, we obtain the 

claims for G*j jS and K*j >g . By using the duality, we obtain the claims for C\j >g and K\j, g - Thus, the proof of 
Proposition 12.311 is finished. i 


2.6 Nearby cycle functor and Push-forward 

2.6.1 Beilinson’s functors and variants 

Let h be a meromorphic function on a complex manifold Y. Let M be a holonomic Hy-module. Suppose 
|(/i)o| D | (/jjoo| = 0- We recall the functors of Beilinson [!]: 

i,0 


K\M) := ^imCok(H“’ b M(!Wo) —► H a h ’ b M(*(h) 0 )) 


l { u\M) := hmCok(n^ _1 ’ b M(!(/i) 0 ) 


n“’ b M(*(/i) 0 )). 


1 112.4.21 for n“’ b M.) On any relatively compact subset K in Y, if b is sufficiently large, the cokernel of 
n“’ b M(*(/i) 0 ) is isomorphic to and the kernel is isomorphic to On K, 


H“’ b M(!Wo) 


if N is sufficiently large, Ej^(M) is isomorphic to the cokernel of n“ +1,a+Ar M(\(h)o) 


n 


a,a-\-N 


the kernel of N,a+1 M(\(h)o) 


n: 


i-N,t 


M(*(h) 0 ) and 


M(*(h) 0 ). (See the argument in [40] §4.1], for example.) 
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In the case |(/i)o|n|(ft)oo| 7 ^ 0 and M = Oy{*D) for a normal crossing hypersurface D CY, we also consider 
a variant. For simplicity, we assume that (i) (h) x is smooth and reduced, (ii) D = |(/i) 0 |, (iii) D U |(/i)oo| is 
normal crossing. We set Z := |(/j) 00 |. 

Lemma 2.34 We have a canonical morphism II^ +1 ’ h+1 CV —> II f b Oy(\Z) such that the composite with 
H^’ b Oy(\Z) —» Ylh’ b Oy is the canonical one. 

Proof Let 1C and C denote the kernel and the cokernel of the morphism Uf b+1 Oy{\Z) —> II^’ b+ 1 CV. We set 

Dz := D fl Z. Let l : Z — > Y denote the inclusion. By a direct computation, we can check C ~ i+Oz{*Dz)s a 

and /C ~ i+Oz(*Dz)s b . We have the induced monomorphism W^ b+1 Ox{}.Z)/lC —> U'f h+l Ox- 

Let us consider the canonical morphism Hf +1 ’ b+1 Oy —> n f’ b+1 Oy. The composite with Uf b+1 Oy —> C 
is 0. Hence, we have an induced morphism I\ c ^ rl ' b+1 Oy —> W^ b+1 Oy (f.Z) / 1C. We have the following natural 
commutative diagram: 

n a h b+1 o Y {\z)/)c -► n“’ b+ 1 c>y 

I I 

U a h ’ b Oy(\Z) -► n a h ’ b Oy 

Hence, we obtain W^ rl ' b+1 Oy — > W^ b Oy(}.Z) such that the composite with n f’ b Oy(\Z) —> n^’ b Oy is the 
canonical one. 1 

Let us consider the following induced morphism 

Pn : T§ +1 ' a+N+1 O Y (*(h) oo )(\{h) 0 ) —* n“’ Q+JV Oy(!(/ l ) oo )K/r) 0 ). (31) 

We set E^ a) (O x [*D]) := (im,, Cok(pjy). 

Lemma 2.35 For any relatively compact subset K C X, there exists No such that Cok (pn 2 )\k —> Cok(p Xl )\K 
is an isomorphism if Nq < Ni < IV 2 . 

Proof As mentioned above, the claim is well known outside of Z. Hence, the induced morphism 


Cok(p A r 2 )| X (*(/i) oc ) —> Cok(p iVl )|j { -(*(/l)oo) 


is an isomorphism. Take Q € Z fl K , and take a holomorphic local coordinate neighbourhood (Yq;x 1 ,..., x n ) 
of Y around Q such that h\y Q = x~ x Y\i=i x i l > where ki G Z>o- It is enough to prove that (px}_ Cok(/?Ar 2 )|if —> 

(ft'xl Cok{p Nl )\ K is an isomorphism. Set hi := ff - =1 x^ on Zq := Yq fl Z. Let L\ : Zq — > Yq be the inclusion. 
We have the following commutative diagram: 


^ni +1 ’ a+N+1 Oy(*(h)^)(\(h)o) -> 4°Jn“’ a+Ar Oy(!(/i)oc)(*Wo) 

“1 “1 

4°„ ) n^ +1 ’ a+JV+1 Oy(*(Moo)(!(ft.)o) n“’ a+JV Oy(!(/i)oo)(*Wo) 


b 1 ~ 


i 1+ u a h t ha+N+1 Oz Q (\hi) 


Cl 




b 2 ^ 


Ll+U a,a+N 0Z Q 


Here, bi are given as in HOJ Proposition 4.3.1]. We shall prove that C\ is induced by the multiplication of s -1 
Lemma [2.361 below. Hence, <j>Cok(pjy 2 ) is identified with l\ + Cok(llf'^ +N O z q (!/ii) — > Wf’^ +N Oz Q ) ■ Then, 
the claim is reduced to the above standard case. I 


Lemma 2.36 C\ is induced by the multiplication of s 1 
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Proof It is enough to consider the case D = 0. We may assume that x n = h n x . Taking the limit of pn 
for N —> oo, we obtain U"^]' 00 Oy —> H^^Oy^Xn] such that the composite with the canonical morphism 

. n a, “Oy[!a; rl ] —> n a, ™Oy is equal to the canonical morphism k 2 : n a ti'°°Oy —> II a ’“Oy. 

x n L J x n x n x n 

We have the following commutative diagram: 




-t 4y-“Oy 


n+nr ,oc Oz 


Here, ii is the inclusion. 

We have the following commutative diagram: 


4°„ ) n a f*Oy[!in] 

2-n 

n+n ?°°o z 


-> ii+n?°°o z 






Here, z 2 is induced by —x n d Xn , and it is equal to the multiplication of s. Because j 2 o ci = i i, we obtain that 
Ci is induced by the multiplication of s _1 . 1 

Remark 2.37 In the proof of Lemma 12.351 we also observed that <p^ x }E'^ a \Ox[*D])\y Q ~ Lx+if^Oz Q around 
any point Q £ Z C\ D. 1 


2.6.2 The push-forward of the nearby cycle sheaf 

Let X be a complex manifold with a normal crossing hypersurface D. Let / and g be meromorphic functions 
on (. X , D). We set Y := Pj x I and := (P{ x D) U ({oo} x X). Let 7r : Y —> X be the projection. We 
consider F := rf + g on (Y, D^). We suppose the following. 

• F is pure on {r/ 0} x A'. 

• g is pure on X \ |(/)oo|- 

. D = |(/)oo| U IGOool, |(/)o| C D and |(/) 0 | n |(/)oo| = 0- 
Note that we have 7r° ipi a ^L\(F) = iT+4>i a ^L*(F) and E^} 1 L\(g) ~ E^ L } 1 L t: (g) by the assumptions. 

Proposition 2.38 We have natural isomorphisms : 7T° + ^ T a) L4F) ~ E^L^g). 

Proof By the assumption of the purity of F on {r ^ 0} x A, we have H X ’ N L*(F)(*t) = Hy N L\(F)(*t). Let 
I be the image of n“’ b L!(i 7 ')(!r) —> n“’ & L*(.F)(* t). The support of the kernel K a,b and the cokernel C a,b are 
contained in t = 0. Hence, we have ir l + K a ' b = 0 and ir l + C a,b = 0 for i ^ 0. By Proposition 12.271 we have 
7r! h n“’ Ar L* 1 (F)(* 2 r) = 0 for i ^ 0 and for *i,* 2 £ {*,!}. We can easily deduce that 7T+I = 0 unless i = 0. 
Hence, we have the following exact sequence 


[K a 


tt° n“’ b L,(F)(!r) —4 tt° n“’ b L*(F)(*r) —> n° + C a 


If \a — b | is sufficiently large, we have C a ’ b 


L*(F). Hence, we have 


n° + ^L4F) ~ Cok(7r°n“’ b L!(P)(!T) —► tt° n“’ b L*(F)(*r)) 

By Proposition 12.271 we have the following natural isomorphisms: 

^a.TV . ^0 n a, N L+(F)(*T) ~ H ^L.(g)(*D) 
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By l(ff)oo| u |(/)oo| = D and the purity of jonI \ |(/)oo|, we have 

uy^L^g^D) ~ n“^L,(fl)(*(/) 00 ), n“^L,(5)(!D) ~ n“-_^L*(5 )(!(/)oo). 

By the commutativity of ESI) , the image of the morphism 7r^II“’ Ar L!(F)(!r) —> 7^11 “’^L*(F)(*t) is identified 
with the image of 

n“t l 1,JV+1 L.(0)(!(/) oo ) —► nj^L,((?)(*(/) 00 ). 

Hence, we obtain the desired isomorphism. 1 

Let to : X —> P 1 x X be the inclusion given by to(P) = (0, P). 

Corollary 2.39 Under the assumption, we have a natural isomorphism ipi a ' > L*(F) ~ to +’E,^l 1 L*(g). I 

We have the canonical nilpotent map N on iprL*(F). The following proposition is clear by the above 
description. 

Proposition 2.40 Under the same assumption, we have KerTV — tof L\(g,D) and Cok N — tof L*(g,D). The 
canonical morphism Ker N —> CokN is identified with the canonical morphism L\(g,D) —x L*(g,D). 1 

Remark 2.41 Note that Ker N and CokiV are isomorphic to the kernel and the cokernel of L*(F)(\t) —> 
L+(F)(*t). The isomorphisms in Provosition \2.3i\ and Provosition \2 .401 are consistent. 1 

2.6.3 A variant 

Let us give a similar statement in a slightly different situation. We continue to use the notation in 1 12.6.21 
Suppose that (i) g = 0, (ii) D = |(/) 00 |, (iii) (/) 0 is non-singular and reduced, and |(/)o|UD is normal crossing. 
Note that F = rf is non-degenerate on {t / 0} x X. We set Z := |(/) 0 |, and let iz '■ Z —X X denote the 
inclusion. 

Proposition 2.42 We have a natural isomorphism L*(F) ~ Ox ■ 

Proof As in the proof of Proposition 12 . 381 we have 

7r° x/>( Q) L*(F) ~ Cok(7T° n“’ a+N F(F)(\T) ^ tt° n“’ a+iv L*(F)(*T)) . (32) 

According to Proposition 12.271 we have the following isomorphisms: 

7 r ° n “’ 0+JV L l (F)( ! r) ~ n a f ’“+ N O x {*Z)(\D) (33) 

7r° n“’ a+JV I/* (F)(*t) ~ n a f ’?+ N Ox('.Z){*D) (34) 

Then, we obtain the claim of Proposition 12.421 from the following lemma. 

Lemma 2.43 Under the isomorphisms (0 and AMD , the image of kn is equal to the image pn in © ifN 
is sufficiently large. 

Proof We identify U a j,f^ N Ox('Z)(*D) and n a ^_\ ,a+N+1 Oxi}-Z)(*D) by the multiplication of — s. We can 
compare the restriction of pn and kn to X \ (2 U fl) by the commutativity of EBl) . Take any Ni > N. 
We have the morphisms Kn x and p^ 1 . The morphisms kn and p jy are induced by km, and pn x . Because 


(kjVj — PN \) \x\(duz) = 0, the difference kjvi — Pn^ factors through Lz+Oz{*Dz)s a+Nl , where Dz := Z fl D. 
Hence, we obtain that hn — Pn = 0. Thus, we finish the proof of Lemma [2.431 and Proposition 12.421 I 

Corollary 2.44 If Z fl D = 0, we have 7r° L*(rf) ~ Ox- I 

Take a holomorphic local coordinate (a?i, ..., x n ) such that / = xf 1 Yil=i x^ ■ Set x k := n-=i = f-Xn- 
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Lemma 2.45 We have the following commutative diagram: 

a T ’ a+N l,{f){W) ^7T° + n^ a + N 

I I 

L Z+ n y +N o z [\D] t z+ U a xk a+N Oz 

Here, c is induced hy the multiplication of — 1. 

Proof As observed in Lemma [2.431 kn is identified with p under the isomorphism H a f^ N Ox(f-Z)(*D) and 
H < pl.l' a+N+1 Ox{\-Z)(*D) given by the multiplication of — s. Then, the claim of the lemma follows from Lemma 

CT1 I 

3 Mixed twistor P-modules associated to meromorphic functions 

3.1 Mixed twistor D-modules 

We recall some operations for 7?.-modules and twistor 'D-modules. See [40] and [47] for more details. 

3.1.1 1Z- modules 

Let X be a complex manifold. We set X := C* x X. Let p\ : X —>■ X denote the projection. Let IZx C T>x be 
the sheaf of subalgebras generated by \p* x Qx over Ox- We set dx := dim X . The pull backp^O.Y is also denoted 
by fix- For any left THy-module M, \~ dx flx A4 is naturally a right 7T..Y-niodule, by which the category 
of left 72-Y-modules and the category of right 77-Y-modules are equivalent. In this paper, IZx -modules mean 
left TT-Y-modules. Let D b {IZx) denote the derived category of cohomologically bounded coherent complexes of 
72._Y-modules. 

An 72-Y:-module is equivalent to an (^-module A4 with a meromorphic relative flat connection 

B f : M —> fl} x /c x {X°) <8> M 

where X° := {0} x X. The operator D := AB-f is also often used, and called a family of flat A-connections. 

The easiest example of T^x-module is the line bundle Ox with the meromorphic relative flat connection B-^ 
determined by B^(l) = 0. It is just denoted by Ox- 

Let Mi (i = 1,2) be IZx -modules. Then, M\ ®o x M 2 and A4i © M 2 are naturally 72-x-modules. The 
tensor product M\ ®o x M 2 is denoted just by M\ ® M 2 , if there is no risk of confusion. 

We define the duality functor Dx : D b {7Zx ) —> D b {1Zx) by 

Dx{M) := RHom-Rx (M,1Zx ® fL^ 1 ) [dim X]. 

(We will review more details in 11(131 1 Note that DxOx is naturally isomorphic to A dx Ox = Ox(—dxX°). If 
A4 is an 77.x-module underlying a mixed twistor 27-module, then W (DxM) = 0 unless j = 0. In that case, 
we identify DxM and VPDxM. 

Let / : X — > Y be any morphism of complex manifolds. We set 

TZy<-x ■= \~ dx flx ,r' {TZy ® A d5 fly 1 )- 

It is naturally a left / -1 77.y-module and a right 77.x-module. For any object M in D b {JZx ), we set 

/t(A4) := Rfi (TZy^x M) 

in the derived category of THy-modules. (We shall review more details on the push-forward in llC.2n The j-th 
cohomology sheaves of /f(A4) are denoted by fl(M). If A4 is good relative to /, i.e., for any compact subset 
Key, then there exists good filtration of M\f-i(x)- Moreover, suppose that the support of A4 is proper over 
/. Then, f\M is an object in D^flZy), and we have a natural isomorphism f^DxM — Dyf\M. 
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Let j : Ca —> Ca be given by j(X') = —A. The induced morphism j x id a : X —> X is also denoted by j. 
For any 7?-x-module M, we naturally regard j*M as an 7£x-module by the natural isomorphism j*lZx — TZx- 

Let H be a hypersurface in X. We set H := Ca x H. For any 1Zx -module M, we set A4(*H) := 
M 0 Ox(*R)- In particular, TZx(*H) := IZx 0 We may naturally consider 7?..Y(*-ff)-modules. For 

any M £ D b (JZx(*H)), we set 

D X {*h){M) := RHom^ix (*h) (M, TZx(*H) 0 [dim X]. 

Let / : X —> Y be a proper morphism of complex manifolds. Let Hy be a hypersurface in Y, and we set 
H x := / -1 (-ffy)- For any M £ D b {JZ x (*Hx)), we have 

/t(.M) := Rf\(TZ Y ^x 0n x -M) — Rf\(lZ Y ^x(*Hx) ®k x (*h x ) 

in the derived category of 7?-v(*iLy)-modules. If / induces an isomorphism X\H,\ ~ Y\Hy, we have f^M = 0 
unless j = 0. We shall identify f^M and f°M in that case. 

3.1.2 7\L-triples 

We set S := {A £ C | |A| = l}. Let Sb sxx/s denote the sheaf of distributions on S' x X which are continuous 
with respect to S. (See [47] . 1 For local sections P £ TZx\Sxx and Q £ 3Db sxx/x, the local section P»Q := PQ 
of T>bsxx/s is naturally defined. Let cr : S x X —> S x X be given by er(A,x) = (—A, x). For local sections 
a*P £ &*'R-x\Sxx and Q S ©bs X A/Xi the local section cr*(P) • Q := a*(P)Q is defined. Thus, the sheaf 
®b sxx/x is naturally a (TZ x \ S xxM*TZ x \sxx)-^odu\e. 

Let Mi (i = 1,2) be 7£ a— modules. A sesqui-lincar pairing of Mi and M 2 is a (7Zx\Sxx, cr *^-.Y|Sxx)- 
homomorphism C : M\\s x x 0 &*M 2 \sxx —> ®b sxx/s ■ Such a tuple T = (Mi, M 2 M) is called an TZx- 
triple. 

Let % = (Mn,Mi 2 ,Ci) be 1Zx -triples. A morphism of 7£ a- triples p : Ti —> T 2 is a pair of TZx- 
homomorphisms pi : M 21 —> Mu and P 2 ■ M 12 —> M 22 such that C(pi (m 2 ), ct*toi) = C(to 2 , ct*(^ 2 (toi)). 
For any morphism, we set Ker(</?) := (Cok((/?i), Ker(</? 2 ), Cker^J , where Cxe up denotes the naturally induced 
sesqui-linear pairing. Similarly, we set 

Cok(c^) := (Ker(v3i),Cok(( / 5 2 ),C , C ok(^)), Im(p) := (im(^i), Im(p 2 ), C\m{ v )) ■ 

For an 72-A-triple T = (M\, M 2 , C), we set T* := (M 2 , Mi, C*), where C*(m 2 , cr*(mi)) := a*C(mi, Mm 2 )■ 
For a morphism p = (pi, y> 2 ) : 7i —> T 2 of 72-A-triples, we set p* = (p 2 , pi). 

We set Ux(a,b) := (\ a Ox, A b Ox, Co), where Co(f,Mg) := fMg. For any 7?.-triple T := (Mi,M 2 ,C), 
we define T 0Ux(a,b) := (\ a Mi,\ b M 2 ,C'), where C is induced by the natural identification (A e A/b)|s X A = 
(Ali)|sxA'- Particularly, Ux(—n,n) is denoted by T(n), called the n-th Tate object, and T0T(n) is called the 
n-th Tate twist of T. We use the identification T(n ) ~ T(—n)* given by the morphism ((—1)", (—1)"). 

A morphism S : T —> T* 0T(—n ) such that S* = (—1 ) n S is called a sesqui-linear duality of weight n. For 
example, we have Ux(p, q) —t Ux(p, q)* 0 T(—(p — q)) given by ((—l) p , (—l) p ). 

Let / : X —> Y be any morphism of complex manifolds. Let T be an 1Zx -triple. We have a naturally 
defined push-forward /f in the derived category of TZy -triples. See j47]. It induces a functor from the derived 
category of 7?-Y-triples to the derived category of Aly-triples. The j-th cohomology 7?.-i-triple of f(T is denoted 
by f\T- For T = (Mi, M 2 , C), the 7\l-triple f^T consists of (f^Mi, M 2 , C). 

Let H be a hypersurface. The sheaf T>bs x x/s(*H) is naturally (7Zx(*H)\Sxx, u*7£Y(*-ff)|SxA')- moc iules. 
For 7?.Y:(*-ff)-niodules Mi (i = 1, 2), a sesqui-linear pairing of Adi and M 2 is a (1Zx(*H)\sxx, <t *'R-x(*H)\ S xX )- 
homomorphism C : Mi\$xx x cr *Ad 2 |s X Y: —> ®b s x x/s(*H)- F° r a given -triple T = (Mi,M 2 ,C), we 
obtain an 7?-A'(*dd)-triple T(*H) := (Mi(*H),M 2 (*H),C(*H)), where C(*H) is a naturally induced sesqui- 
linear pairing of Mi(*H) and Ad 2 (*Ff). 
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3.1.3 Mixed twistor 21-modules 

A pure twistor 21 x -module of weight n is an 77x-triple T = (Ati,M 2 ,C) satisfying some conditions. For 
example, we impose that Mi are flat over Oc x and that the characteristic variety of Mi are contained in 
the product of and Lagrangian varieties of T*X. A polarization of T is a sesqui-linear duality S : T —> 
T* <8>T(—n) satisfying some conditions. The precise conditions are given based on the strategy due to M. Saito 
[53] . We refer the detail to mm and [35U37]. A pure twistor 21-module which admit a polarization is called 
a polarizable pure twistor 21-module. In this paper, we consider only polarizable pure twistor 21-modules, and 
hence we often omit “polarizable”. 

A mixed twistor 21-module is an 77-triple T with a finite increasing filtration W indexed by integers satisfying 
some conditions. For example, we impose that Gr'^ (T) are polarizable pure twistor 21-modules of weight n. 
The precise conditions are given based on the strategy due to M. Saito m- We refer the detail to [40] . 

We recall some important properties of mixed twistor 21-modules. Let MTM(X) denote the category of 
mixed twistor 21-modules on X. 

Proposition 3.1 The category MTM(X) is abelian. More concretely, we have the following. 

• Let p : (71, Wi) —> (T 2 ,W 2 ) be a morphism in MTM(A). Then, the IZ-triples Ker(</?) and Im(y>) with 
the induced filtrations are mixed twistor T>-modules. Moreover, p is strict with respect to the filtration W, 
and Im(y>) with the induced filtration is a mixed twistor D-module. 

Moreover, the category of polarizable pure twistor T>-modules of weight w is abelian and semisimple. I 

Proposition 3.2 Let f : X —> Y be a projective morphism of complex manifolds. 

• Let T be a polarizable pure twistor T>x-module of weight w. Then, flT are polarizable pure twistor 
T>y-modules of weight w + j. 

• Let (T, W) be a mixed twistor V-module on X. Let Wkf^T be the image of flWk-jT —> f\T■ Then, 

(f^T,W) are mixed twistor V-modules. I 

Proposition 3.3 Let (T,W) be a mixed twistor T>-module on X. Let (M±,M 2 ,C) be the underlying IZx-triple. 

• DxMi*H 0 (D x Mi). 

• We have the naturally induced sesqui-linear pairing DC of DxM\ and D\M 2 , and the lZx~triple D 7” = 
{DMi,DM 2 ,DC) with the induced filtration is a mixed twistor structure. 

• For any projective morphism f : X —> Y, we have a natural isomorphism Df^Y — f ^ J DT ■ I 

3.1.4 Underlying 21-modules 

Let (T,W) be a mixed twistor 21-module on X. The 77-triple T is described as {M\,M 2 ,C). Let t\ : 
X —> X be given by i\ (P) = (1,P). We obtain the 21-module E DR (T) := — 1 )^ 2 ) which 

we call the 21-module underlying T. It is naturally equipped with the filtration W. For any morphism of 
mixed twistor T-modules ip : (T^\W) —> (7"( 2 \ W), we have the induced morphism of filtered 21-modules 
S dr(p) : &dr{TV>, W) —► Z dr (T (2 \W). 

The following lemma is easy to see. 

Lemma 3.4 Let tp : (fT^ 1 \W) —> ifT^ 2 \W) be any morphism of mixed twistor T-modules. 

• We have Ker Z DR (p) = E DR (Ker(ip)), lm.E DR (p) = E DR (Im(ip)), and CokS £lfl (i y 9) = S^^Cok^)). 

• p is an epimorphism (resp. monomorphism) if and only ifEu R (p) is an epimorphism (resp. monomor¬ 
phism). 1 

The following lemma is easy to see by construction of the functors. 

Lemma 3.5 Let (7”, W) be a mixed twistor T>-module on X. 

• Let f : X —> Y be a projective morphism of complex manifolds. Then, we have f\E DR (T)^Z DR (f)T). 
The induced filtrations W are also equal. 

• We have a natural isomorphism Dx^dr(T) — Ed R DT. The induced filtrations W are also equal. I 
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3.1.5 Integrable case 

Let T>x be the sheaf of holomorphic differential operators on X. Let TZx C T>x be the sheaf of subalgebras 
generated by TZx and^A 2 ^- The correspondence M —> A~ d ™ x II x <8 M also induces an equivalence between 
the category of left T^x-modules and the category of right T^-modules. An T^x-module is equivalent to an 
O^'-module with a meromorphic flat connection V : M —> fl^(log X°) <g> O{X 0 ) ® M. 

Let Mi {i = 1,2) be TJof-modules. Let 8 be the polar coordinate of S. We have dg = v / ~T(A9a — A<9y). 
It naturally acts on Mi- A sesqui-linear pairing of Ab and M 2 is a {TZx\sxx, cr*7?.A:|Sx.Y)'bomoinorphism 
C : MusxX x cr *-^ 2 \sxx — > ®b sxx/s which is compatible with the action of dg. Such a tuple {Mi, M 2 , C) 
is called an 7?.Y-triple or integrable T^x-triple. For any morphism of complex manifolds / : X —> Y, the 
7?-Y-triples /j?T are naturally integrable if T is integrable. 

A mixed twistor 21-module (T,W) is called integrable if the 7?.-triple T is integrable and the filtration W is 
compatible with the action of X 2 d\. Propositions 13.II and 13.21 are naturally extended to the integrable case. 

Let {T, W) be an integrable mixed twistor 2?Y-module. Take an injective resolution I of TZx <8 [dim X] 
as a left {TZx, 7£x)-module. Then, DxMi — R'Homiix{-M,I) are naturally TvW-modules. The action of A 2 c>a 
is given by {X 2 d\f){m) = X 2 d\{f{m)) — f{X 2 d\m). It is shown that DC is compatible with the action of dg. 
(See [40].') Hence, D{T,W) is also naturally integrable. 

We shall give some complements on the duality and the push-forward of 7?.-modules in jjC] 

3.2 Integrable mixed twistor P-modules associated to non-degenerate functions 

3.2.1 Pure twistor 2?-modules associated to meromorphic functions 

Let X be a complex manifold with a hypersurface D. We set X ~ C\ x X and V := C\ x D. Let / be a 
meromorphic function on {X, D ). We have a wild harmonic bundle E{f) on (X, D). It consists of a Higgs bundle 
{®x\d e, df) with a pluri-harmonic metric h determined by h{e,e) = 1, where e denotes a global frame of the 
line bundle. Recall that we have the associated polarizable pure twistor 2?-module (£(/),£(/), C{f)) of weight 0 
on X, where £(/) is an T^x-module, and C{f) is a sesqui-linear pairing £{f)\sxx x (J *£(f)\Sxx —> ®&Sxx/s- 
Here S := (|A| = 1} C Ca- A polarization is given by (id, id). 

Let dx ■= dimX. We have the polarizable pure twistor 21-module T{f) := (X dx C{f), £(/),(£(/)) of weight 
dx- The natural polarization is given by ((— T) dx , (—l) dx ). 

The restriction £(/) \x\d is equipped with a global frame v such that £(/) \x\d is isomorphic to Ox\d v 
with the family of flat A-connections D determined by Du = vdf. We have 

C{f)(v,<r*v) = exp(-A/ + A” 1 /). (35) 

In general, it is not easy to describe £(/) explicitly. The following lemma is clear by the construction of 
£(/) in 02 > and it will be used implicitly. 

Lemma 3.6 v is naturally extended as a section of C{f){*D), and it gives a global frame of C{f){*D) as an 
Ox{*D)-module. Moreover, the natural morphism £(/) —> C{f){*D) is a monomorphism. 1 

Lemma 3.7 If |(/)o| D D = 0 and |(/)oo| = D, then £(/) is naturally isomorphic to Ox{*D)v. 

Proof If D is normal crossing, the claim follows from the construction of £(/) in [57] . Although we are mainly 
interested in the case where D is normal crossing, we give a proof in the general case. We take a projective 
morphism ip : X 1 —> X of complex manifolds such that (i) D' := ip^ 1 {D) is normal crossing, (ii) ip induces an 
isomorphism X' \ D' ~ X \ D. We set f := p*(f). We have £(/') = Ox'{*D')v' with a frame v' such that 
Du' = v' df. Because C{f){*D') = £(/'), we obtain ^ (£(/')) ~ tp^(£{f')){*D). We also have that £(/) is a 
direct summand of <p^£{f) and (£(/')) \ x \d = £(/)|x\r>- Then, we can deduce the claim of the lemma. I 

Proposition 3.8 Suppose that (i) D is normal crossing, (ii) f is non-degenerate along D, (Hi) D = |(/)oo|- 
Then, C{f) is naturally isomorphic to Ox{*D)v. 
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Proof We have only to check the claim locally around any point of |(/)o| H |(/)oo|- Let (zi,...,z n ) be a 
convenient coordinate system with f = z n n[=i z fi ki f° r some fc, > 0. Note that YIi=i z t ' va section of £(/). 
We have <5 n v = u]~[ i= i z fi % where 9„ = Xd Xn . Then, it is easy to deduce that £(/) D IZxv = (7 .%•(*©) v. I 

3.2.2 Mixed twistor ©-modules associated to meromorphic functions 

For * = *,!, we have the ©x-modules £(/)[*©] obtained as the localization £(/). They are denoted by £*(/, D) 
in this paper. If D = |(/)oo|, they are also denoted by £+(/). We have the natural morphisms of ©x-modules 
—> £(/) —> £*(f,D). It induces £*(/,©)(*©) ~ £(/)(*©)• 

For * = *,!, we have the mixed twistor ©-modules T(/)[*-D] obtained as the localizations of T(/). They 
are denoted by 7*(/,£)) in this paper. If D = |(/) 00 |, they are also denoted by 77(/)- The underlying ©y- 
triples of and 77(/,©) are (\ dx C\{f, D), £*(/, £>),£'(/)[*£>]) and (A dx £*(/, ©), C\(f, £>), C(/)[!Z?]), 

respectively. The weight filtrations of 7*(/, D) are denoted by W. We have natural morphisms of mixed twistor 
©-modules 7f(/,£>) —* T(/) —* 77 (/,£>). 

The meromorphic family of flat connections on £(/)(*©) is naturally extended to a meromorphic flat 
connection V given by Vu = ud(A _1 /). Let C(f)(*D) be the sesqui-linear pairing on £(/)(*©) induced by 
C(f). Due to (l35l) . C(f)(*D) is compatible with the actions of X 2 d\. 

Lemma 3.9 77(/, D) are integrable mixed twistor T>-modules, and T(f,D) is an integrable pure twistor D- 
module. The morphisms 77(/, D) —> T(f, D) —> 7»(/, D) are integrable. 

Proof By using [40]. Lemma 3.2.4], we obtain that the underlying 77-triples of T*(f 1 D) are integrable. Then, 
we obtain that T(f,D) is an integrable pure twistor ©-module. By using [JO] Lemma 7.1.35], we obtain that 
the filtrations W of 7*(/,©) are also integrable. Hence, we obtain that 7*(/,©) are integrable mixed twistor 
©-modules. By using [40] Lemma 7.1.37], we obtain the integrability of the morphisms. 1 

Lemma 3.10 The V-modules Sd^(77(/, ©)) and z^DR.O'if)) are naturally identified with L+(f,D) and L(f). 
The morphisms SW77 (/,£>)) —► 3 M (T(/)) —► D)) are naturally identified with L\(f 1 D) —► 

£(/)—> £*(/,£>)■ 

Proof Let M be an 77x-nrodule underlying 7*(/,©) (* = *,!) or Let j be a holomorphic function 

on an open subset U C X. Because T*(f,D) are integrable, the KMS-spectrum of M.\jj along g are contained 
in K. x {0}. Hence, the specialization of the H-filtration along g at A = 1 is equal to the H-filtration of 
b^ l (M /(A — 1)A4), where t\ : X —> X given by b\{P) = (1, P). Then, the claim is clear. I 

In the proof of Lemma [3.101 the KMS-spectrum of the 77x-modules are contained in Q x {0}, indeed. We 
can directly check it by standard computations. 

Lemma 3.11 Suppose that (i) D = |(/)oo|, (ii) f is pure at P £ X. Then, the canonical morphisms 
T\{f,D) —> T(f) —> T*(f,D) are isomorphisms on a neighbourhood of P. 

Proof It follows from that the morphisms of the underlying ©-modules are isomorphisms. I 

Corollary 3.12 Suppose that (i) D is normal crossing, (ii) D = |(/)oo|, (Hi) f is non-degenerate. Then 
the canonical morphisms 77(/) —> T(f) —> 7 1(f) are isomorphisms. In particular, we have isomorphisms 
£*(/, D) ~ Ox(*D) v. I 

3.2.3 Expression of ©-modules in non-degenerate cases 

Suppose that D is normal crossing. Let us describe TZx~ modules £*(/, D) in the case that / is non-degenerate 
along D. We do not assume D = |(/)oo|- Let VuP-x denote the sheaf of subalgebras in IZx generated by 
A * p*)Qx (log P) over Ox- Let VoTZx denote the sheaf of subalgebras in IZx generated by VdPx and \ 2 d\. 
We have the VuP-x -modules £(/) and £(/)(©) = £(/) ®o x Ox(T>). 


31 




Proposition 3.13 We have natural isomorphisms of 1Z X -modules 

~ n x ® VdUx C(f)(v), C\(f,D) ~ n x ®v D n x £(/)• 

Proof We have natural isomorphisms of 7?-A'(*-D)-modules 

£,(/,£>)(*£>) ~ (n x ® VD n x C(f)(V)){*D), £,(/,£>)(*£>) ~ (H x ® Vd u x C(f))(*D). 

Note that if we are given an T^x-endomorphism 5 of £*(/,£)) such that ff|Cxx(x\n) = 0, then we have 5 = 0. 
Hence, it is enough to prove that there exist isomorphisms as 7?-x-modules. 

The claim is clear outside |(/) 0 | fl |(/)oo| by the construction of £*(/,£>) in [|0J §5.3]. We set 

£'*(/,£) := n x ® VdUx C(f)(v), C\(f,D) := 1l x ®y D n x £(/)• 

Let Q € |(/) 0 | n |(/)oo|- We take a convenient coordinate system (z i,... ,z„) with D = = 0} an d 

/ = z n n[ii zf ki . We set X l := {( 21 ,..., z ei ,z„)} and X 2 := {(zt 1+ 1 ,..., z„- 1 )}. We set /1 := z„ nl=i z i~ ki 
and Di := |jf=i { z i = °} and '■= Ui=tf+i l z >. = °}- We have £*(/i,.Di) = £(/i) = £*(/i,£>i). In 
particular, we have £*(/i, D{)[kZj\ = £*(/i,.Di) for j = 1,..., £1 . We also have C'+(f 2 ,D 2 ) — C+(f 2 ,D 2 ). 
Hence, £*(/ 2 , D 2 )[-kZi\ ~ £*(/ 2 ,-D 2 ) for * = 4 + 1,..., l x + (■ 2 . We have £*(/,£>) ~ £*(/i,£>i) ISI jC*(/ 2 ,£^ 2 )- 
Then, it is easy to check that £*(/,-D)[*Zj] = £+(f,D) for i = l\ + 1,..., t\ + t 2 . We obtain the desired 
isomorphism by the characterization in [40l Proposition 5.3.1]. 1 

3.2.4 De Rham complexes in non-degenerate cases 

Let us consider the case that (X,D) = S x (Xo,Dq), where Xq is a complex manifold with a normal crossing 
hypersurface Dq. Let / be a meromorphic function on ( X , D) which is non-degenerate along D. Let 7 r : X — > S 
denote the projection. We have the mixed twistor V -modules 7 t] 74 (/,£>) on S. Let us describe the underlying 
72-s-modules 7 rj:£+(/, D), by assuming that Xq is projective. 

Set n := dimA'o. Let p\ : X —>• X denote the projection. For any 7£x-module M, we set 

DR % /s M := A 0 c, M. 

Then, we obtain the complex DR^y S M. We naturally have ~ MV* DR^ S M.. 

Suppose |(/)oo| = D. We have £*(/, D) = £(/) which is isomorphic to O x (*D)v with H>u = vdf. We set 
H y /5 := ^~ e P\^ x /s- Tben, we immediately obtain the following natural isomorphism: 

DRx/s£(/) ^ (jfiTsW'd + X- 1 *) 

Let us consider the case that D is not necessarily | (/)<*, |. We set il x / s {\og D) := X~ e p* x (f^/s(l°g-D)). We 
obtain the complexes [fl x / s (log D), d + X~ 1 df) and (fi^/ S (log D){—V), d + A _ 1 d/). 

Lemma 3.14 We have the following natural quasi-isomorphisms: 

DR m x/s £.(f,D) ~ (HA + /s(logD)(*(/)oo),d + A- 1 d/) (36) 

DR.vys£i(/,D) ~ (^(logr>)(-Z?)(*(/) 00 ),d + A- 1 4f) (37) 

Hence, 7 r)£*(/, £>) (* = *,!) are expressed as the push-forward of the right hand side of (1351) and (1371) . 

Proof It follows from the expression in Proposition 13. 131 I 

Suppose moreover that / is non-degenerate along D over S. We use the notation in 42.2.61 We set 
H Y / S (log£),/) := fl Y / S (logZI)(f(/) 00 ), and we obtain the following complexes: 

(n x/s (log D,f),d + X~ 1 df), (n x/s (log D, f)(—T>),d + X~ 1 df). 
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Similarly, we set 12 x/sj,d := ^ e P\^x/s f d , an d we obtain the following complexes: 

if^x/s,f,Di d + ^ ^Z), (^x/sj,d(~'D)i d + ^ 1 df) 

As in the case of T>- modules in 1 )2.2.61 and H2.2.71 we have the following lemma. 

Lemma 3.15 Suppose that f is non-degenerate along D over S. Then, we have the following natural quasi¬ 
isomorphisms: 

DR m x/s C.(f,D) ~ (D^yg(log D, /), d + \~ 1 df ) ~ (Tf x/SJ ^,d + X^df) (38) 

DR m x/s C l (f,D) ~ (H , +s(logD,/)(-P),d + A- 1 d/) ~ (^/^(-DJ.d + A- 1 ^) (39) 

Hence, n)£ x (f, D) are expressed as the push-forward of the complexes in (1551) and (1551) . I 

We also remark the following lemma. 

Lemma 3.16 Suppose that f is non-degenerate along D over S. Then, 7 i)£ x {f,D) are locally free Oc x xS~ 
modules. 

Proof The specialization at A = 1 are locally free Os-modules by Corollary 12.181 So, by the general property 

of mixed twistor 'D-modules, we obtain that Tr)£+(f, D) are locally free Oc^xS-modules. I 

Corollary 3.17 If f is non-degenerate along D over S, the Oc x xS~modules 

RV* (Ox/s(l°g D )(*(f) oo), d + A ~ 1 df) ~ RV* (D* Y/s (log D,f),d + A ~ l df) ~ R 1 tt* fox/sj.D, d + l df ) 

are locally free. The Oc x xS-modules 

RV*(D; 7 s (logD)(*(/) 00 )(-P),d+A- 1 d/) ~r 7 r*(DV / s(logD,/)(-P),d + A- 1 d/) 

c±.M. I TT^(il x ^ S j D (~'D),d+X 1 d/) 

are also locally free. I 

3.3 The real structure of the localization of some mixed twistor "D-modules 

Let A be a complex manifold. For a mixed twistor D-module T = (Ah,.M 2 , C) on X, we have 

j*T = {j*Mi,j*M 2 ,j*C), DT = (DMi, DM 2 , DC). 

We set 7 *T := (j*DM 2 , j*DM\, j*DC*). We will naturally identify j*DMi and Recall that a real 

structure of 7~ is an isomorphism k : 7 *T — T satisfying j*k o k = id. 

3.3.1 Basic case 

Let dx ■= dim A. We have the isomorphism v x : DO x — OxX dx , whose specialization at {A 0 } x X (A 0 7 ^ 0) 
is equal to the morphism in 1)A.2.1I We have the natural identification j*Ox = Ox given by the pull back of 
functions. We have Dv x = (—1 ) dx vx- As shown in 001 , the isomorphism 

(z^ 1 , (— l) dx Rv) : l*Ux(dx,Q) ^U x (d x , 0 ) 

gives a real structure. 

Let Y be a smooth hypersurface of A'. We set d Y := dim A = dx — 1. Let 1 : Y —> X be the inclusion. We 
have the following natural morphisms of integrable mixed twistor (D-modules: 

U x (d x ,0)[*Y] —7 ^Uy(d Y ,0) ®T(- 1 ) (40) 

ifUy{d Y , 0) —> Ux{d x , 0)[!Y] (41) 

The morphisms are induced by 7?of-homomorphisms Ox[*Y] — > tf£2yA _1 and if Oy — > Ox [!A]. Locally, if 
A is equipped with a holomorphic coordinate system (aq,... ,x n ) such that Y = {x\ = 0}, the morphisms are 
given by xf 1 1 — > X~ 1 L*(dxi/X)~ 1 and i*(daq/A ) _1 1 — > — Si(l), where Si = \d Xl . 
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Proposition 3.18 The natural morphisms (1401) and m are compatible with the real structures. 
Proof Let us look at the compatibility of (1401) which is the commutativity of the following diagrams: 


O x \\Y]X dx D(O x [*Y ]) O x [*Y] < ( - 1)dXvx - D(O x \\Y]X dx ) 

ill i 

L^Oy\ dv+l D(^Oy\ X ) i^OyX - 1 D < K i ] OyX dx+1 ) 


To check the commutativity, it is enough to compare the specialization along {Ao} x X for any Ao 0. Then, 
it is reduced to Proposition IA. 31 We can check the compatibility of (TUI) similarly. 1 


3.3.2 Mixed twistor "D-modules associated to holomorphic functions 

Let F be any holomorphic function on X. We have the Tllyf-module C(F) given by O x e with Be = edF, 
where e is a global frame. Let £(F) V = 'Homo x (£{F),O x ) is naturally isomorphic to O x e J with Be v = 
e v (— dF), where e v is the dual frame of e. Hence, we have the isomorphism j*£(F) v ~ £(F) given by 
j*e v <—t e. We have the smooth 7?-x-triple T S m(F ) : = (£(F), £(F), CV). The isomorphism 7 * m T sm {F ) : = 
(j*£(F) v , j*C(F), j*Cp) ~ T(F) is a real structure of T S m{F ) as a smooth 7£x-triple. (See [101 §2.1.7.2].) 
Because T{F) = T S m(F)®Ux(dx, 0), we have the induced real structure onT(P) as a mixed twistor V -module 
[40] , Proposition 13.4.6]. 

More explicitly, as in the case of O x , we have a natural isomorphism v : j*DC(F) ~ X dx j* C(F) V ~ 
A dx C(F). The real structure of T(F) = (A dx £(F), £(F),Cf) is given by (i/ _1 , (— T) dx v). 

Lemma 3.19 We have natural isomorphisms of integrable mixed twistor T>-modules with real structure 

T{F)[*Y} ~ T am (F)®U x (dx,0)[*Y]- ( 42 ) 

Proof We have the natural isomorphisms of the integrable AW-modules £(F)[*F] ~ £(F) ® O x [kY} (* = *,!) 
such that the restriction to X \ Y is the identity. It is enough to check the claim locally around any point of 
Y. We may assume that Y is given as {t = 0} for a holomorphic function t such that dt is nowhere vanishing. 
Then, it is easy to see that the P-filtration of O x [kY] along t induces a P-filtration of C(F) ® O x [kY\ along t, 
and that it satisfies the characterization condition for £(F)[*f] in [321 §3.1]. Because the sesqui-linear pairings 
of T(F)[*Y] and T S m{F) (g) U x {d x , 0)[*F] are the same on X \ Y, we obtain that they are the same on X. (See 
[40] , Proposition 3.2.1].) Because the real structures of F(F)[kF] are uniquely determined by their restriction 
to X \ Y, the isomorphisms (l42l) are compatible with the real structures. I 

We also obtain the integrable mixed twistor V -modules T S m(F) ® i^Uyidy, 0) with real structure. We have 
the isomorphisms of integrable mixed twistor 2 ?-nrodules with real structure: 

T(F)[*Y]/T(F) ~ Tsm(F) ® ^Uy(dy,0) ®T(-1) (43) 

Ker(T(F)[!P] —> T(F)) ~ T sm {F) ® i t Uy{dy , 0) (44) 

Let Fy denote the restriction of F to Y. We have the integrable mixed twistor 2?-module T{Fy) on Y with 
real structure on Y. It is given as T(Fy) = (A dv C(Fy), C(Fy), Cf y ) ■ 

Let uy/x denote the conormal bundle of Y in X. We set u>y/ x := A • p^wy/x, where p\ : y —> X denotes 
the projection. We have the C>;t-submodules 

£o := £(F) 0 l*{<JJy/ X ) C C(F) ® t\0 Xl E\ := i*(£(Fy) ® UJy/ x ) C if C(Fy). 

We have the natural isomorphism of Oa'-niodules ipo : ~ £±. 

Lemma 3.20 The O-isomorphism tpo is uniquely extended to an isomorphism of integrable lZx~modules tp : 
ijjC(Fy) ~ £(F) ® i^Oy. They give the following isomorphism of integrable pure twistor T>-modules with real 
structure: 

'T'sm ( F) ® ifUy{dy , 0) ~ i^T{Fy) 
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Proof Let us observe that tpo is uniquely extended. Because So and Si generate C{F) 0 tfOy and t\C(Fy) 
over TZx, the uniqueness is clear. Hence, it is enough to obtain ip locally around any point of Y . We may 
assume that X is the product of Y and a neighbourhood of 0 in C t . We have Y = {t = 0}. Let V denote 
the H-filtration of C(F) 0 tfOy and tf£(Fy). We may naturally regard Vo(£{F) 0 6-j Oy) and Vo(tf £(Fy)) 
as integrable 77v-modules, and the natural isomorphism ipo is an isomorphism of the integrable 72.y-modules 
Vq (£(F) 0 t]Oy) ~ Vo(ij£(Fy)). For both TZx -modules, we have V m = ®J<m SjVo- We can easily construct 
the isomorphism ip inductively on the P-filtration. 

Because po is compatible with the sesqui-linear pairings on Vo, we obtain that tp gives an isomorphism of 
the integrable -triples. The comparison of the real structures is easy by construction. 1 

Proposition 3.21 We have the following isomorphisms 

T{F)[*Y]/T{F) ~ l ] T(F y )0T{- 1 ) 

Ker(T(F)[!F] —► T{F)) ~ ^T(Fy) 

Proof It follows from (ff3l) . (El) and Lemma 13.201 I 

Let us describe the isomorphisms of the underlying integrable 77x-modules more explicitly. For simplicity, we 
assume that X is the product of Y and an open subset in Ct- Let v be the frame of £(F) such that Vu = vd{F / A). 
Let vy be the frame of £{Fy) obtained as the restriction of v to Y. The morphism £(F){*t\ —> t^£{Fy) is 
given by 

t _1 u i —> (*(urA _1 )(<if/A) _1 = t t (vy(dt)~ 1 ). (45) 

Note that we have a natural inclusion g : C(F) —> £(F)[!f] as CW-module. The morphism t^£(Fy) —> £(F)[!t] 
is given by 

i*(vy(dt/ A) -1 ) i — » -d t rj(v) + g(d t (F ) • v) (46) 


3.4 Push-forward 

We use the notation in H2.4.11 We have the twistor P-modules 7*(i r , Dy' 1 ) and 7+(F, (* = *,!). 

Proposition 3.22 For T = %(F,D$ ) ),T.(F,D$ ) ),T*(F,D$ ) )/T*(F,D$ ) ), we have 7r|(T) = 0 (i ^ 0). We 
also have the following natural isomorphisms of the integrable mixed twistor T>-modules with real structure: 

rf%(F,D™) ~ (%(g,D)®T(-l))\\{f) 0 ][*D] (47) 

t ^(%(F,D l ^)/%(F,DP)) ~ %(g,D)0T(- 1) ~ %(g,D)®T(-l)[*D] (48) 

7T t °(r*(P,Pf)) ^Ker((r*(5,P)®T , (-l))[!(/) 0 ][*P] — >%(g,D)®T(-l)[*D]) (49) 

Proof The vanishing 7r|T = 0 (i ^ 0) follows from Proposition 12.231 and the twistor property. We set 
Lb 2 ) : D x P 1 . Let to : X — > Y be induced by {0} —> P 1 . By the argument for Proposition 13.211 we 
have a natural isomorphism of integrable 77y (*.D( 2 ))-triples: 

(%(F,dP)/%(F,dM)){*dW) ~ t oi %(g,D)(*D) 

Hence, we have 

7T°(r, (F, D$>)/% (. F , (*D) ~%(g,D)(*D) 

Because we naturally have (%(F, D { y ] )/%{F, D^)) [*D (2) ] ~ %(F, D^)/%(F, D^) and %(g,D)[*D] ~ 
T*{g, D), we obtain the isomorphism (1481) of integrable mixed twistor P-modules. The comparison of the 
real structures is reduced to Proposition 13.211 

We have the natural morphisms of integrable mixed twistor P-modules with real structure: 

(F, D\?) —> 7T t 0 % (F, D™) [*D} <— (tt^T* (F, D «) [!(/) 0 ]) [*Dj. (50) 
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According to Proposition 12.231 the induced morphisms of the underlying ZAmodules are isomorphisms. Hence, 
we obtain that the morphisms in (1501) are isomorphisms. We have 


7T t 0 r, (F, d[V )(*(/)o) (*D) ~ 7T t 0 (%(F, ] )/%(F, D ™)) (*(/)o) (*D). 


Hence, we have 

rf%(F,DP) ~ (vr t ° (T,(A, (A, £><?>)) (*£>)) [!(/) 0 ] [*D] ~ (%(g, D) ® T(—1)) [!(/)o][*-D] 

Thus, we obtain (1T71) . We obtain (B51) from the others. I 

Corollary 3.23 For T = T\(F, D^p),T\(F, D^), Ker(7[(F, D^) —> 7T(F, D^)), we have 7r|(T) = 0 (i j- 0). 
We also have the following natural isomorphisms of the integrable mixed twistor T>-modules with real structure: 

rf'T'.{F,Dy' 1 ) ~ 7\(g, D)[*(f)o]\\D] 

7r t °(Ker(7 1(F,D^) —> 77))) ~ 77(t,,D) ~ 77( ff ,F)[!F] 

Tr t °(77(F,Df)) ~ Cok(77( 5 , F)[!F] -^77( 5 , D)[*(/) 0 ][!F]) 

Proof Because 7~*(F, Dy^)* — 7\(F, Dy' 1 ) ® T(dimy), the claim follows from Proposition 13.221 I 

Let us consider the case that / is moreover non-degenerate along D. In this case Zf is smooth, and ZfUD 
is normal crossing. As in 92.4.11 let t : Zf — > X denote the inclusion, and we set Dz f ■= DC\Zf and go := g\z r 
We have the integrable mixed twistor V- modules T*{go, Dz t ) with real structure on Zf. By using Proposition 
13.211 we obtain the following corollary. 

Corollary 3.24 If f is moreover non-degenerate along D, we have the following isomorphisms of the integrable 
mixed twistor T>-modules with real structure: 

%(F,D f) ~ ^%(go,D Zf )®T{-l) (51) 

Tr t °77 (F,D[ 0) ) ~ Ltf(g 0 ,D Zf ) ®T(-1) (52) 

The image of the morphism 7r°77(F, Dy^) —> n®%(F, Dy'*) is i\T(go) <8> T(—1) under the isomorphisms. I 

3.5 Specialization 

Let A be a complex manifold with a simple normal crossing hypersurface D. We set X W := X x C T and 
lA 1 ) := DxC t . Let / and g be meromorphic functions on (A, D). We have the meromorphic function F = rf+g 
on (A'W, lA 1 )). We have the associated integrable mixed twistor ZAmodules 77(F, D^) (* = *,!) with real 
structure on A^ 1 ). Let and C*j iS denote the kernel and the cokernel of T+(F, ZD^^flr] —> 7*(F, ZD^^f^r]. 

Let to : A —A^ be given by lq(Q) = (Q, 0). 

Proposition 3.25 If |(/)o| H |(/)oo| = 0, we have the following isomorphism of the integrable mixed twistor 
T>-modules with real structure: 

C*j, g ^ i 0 i%{g,D) ®T(-1), lC*j, g ^ iot' 77.(5,- D )[!(/)o 0 ], (53) 

- t' 0 i'T\(g,D), C\j, g ~ t ot '77(5>t?)[*(/)oo] ®T(-1). (54) 
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Proof By Proposition ^. 211 if D = 0, we already have the isomorphisms of integrable mixed twistor D-modules 
with real structure in (15311541) . In other words, we already have the isomorphisms of integrable mixed twistor 
D-modules with real structure on A*- 1 ) \ D^ 1 ). It is enough to prove that they are extended isomorphisms 
of integrable mixed twistor D-modules with real structure on A' 6 ). By construction of the morphisms in 
Proposition [X2U we have the following isomorphisms of integrable filtered 7?.-triples: 

(C,/, 9 )(^W) ~ (Loi%(g,D)®T(-l)y*DW), (/C*, /i9 ) (*D«) £ £>)[!(/)«>]) (*£ (1) ), 

We have the following morphism of integrable mixed twistor D-modules induced by ai: 

C*,f, g D) <g>T(-l) (55) 

By Proposition 12.311 the morphism of the underlying D-modules is an isomorphism. Hence, (1551) is an isomor¬ 
phism. We have the following morphisms: 

IC*j,g ^ot^DMIDWTOoc] (56) 

Here, c, (i = 1,2) are canonical morphisms, and C 3 is induced by 02 - By Proposition [2T311 the morphisms of the 
underlying D-modules are isomorphisms. Hence, we obtain the isomorphism — iof7l(g, D)[!(/) 00 ] from 

m- We obtain the isomorphisms in (15H) similarly. 1 

3.6 C*-homogeneous 7?.-modules 

3.6.1 Homogeneity 

Suppose that a complex manifold X is equipped with a C*-action, i.e., a morphism / 1 : C* x I —> X satisfying 
p(a\a 2 ,x) = p(a±, p(a 2 , x)) and p(l,x) = x. We consider the action of C* on Ca given by the multiplication. 
Set X := Ca x X. We have the diagonal C*-action p on X. 

Let Ai be an 7\l;>f-uiodule. It is equivalent to an OcxxA-nrodule Ai with a meromorphic flat connection 
V : A4 —> A4 ® H^.(log X°) ® Ox(X°), where X° := {0} x X. We have the Oc* xa-module p*Ai on C* x X 
equipped with the meromorphic flat connection p*X. We can easily check that 

( p*V)(p*M ) C p*M®n^ xX ( log(C* x X 0 )) ® C(C* x X°). 

Hence, p*Ai is naturally an 7?c* xA'-module. 

Let p : C* x X —> X denote the projection. Let pi : C* x C* x X —> X (i = 1,2,3) be given by 

Pi(ai,a 2 ,x) = x, p 2 (a ll a 2l x) = p(a 2 ,x), p 3 (ai, a 2 , x) = p(aia 2 , x). 

We have the morphisms p 2 3 , id xp, pc* x id : C* x C* x X —> C* x X given by 

P23(ai,a 2 ,x) = (a 2 ,x), (id xp)(a 1 , a 2 , x) = (ai, p(a 2 , x)), (pc* x id)(ai, a 2 , x) = (aia 2 , x). 

Definition 3.26 An TZx-raodule Ai is called C *-homogeneous if we have an isomorphism of IZc* xx-modules 
k : p*Ai ~ p*Ai satisfying the cocycle condition (id xp)*Kop 2 3 K = (pc* x id)*«. 1 

The restriction of p to C^ x A' C X is a free action, and the quotient space is X. The condition in Definition 
13.261 implies that there exists a V -module M such that the restriction Aiic* x x is isomorphic to the pull back 
of M by the quotient map CJxI —> (C£ x X)/C* ~ X. Indeed, M is given as the specialization of Ai to 
{1} x A, i.e., M = Edr(A4) := tj" 1 (Ad/(A — l)Al), where n : X —> X is given by n(P) = (1, P). 

Lemma 3.27 Suppose that Ai is a locally free Ox-module, for simplicity. Then, the torus action is uniquely 
determined by the connection V. 

Proof Let 0 be the holomorphic fundamental vector field of the action p on X, i.e., 0 |q = T^i t Q^p*(d/da) for 
any Q £ X. The holomorphic fundamental vector field of p on X is given by \d\ + 0. The C*-action on Ai 
induces a differential operator L : Ai —> Ai such that L(fs ) = fL(s) + (Xd\ + 0)/ • s. On C£ x X, we can 
easily check that L(s) = X7\g x+ „(s). The equality holds on Ca x A. Because the C*-action is determined by L, 
it is uniquely determined by the connection V. I 
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3.6.2 77-modules associated to homogeneous meromorphic functions 

Let X be a complex manifold with a C*-action g as above. For any a £ C*, the morphism g{a, •) : X —> X is 
denoted by g a . Let D be a hypersurface of A' such that g a {F>) = D for any a £ C*. Let / be a meromorphic 
function on (X,D) such that g* a {f) = af for any a £ C*. 

Proposition 3.28 The TZ-modules £+(f,D) are C* -homogeneous. 

Proof First, let us consider the 7?-x(*.D)-module Q(f) induced by Ox(*D) with the meromorphic flat con¬ 
nection d + d( A -1 /). We set Xi := C* x X and D\ := C* x D. We set f± := p*{f). We naturally have 
p*Ox(*D ) ~ Ox 1 (*Di) ~ g*Ox(*D). Because ju*(A -1 /) = p*( A -1 /) = A _1 /i, the pull back of the connec¬ 
tions are also equal. Hence, we have p*Q{f) — P*Q(f)- Similarly, we can check the cocycle condition for Q(f) 
as in Definition l3.26l It is enough to check that we have natural isomorphisms p*£*(/) — g*£+(f) which induce 
the above isomorphism p*Q(f) — g*Q(f)- 

Take (ao, Ao,Qo) £ X\ = C* x Ca x X. Let us check that there exists a unique isomorphism p*£*(/) ~ 
/££*(/) around (ao, Ao, Qo) which induces p*Q{f) — g*Q(f). Let g be a holomorphic function defined on 
a neighbourhood of g(ao,Qo) such that g _1 (0) = D. We set g\ := g o g defined on a neighbourhood of 
(a 0 ,Qo). We have p*£+(f)[*gi] = p*£+(/) on a neighbourhood of (Ao,ao,Qo)- It is enough to prove that 
p*£*(/)[*ffi] = /££*(/) on a neighbourhood of (A 0 ,a 0 ,Qo)- 

We set Qi := g{ao,Qo)- We take a small neighbourhood U = U\ 0 x Uq 1 C X of (Ao,Qi) such that g is 
defined on Uq 1 . Let t g : Uq 1 — > Uq 1 x C t be the graph. We may assume that we have the P-filtration of 
l ff ^£*(/) on U x Ct as 77-modules. Note that each V a (t fl f£*(/)) are naturally VlZxxCt -modules. In the case 
* = *, the induced morphism t : GrJ 7 —> Gr^ is an isomorphism. In the case * =!, the induced morphism 
3 t : Gr^ —> Gr^ is an isomorphism. 

Let U' C X\ be a small neighbourhood of (ao, Ao, Qo) such that g{U') C U. Let gi : U'xCt —> UxCtbe the 
induced morphism. We naturally have t 9t £*(/) = ®°1 0 S|(. s *£*(/) and t ffl f/I*£*(/) = ®°1 0 l 9i */££*(/)• 
The natural isomorphisms /Iji ff *£*(/) ~ t 9l *p*£*(/) induce isomorphisms Pi(ig \£*(/)) ~ 

We set I4(tg 1 tA t *£*(/)) := Mi £*(/)) as °U'xC t -modules. By the construction, V a (i gif g*£^(f)) are 
I^^XixCt-modules on U'xC t . Because V a (i g ^ £*(/)) are coherent over VlZxxCt, weobtainthat V a (t gi f /!*£*(/)) 
are pseudo-coherent over Ojj’xC t , an< I we can easily check that they are finitely generated over VTZx 1 xC t - 
Hence they are coherent over F77 _YixC,- (See [27]-) Then, we obtain that Vi(t gi fja*£*(/)) is a F-filtration of 
igrfjl*£*(f) along t. In the case * = *, the morphism t : Gr), —> Gr^ 1 is an isomorphism. In the case * =!, 
the morphism : Gr^ x —> GrJ' is an isomorphism. Hence, we have jn*£*(/) ~ Q(/i)[*fl , i] — P* £*{f)[*9i]- 
Thus, the proof of Proposition 13.281 is finished. 8 

3.6.3 Good nitrations on holonomic 77-modules and C*-homogeneity 

Let A be a complex manifold. We regard that X is equipped with the trivial C*-action go, i.e., go (a, x) = x 
for any (a, x) £ C* x A'. The induced action go on Ca x X is just the multiplication on the CA-component. In 
this case, we have a relation between C*-homogeneity and good nitrations. 

Let Ci(X) denote the category of holonomic TAy-modules with a good filtration ( M,F ). Morphisms 
(. Mi,Fi ) —> (M 2 ,F 2 ) in Ci(A) are morphisms ip : Mi —>■ M 2 of holonomic 2>\'-modules such that ip(FjMi) C 
FjM 2 . 

Let C 2 {X) denote the category of coherent 77-modules At such that (i) it is C*-homogeneous with respect to 
go, (ii) At is coherent as an 77A'-module, (iii) At is strict as an TT-x-module i.e., the multiplication of A — Ao is 
a monomorphism for any Ao £ C, (iv) SpR(At) is a holonomic 77\'-module. Morphisms Ati —> A4 2 in C 2 (A) 
are morphisms of 72.x-modules. 

Let ( M,F ) be an object in Ci(A). We have the Rees module R(M,F ) = FjM A J of (. M,F ), which 
is naturally an 0x[A]-module. By taking the analytification we obtain an Gc x xX-module R(M,F) which is 
naturally an 77x-module. This construction gives a functor R : Ci(AT) —» C 2 (A). 

Proposition 3.29 The functor R is an equivalence. 
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Proof Set X := Ca x X. Let p\ : X —> X denote the projection. Let Hol(X) denote the category of 
holonomic £>-modules on X. Let C 3 (X) denote the category of 2?*(*A)-modules £ satisfying the conditions (i) 
£ is C*-homogeneous with respect to po, (ii) £ is coherent over p* x (T>x){* A), (iii) £ is strict as an 7?.-module, 
(iv) Srr(£) is a holonomic £>x-module. Morphisnrs C\ —> £ 2 in C 3 (A1) are C*-equivariant morphisms of 
©^.-modules. 

For any M £ Hol(X), we set Gi(M) := p x (M)(* A). Then, we obtain a functor G\ : Hol(X) —> C 3 (X). 
Clearly Gi is an exact functor. 

Lemma 3.30 G\ is an equivalence. 

Proof Clearly G\ is faithful. Let us prove that G\ is full. Let £ Hol(X). Let / : Gi(-Mi) —> Gi(M 2 ) 
be a morphism in C 3 (X). By applying Sdr, we obtain a morphism fi := Sdr(/) : M\ —> M 2 . Because the 
restriction of Gi(M — f : GAMi) —> Gi(M 2 ) to C* x X is 0 because of the C*-equivariance of f. Hence, we 
obtain Gi(/i)-/ = 0 onCxI, i.e., Gi is full. 

Let us prove that G\ is essentially surjective. Let £ be an object in C 3 (X). We set L := Hdr(£). It is 
enough to prove that Gi(£) ~ £. Note that we have a natural isomorphism re : Gi(L)|c*xx — £|c*xx induced 
by the C*-homogeneity. It is enough to prove that re is extended to an isomorphism on C x X. Take any point 
P £ X. It is enough to prove that for a small neighbourhood Xp of P in X, K|c» x x P is extended on C x Xp. 
We have the subvariety Z(£) C Xp such that the support of the sheaf C\x P on Xp is C x Z(£). We use an 
induction on the dimension of Z(£). To simplify the description, we set Z := Z(£). 

We have a stratification Z = JJ Z* into locally closed smooth subvarieties such that the characteristic variety 
of L is the union of the conormal bundle T^ X of Z^ in X. By shrinking Xp, we may assume to have holomorphic 
function g such that Zj C g _1 (0) if and only if dimZj < dirnZ. We may assume to have a complex manifold 
Y with a projective morphism ip : Y — > X such that (i) 1 p(Y) C Z and dim(Z \ ip(Y)) < dimZ, (ii) we 
set gy := g ° p, and then Dy := 3y 1 (0) is a normal crossing, (iii) ip induces Y \ 3y 1 (0) ~ Z \ g _1 (0). We 
set g := g o p\ and gy := gy o p\. We have a meromorphic flat bundle L\ on ( Y,Dy) with an isomorphism 
p+L\ ~ L(*g) of PA'p-modules. We have a 'Dy(*gi-)-module C\ with an isomorphism (idx <^)+£ 1 ~ £(*< 7 ). 
Note that £1 is a meromorphic fiat bundle on y with the pole ({0} x Y) U5y 1 (0). 

Because £(*< 7 ) is C*-homogeneous with respect to the trivial action on X, C\ is C*-homogeneous with 
respect to the trivial action on Y. It is easy to observe that £i|Cx(v\r>y) is regular along {0} x (Y \ Dy). 
Hence, the isomorphism Px(Li)\c*x(y\d y ) — ^i|C*x(v\r>r) i s extended to an isomorphism Gi(Li)\cx(y\d y ) — 
£i\Cx(y\d y )- By using the Hartogs property, the isomorphism is extended to Gi(£i) ~ C±. We also obtain 
£i[!<?y] ~ Gi(Li)[! 5 y] ~ Gi(Li[\gy]). Hence, we have a natural isomorphism Gi (£(*<;)) ~ C(*g). 

Considering the Beilinson functors, we have G\ (n“’ b (L)(*g)) ~ H~’ 6 (£)[* 5 r]. We obtain Gi(p/jg a \L)) ~ 

il>~'\c) and Gi(4 a) (£)) ~ By the assumption of the induction, we have Gi (<4^ (£)) ~ <j>~\C). The 

following is commutative: 

Gx{^\L)) -* G 1 (^\L))®G 1 (E^(L)) -* g 1 (4°\l)) 

#(£) -* 4 0) (£)©sf(£) -x 4 0) (£) 

We obtain Gi(£) ~ £. Thus, Lemma 13.301 is finished. I 

Let C 4 (X) denote the category whose objects are the same as those of C 3 (X), but morphisms f : Mi —> M 2 
in C 4 {X) are morphisms of 2?;t-modules, i.e., we do not assume the C*-equivariance. 

Lemma 3.31 The natural functor C 3 (X) —> C 4 (X) is an equivalence. Namely, any morphism / : Mi —> M 2 
in C 4 (X) is C* -equivariant. 

Proof Let Mi —> M 2 be a morphism in Hol(X). Let / : Gi(Mi) —> Gi(M 2 ) be a morphism in C 4 (X). Apply¬ 
ing Sdr, we obtain a morphism f 0 : Mi —> M 2 of 2?x-modules. It is easy to see that DRc* x jc Gi(/o)| C . xX ~ 
DRc*xx f\c*xx■ Hence, we obtain Gi(/ 0 )| C * x x = /|c*xx, and Gi(/ 0 ) = / on X. I 
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Let us return to the proof of Proposition 13.291 Let Ad be an object in C 2 (X). Set M := Sdr(-M). 
For any local section s of M, we have the section p x (s) of Ad(*A) ~ G\{M) by Lemma [3.311 The number 
i(s) := min | X l p x (s) £ Ad} exists because Ad is a coherent 7?-x-module. It determines the filtration F on 
M, i.e., Fj{M ) = {s£ M\i(s) < j}. We have FjDx • -Ffc(M) C Fj + k(M), where FjVx denote the sheaf of 
differential operators whose orders are less than j. 

Lemma 3.32 We have a natural isomorphism TZ-modules R(M,F) — Ad. 

Proof By Lemma [3.301 we naturally have R(M, F)(*X) = G\{M) ~ Ad(*A). By the construction of F, we 
have R(M,F) C Ad. Let p x : P} x X —> X be the projection. Let AT be the sheaf on P' x I such that 
(i) the restriction to (P} \ {0}) x X is equal to the restriction of p x (M)(* oo), (ii) the restriction to Ca x X is 
equal to Ad. Because Ad is C*-equivariant, Ad' is also C*-equivariant. It is easy to observe that R l p x *M' = 0 
for * > 0, and that the natural morphism p x *M.' —> Adqojxx is an epimorphism. For any local section s 
of Ad/A Ad, we take a section s of p x<t M' which is mapped to s. Because Ad ' C p* x {M)(*{{ 0,oo} x X)), we 
have p x *M.' C M[A, A -1 ]. Hence, we have s = ^2f = _ N X^Sj for a large N , where Sj are sections of M. By 
the C*-equivariance of Ad, we obtain that each X 1 Sj is a section of AT By construction, X^Sj are sections of 
R(M,F). It implies that R(AI,F) —> M./XM. is an epimorphism, and hence we obtain R(M,F) = AT I 

Let to : X —> X be given by to(P) = (0, P). Because Gr F (M) ~ t ( j' 1 (A / J/AAf), the Sym* 0.\'-module 
Gr F (M) is coherent. Hence, F is a good filtration, i.e., ( M,F ) is an object in C\(X). We obtain that R is 
essentially surjective. 

Clearly R is faithful. Let us prove that R is full. Let (AfW, fb)) ^ = 1 3 2) be objects in C\{X). Let 
/ : R(M^\F^) — > R(M^,F^) be a morphism in C 2 (X). By applying S dr, we have the morphism 
fi : —> M^ of P.v-modules. By Lemma [3.311 / is the restriction of Gi(/i) to R{M^\ F^ 1 )). Then, 

it is easy to deduce that /i preserves the hltrations, i.e., /i gives a morphism {M^\FW)) —> F^) in 

Ci(X), and / = R(fi). Thus, Proposition 13.291 is proved. I 

Let us give some complements. Let C' 2 (X) denote the category whose objects are the same as those of C 2 (X), 
and whose morphisms Adi —> M 2 are C*-equivariant -homomorphisms. 

Corollary 3.33 The natural functor C 2 {X) —> C 2 (X) is an equivalence, i.e., any morphism in C 2 (X) is C*- 
equivariant. 

Proof It follows from Lemma [3731] It also follows from the equivalence of R and the C*-equivariance of any 
morphism R(f) : R(M^, F«) —> R(M^\F^) induced by / : (M^, F^) —> {M^\F^>) in C x (X). I 

3.6.4 C*-homogeneity and specialization (Appendix) 

Let X be a complex manifold with a C*-action /r. Let Ad be a coherent and strict 7^A'-module which is C*- 
homogeneous with respect to /i. Let / be a holomorphic function on X such that there exists an integer m 
such that f(/i(a,x)) = a m x for any x £ X. Suppose that Ad is strictly specializable along /. Recall that 
the H-hltration of any 7^A- m odules are indexed by R x {0}, which is naturally identified with R. So, we 
have the 1Zx- modules ^> ti „(Ad). They are not necessarily (C*-homogeneous. Let us observe that we can obtain 
homogeneous 7?.-modules by modifying ^/^(Ad) (b £ R). By considering the graph construction of /, it is 
enough to consider the case where X = A'o x Ct, / = t and the action p. is given as the diagonal action of the 
C*-action /io on A'o and the C*-action on C* given by a • t = a m t, and to study the 7 Ty 0 -modules ipt,b(Xi). 

Let V denote the meromorphic flat connection of Ad induced by the TJ-x-module structure, i.e., V : Ad —> 
Ad 0 X~ 1 rix(logX 0 ). Let p : C* x X —> X be given by p(a , A, x, t) = (aA, po(a, x), a m t). Let p 2 : C* x X —*■ 
X be the projection. We have the isomorphism p 2 Xi — p*M satisfying the cocycle condition under which 
p*(V) = ji*X. 

Let V,. denote the R-filtration of Ad along t. Clearly p*(R.Ad) is the R-filtration of p*Ad along t. It is easy to 
check that p*(V,M) is also the R-filtration of p* Ad = p*M along t. We have p*V m = p*(V,). Hence, the Ox 
modules ip t ,b{Xi) := Rt,Ad/R<bAd are /ro _ec l u i var i an I; i- e -j we have the isomorphism /XgTt.fc(Ad) ~ Po^t.biXi) 
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satisfying the cocycle condition, where po ,2 : C* x Xq —X X 0 denotes the projection. Note that it is not 
necessarily C*-homogeneous as an 7W: 0 -module. We have V : V^M. —X V^M. ® A - (log (A” 0 U Xq)), which 
induces 

G (i) : MM) —► MM) ® (A _1 O^ 0 (logAfl) © A ~ x O Xo dt/t) 

We have the decomposition G ©) = + B^dt/t, where V® is a meromorphic flat connection of the TZx 0 - 

module ift,b{M), and B^ is an TZx 0 -endomorphism of tpt,b{M). By the relation /TV = PjV, we obtain 

/IS(V (b) ) + jrBVa-'da = p5, 2 (V (fe) ), F 0 B^ = p^B®) 

Then, the meromorphic flat connection + mB^dX/X gives an A.x 0 - m °dule structure on ift,b{M) which is 
C*-homogeneous. 

Remark 3.34 Note that B l '~ 1 ' > on if t ,- i(Al) is nilpotent, and the induced action on Cok(2?( -1 )) and Ker(£j( -1 )) 
areO. Hence, Cok(B(~B) andKer(I3v B) are naturally C* -homogeneous. It also follows from the fact that M.[*t] 
(* = *, !) are C* -homogeneous, and the kernel and the cokernel of A4[\t] —x Xi [*f] are also C* -homogeneous. I 

3.7 Hodge modules 

3.7.1 Hodge modules and C*-homogeneity 

Let MHM(A', R) denote the category of graded polarizable mixed R-Hodge modules on X. Let MTMq* f 0> (^,M) 
denote the category of integrable mixed twistor 21-modules with real structure on X whose KMS-spectrum 
are contained in Q x {0} . As explained in [3D], we have the fully faithful functor ’Lx : MHM(A,R) —x 
MTMq* | 0 j(A, M). It is exact. It is compatible with the other operations such as the duality and the push- 
forward. Let us identify the essential image by the C*-homogeneity condition. Because we consider only graded 
polarizable mixed Hodge modules, we omit to distinguish “graded polarizable”. We shall prove the following 
theorem in E 13.7.2ll3W4l 

Theorem 3.35 Let (T, W) be an object in MTMq* r 0 i (X, R). Then, (T, W) is contained in the essential image 

of 'llx if and only if the underlying TZx-modules WkT (k £ Z) are C* -homogeneous with respect to the trivial 
C* -action on X. 

3.7.2 Smooth case 

Let T £ MTM^‘ {0} (A,R). Suppose that the underlying TZx -modules are C*-homogeneous with respect to 

the trivial action. Let us consider the case where the underlying AW-modules of T are smooth, i.e., locally 
free Ocxx -modules. We set 7o = (Vi,V 2 ,Cy) := T ® Ux{—dx, 0). It is naturally a variation of integrable 
twistor structure. It is also equipped with the real structure as a variation of integrable twistor structure, i.e., 
an isomorphism n : 7s m (7o) — 7o such that 7 * m n o k = id, where 7s m (7o) := {j*Vf, j*Vi , Cy )• (Note that the 
notion of real structure for variations of integrable twistor structure is not equal to the notion of real structure 
for integrable mixed twistor 2A-modules.) 

Recall that we have the C°° -vector bundle on P 1 x I with some differential operator B A associated to the 
smooth AW-triple To- We have the AW-module £ := on Ca x X which is a locally free CAc a x a - -module. 
Let denote the conjugate complex manifold. Let a : C M —X Ca be given by a(p) = —/Z. We have the 
anti-holomorphic isomorphism <7 : C M x X' — x Ca x A'. We have the sheaf £' := <r*V 2 which is naturally 
an 7?.xt-module, and a locally O c X At-module. Note that £ is naturally a C°°-bundle with a family of flat 
connections 

ID) / : £ —x £ ® (a-^a^y 0 ©Pa^x*) 

induced by the structure of AW-module, where p\ : C\ x X —x X denote the projection. The family of flat 
connections is holomorphic with respect to A. Note also that £^ is naturally a C°°-bundle with a family of flat 
connections 

Dt/ : 4 S xxt -► © ^t) 
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induced by the structure of TZx^ -module. The family of flat connections is holomorphic with respect to fx. 
We identify and C* by A = /x . Then, we have the unique isomorphism of family of flat connections 
$ : (£,D-f)| C . xX ~ (£■+,]D)t/) |C* xA't j such that (i) it is holomorphic with respect to A, (ii) < &|sxA' is compatible 
with the sesqui-linear pairing C\>. Let £ A be the C°°-bundle on P 1 x X obtained as the gluing of £ and 

by d>. It is equipped with the holomorphic structure in the redirection d", and the differential operator 
B A : £ A —> £ a ® fIpi X Y/pi ® Opi(l) induced by the TZ -modules structure on £ and £ { . We have the 
commutativity of d" and B A . 

We set Wk( To) := Wk+d x (T) <8>Ux(—dx, 0). By applying the above construction to Wk( To), we obtain 
Wk(£ A )- We have natural inclusions Wk(£ A ) C £ A . In this way, we obtain an increasing filtration W on £ A 
compatible with d" and O A . By the construction, (£ A , W) gives a variation of mixed twistor structure in the 
sense of [53 S3 ESI ■ 

Because the sesqui-linear pairings of the underlying TZ- modules are compatible with the actions of Xd\, it is 
preserved by the action of S 1 = {f £ C* | |t| = l} obtained as the restriction of the C*-action. We obtain that 
the gluing <I> is C*-equivariant. Hence, (£ A ,B A ) is a C*-equivariant variation of mixed twistor structure. 

Let 7 : P 1 —> IP 1 be given by 7 (A) = (A) -1 . The induced map P'xl —> P 1 x X is also denoted by 7 . 
We have the naturally induced variation of mixed twistor structure 7 *(P , B A , W) as in [36] • The isomorphism 
k : 7s m 7o — To induces an isomorphism m : 7 *(£ A , B A , W) ~ (£ A , B A , W) such that (i) 7*^1 o k\ = id, (ii) Ki 
is equivariant with respect to C*-action. Let a : P 1 —> P 1 be given by <r(A) = —(A) -1 . The induced morphism 
P'xX —> P 1 x X is also denoted by < 7 . We have the naturally defined variation of mixed twistor structure 
ct*(£ a ,B a , W) as in [53 E5J ES]- We have er = j o 7 . By the restriction of the C*-action, we naturally have 
(£ a ,B a ,W) ~ j*(£ A ,B A ,W).' Hence, we have the isomorphism n 2 : cr*(f A ,B A , W) ~ (f A ,B A ,W) such 
that (i) o k 2 = id, (ii) k 2 is equivariant with respect to the C*-action. Then, by using 135} Corollary 

3.72], we obtain a variation of mixed K-Hodge structure (L^,F, W) which induces (£ A ,B A ,W) by the Rees 
construction, where Lr denotes the local system over R, F denotes the Hodge filtration of F[ Or Ox , and W 
denotes the weight filtration. Because each integrable variation of pure twistor structure Grjf (7o) is assumed 
to have an integrable polarization compatible with the real structure, we obtain that each Grjf"(£ A ,B A ) has a 
polarization which is equivariant with respect to the C*-action. Hence, by [351 Corollary 3.72], the variation of 
mixed R-Hodge structure (Lr,F, W) is polarizable. 

Let (Pr, M, F,W) be the mixed Hodge module associated to the graded polarizable variation of mixed Hodge 
structure (Lr,P, W), i.e., Pr = L^dx], M = Pr Gr Ox, F is the Hodge filtration, Wj(P) = Wj+d x {L)[dx]- 
Then, by construction, we can observe that ’Lx(Pr, M, F, W) is naturally isomorphic to (T, W). 

3.7.3 Admissible variations of mixed twistor structure 

Let P be a normal crossing hypersurface of X. Let (7o, W) be an admissible variation of integrable mixed twistor 
structure with an integrable real structure and integrable graded polarization. Suppose that the underlying 
Tpc-modules of (7o,W) are C*-homogeneous with respect to the trivial C*-action. By the result in i !3.7.2l we 
already have a graded polarizable variation of mixed R-Hodge structure (Lr, F, W) on X \ H corresponding to 
(Tq,W)\x\h- By the assumption on the KMS-spectrum, the monodromy automorphisms of Pr along the loop 
around the irreducible components of F£ are quasi-unipotent. 

In particular, the variation of pure twistor structure corresponding to Gr]' / (7o) comes from a polarized 
variation of pure Hodge structure of weight k. Hence, the underlying harmonic bundle of Grjf"(7o) is tame, 
and the P-modules of Grjf" 7o are regular singular along H. We obtain that the TZ -modules of To are regular 
singular. 

Let (Mi, M. 2 , C) be the underlying Px(*P)-triple of To- It is easy to observe that the Px-niodules AI 2 [*H] 
are also C*-homogeneous. It gives an object in C 2 (X) in Proposition EH3 and hence we have a good filtration F 
on M := Sdr(AI 2 [*P]) with an isomorphism R(M, F) ~ Ai 2 [*H]. Let F°(M) := Fj(M) ® Ox(*H)■ Then, we 
have R(M, F°) ~ Ai 2 . In particular, F°M are locally free Ox(*L7)-submodules of M such that F°(M)/Fg(M) 
are also locally free Ox(*H)-modu\es. 

We set Wk(M ) := Sdr^AP). We obtain the filtration W on M, for which we naturally have Grjf (M) ~ 
HDR(Gr)’' M 2 ). By applying the above construction to H4(7o) and Gr Y(To), we obtain good filtrations F° on 
Wk(M) and Gr*f (M). 
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Because M 2 is an integrable P.x(*-ff)-module which is regular singular along H, W k M are meronrorphic 
flat bundles obtained as the extension of WkL^®^Ox\H- Similarly, Grjf" (M) are regular singular meronrorphic 
flat bundles obtained as the extension of Gr]^(P r) ®r O x \h- The restriction of P° on W k (AI) and Gr]^(M) 
to X \ H are the Hodge filtrations F on W k (Lg) ®r Ox\h and Gi'^(Lr) ®r O x \h- 

Let us prove that (Pr, F, W) is admissible along H. It is enough to study it on a small neighbourhood Xp of 
any smooth point P £ H, according to [23 1. We may also assume that the monodromy of Pr is unipotent, after 
the pull back by an appropriate covering ramified along H. Let z denote the defining equation of H on Xp. 
Let V, denote the V-filtration along 2 for W k (M 2 ), GrJT (M 2 ), Wk(AI) and Gr^ (M). Because the monodromy 
is unipotent, V, is indexed by Z, and V-\M is equal to the Deligne extension of M\ x \h • We set P°V _1 := 
P° n V_i on Wfc(Af) and GrJf(M). Note that H_iW fc (7W 2 ) = R(V- 1 W k (M), F°). Because V- 1 W k (M 2 ) 
and V_i Gr]^ (M 2 ) are locally free Oxp-modules by the admissibility of To, we obtain that Gt f V-\W k (AI) 
and Gr f V-i Gr^ (M) are locally free Ojf p -modules. Because the morphisms V-\W k M 2 —> VI 1 Gr]^ M 2 are 
surjective for any k £ Z by the admissibility of To, the morphisms F°V-{W k M —> F°V-\ Gr]^ M are surjective 
for any k,j £ Z, i.e., F° on V_i Grjf (M) is equal to the filtration induced by V-\W k (M). By the admissibility 
of To, we have the relative weight filtration of the action of the nilpotent part of zd z on (V-i(M), IV)|p. Hence, 
(Pr,P, IV) is admissible. (See j!25l.) 

We have objects T '■= {(To,W)®U x (d x ,Tj^ [*H] in MTMq* { 0 }(X, R) for * = *,!. We also have the mixed 
R-Hodge modules (Pr*, M(*H),F, IV) (*=*,!) on X such that (i) WjP m \ x \ H = W j+dx L R [d x ], (ii) F\ x \h is 
the Hodge filtration of (Pr, F, IV), (iii) Wh(Fk.*)\x\H = W k -d x L R [d x \- We have objects ILx(Pr*, M(*H), P, IV) 
in MTMq* { 0 }(2f, R). By the construction, we have 1Lx(Pr*, M(*H), F, W)(*H) ~ % ®U x (d x , 0) — T(*H). 
We also have A> x (Pr*, M{*H), P, W)[*H] ~ ^(Pr*, M(*H), P, W). Hence, we have >Lx(Pr*, M(*H),F, W) ~ 
(T*, IV) in MTMq* r 0 i (X, R), i.e., (%,W) are contained in the essential image of \Lx- 

3.7.4 End of Proof of Theorem 13.351 

Let us consider the general case. Let (T, IV) be an object in MTMq* j 0 , (X, R) such that the underlying 1Z- 
modules are C*-homogeneous with respect to the trivial action. We shall construct a mixed R-Hodge module 
(P, M, F,W) with an isomorphism A> X (P, M, P, IV) ~ (T, IV). Because the functor 'Lx is fully faithful, it is 
enough to study the issue locally around any point P of X. Note that an integrable polarization compatible 
with real structure on Gr w (T) induces a polarization of Gt w (P, M, P). We take a small neighbourhood Xp of 
X. We use an induction on the dimension of the support Supp(T) of T. 

We set Z := Supp(P). By shrinking Xp , we may assume to have a holomorphic function g on X. a complex 
manifold Y with a projective morphism ip : Y —> X and a normal crossing hypersurface Hy C V, and a 
variation of mixed twistor structure 7i on (V, Hy) such that the following holds: 

• <p(Y) C Z, dim (Z \ <p(Y)) < dimZ, and Z \ <p(Y) C g -1 (0). 

• Hy = (go ip)- 1 ) 0). 

. ^ t (Ti,IV)~(T,IV)(* ff ). 

We have the C*-homogeneity of (Ti, IV) with respect to the trivial action. We set gy := g o ip. Applying 
the results in 1 )3.7.31 H“^ b (7i, W)[*Hy] are contained in the essential image of \Ly. Hence, we obtain that 

n“’ 6 (T, W)[*g\ are contained in the essential image of *Ly- It follows that ipg a \T,W) and IV) are 

contained in the essential image of 'Lx- By construction, the underlying Px-modules of <jfg\T, IV) are also 
C*-lromogeneous. By the assumption of the induction, q (T, IV) is also contained in the essential image of *L x- 
Because (T, IV) is reconstructed as the cohomology of (T, IV) —> (T, W) ©Sg 0 ^ (T, IV) —> (T, IV), 
we obtain that (T, IV) is also contained in the essential image of 'I x • Thus, Theorem 13.351 is proved. S 
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4 Graded sesqui-linear dualities 

4.1 Sesqui-linear dualities and graded sesqui-linear dualities 

Let X be a complex manifold. Let (T, W) be a mixed twistor P-module on X. 

• A sesqui-linear duality of weight w on (T, W) is a morphism S : (T, W) —> (T, W)* ® T(—w) such that 
5* = (-l) w 5. 

• A graded sesqui-linear duality on (T, W) is a tuple of sesqui-linear dualities S w (w £ Z) of weight w on 

r. 

• A graded sesqui-linear duality (S w \w £ Z) on (T, W) is called a graded polarization if each S w is a 
polarization of Gr ^ (T) ■ 

Remark 4.1 The notions of sesqui-linear duality and graded sesqui-linear duality are the same if ( T,W) is 
pure. But, in general, they are not directly related. A sesqui-linear duality S of weight w on a mixed twistor 

V-module (' T,W ) induces just morphisms Gr^ (T) —> ^Gr^ +2u ,(7~)^ ®T(—w). I 

If (T, W) is pure of weight w, a sesqui-linear duality of weight w is called just a sesqui-linear duality. 


4.2 Induced graded sesqui-linear dualities 

4.2.1 Pure case 


Let X be a complex manifold. Let T be a pure twistor V -module of weight aionl. Let D be an effective 
divisor of X. Recall that we have the mixed twistor P-modules T\kD\ (* = *,!) obtained as the localizations. 
Note that a polarization S of T induces a graded polarization <S[*.D] of T\*D\ as explained in [50]. By the same 
construction, from a sesqui-linear duality S of T, we obtain a graded sesqui-linear duality S[*D] = (5 [■*•£>] j | j £ 
Z) on T\kD], Let us recall the local construction, for which we can take a holomorphic function / such that 
D = (/) 0 . (The graded sesqui-linear duality is eventually independent from the choice of the function /. See 

[30].) 

Let J\f : ipf a \T) —> iff 1 l \T) be the canonical morphism. Recall that the weight filtration of is 

the shift of the monodromy weight filtration of A f, i.e., W(Af)jipf(T) = Ww+i^a+jtpf (T). In particular, 
the induced morphisms 


Gr ™ +1 _ 2a+j ^’{T) 




AP 


Gr 


w 

w+l—2 a+j 


= G^ +1 _ 2a _ 3 (^\T)) ®T{-j) 


(“)/ 


are isomorphisms for j > 0. The primitive part PGr^ +1 _ 2a+3 ipf a \T) (j > 0) is defined to be the kernel 

of J\f j+1 : Gr ™ +1 _ 2a+j ip ( f a) (T) —* Gi^_ 1 _ 2a+j ^ < f~ :i ~ 1) {T). We formally set PGr^ +1 _ 2a+J ^ a) (T) = 0 for 
j <0, in this paper. 

We have natural isomorphisms: 


Gr % +J T[*f] 


0 (j < 0) 

r (j = 0 ) 

PGr^fT (j>0) 


A sesqui-linear duality «S[*(/)o]u>+i-i-£ on PGr^ +1+e ip^T (£ > 0) is induced by the composite of the following 
morphisms: 


Gr 


w 

W~\~ l+l 


^f T ^ Gr^ +1+ , ^f l) T = Gr^ +1 _,(^ 0) T) ® T(-t) ^ Gr ® T(-w - £) 

~ ^_ 1 + ^f{T))*®T{-w-£)^ (Gr^ + 1 +/ (^ 0 ) (T))®r(l))*®r(-«;-i) 

~ (Gr^ +1+ , (T)) * ® T(-w - 1 - i) (57) 
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Here, aq is induced by (— AT) e , 02 is induced by S, and a* (* = 3,4, 5) are the isomorphisms in [30] . 

For j < 0, let P' Gi^ +1 _ 2a+j ip { f a] T denote the image of P Gr^ +1 _ 2a+J %pf~ 3) T —> Gr^ +1 _ 2a+j ip^T. We 
have the following natural isomorphisms: 


Gr ™ +j T[\f\ 


0 (j > 0 ) 

T (j = 0) 

P'Gr% +j ^\T) (j< 0 ) 


Because P' Gr,^ +1 _ 2o+J - ip^T ~ P Gr^ +1 _. 2a+j ip^^T, the pure twistor ©-modules P' GT^_ 1 _ e ip ( ^ 1 \T) [t > 
0) are equipped with the induced sesqui-linear dualities <S[!(/)o]ju-i-£- They are induced by the composite of 
the following: 


Gr Gr™ w _ x _^f(J*) ®T(-w) 

~ Gr Vt-/ CH ® T(-w + 1) = (Gr^_ 1+ , (T)) * ® T(-w + 1) 

^ (Gr^.^, (T) ® T(-ej) * ® T(-w + 1) ~ (Gr™^ (T)) * ® T(-w + 1 + 1) (58) 

Here, b\ is induced by ip^(S), 63 is the inverse of the induced morphism of (—l) £ (A/” f )*, and bi (i = 2,4) are 
the natural isomorphisms. It is also induced by the composite of the following: 

GrSV^C T) ^ Gr™_ 1+ ^f{T)®T{t) ^ Gv™ w _ l+ ^f {T*) ® T(-w + 6) 

= G^ w+1+ ^f\T*)®T{-w + l + £)^( K G^_ 1 _^f\T))* ®T{-w + l + £) (59) 

Here, C\ is the inverse of the induced morphism of Af e , C 2 is induced by S , and C 3 is the natural morphism. 

The graded sesqui-linear dualities £[!©] and <S[*©] induce graded sesqui-linear dualities on the kernel and 
the cokernel of the morphism <p : T[\D] —> T[*D], denoted as SKer(^) = (<f>Ker (<p),j \ j G Z) and *Scok(^) = 
(^Cok(^) | j ^ ^) ■ 

Suppose that the sesqui-linear duality S : P —> P* ® T(—w) is an isomorphism. Note that we have the 
induced isomorphism Cok(y:) ~ Ker(</?)* ®T(—w), and hence we have the following isomorphisms for j > 0: 

Gr^ +1+i Cok(^) ~ (GrSl,.,. Ker(^)) * ® T{-w) (60) 

The following can be checked by a direct computation. 

Lemma 4.2 Under the isomorphism. (l60l) . we have <Sc 0 k(¥>),u;+i+j = {^Kei(tp),w-i-j) 1 f or j > 0. I 

Remark 4.3 If S is a polarization, then S\kD\ are graded polarizations. I 


4.2.2 Mixed case 

The construction was also generalized in the mixed case [40] - Let (T, W) be a mixed twistor ©-module on X. 
Let D be an effective divisor of X. A graded sesqui-linear duality <S = (S w | w € Z) of (T, W) induces graded 
sesqui-linear dualities «S[*©] of the mixed twistor ©-modules (P[kD\, W). We recall the local construction. If we 
are given a holomorphic function / such that D = (/) 0 , then ipi a \P) is equipped with the two filtrations. One 
is the filtration L induced by the weight filtration of P. The other is the relative monodromy weight filtration 
W of M with respect to L , which is equal to the weight filtration of the mixed twistor ©-module ipf{P). The 
induced filtration L on Gr M (T) has a canonical splitting due to Kashiwara: 

Gi W *pf (T) = 0 Gv L w Gr w ^ q) (T) = 0 Gr^ Gr L w ^< o) (T) 
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Hence, the sesqui-linear dualities S w on Gr^(T) (w E Z) induce sesqui-linear dualities of Grf ff(T) (j E Z). 
We have the decomposition: 

Gr %{T[*D]) = A lik ®A 2ik 

Here, is the sum of the direct summands of Gr£ (T) whose strict supports are not contained in D, and the 
support of is contained in D. As shown in [40], A 2 ,fc is naturally isomorphic to a subobject in Grjf (T). 
Hence, it is equipped with the induced sesqui-linear duality, which is the fc-th entry of «S[*£>]. If S is a graded 
polarization, then <S[*D] are graded polarizations. 


4.3 Push-forward 

4.3.1 A condition 

We introduce a condition on the push-forward of mixed twistor 21-modules equipped with a graded sesqui-linear 
duality. Let F : X —> Y be a projective morphism of complex manifolds. Let (T, W) be a mixed twistor 
21-module on X with a graded sesqui-linear duality S = (Sj \ j E Z). Recall that we have the induced complex 


F ;- 1 Gr^T 


F* Gif T 


ipi+l C'y W <T 

-l | Kj I j _^ -i-, 


and Ker a} / Im a }+i is naturally isomorphic to Gr^ F“I. Here, a* are induced by the extensions 0 


Gr} 


w 


0. We set aq := a - +1 and f3j := f. We have 


Gr^i 


F " 1 Gr”}! T —^ F t ° Grf 1 —F* Grf x 1. 

As the Hermitian adjoint, we have the following: 

(FfGrf^Y (if Grf t)* (^Crf^)* 

We also have the induced isomorphism F®Sj : F® Gr} 1 T (F° Gr} 1 T)* ®T(—j). 

Lemma 4.4 Let Ij denote the image o/Ker/3j n Ker(a* o fj 1 ^) —>■ Ker /3y/ Im ay. Then, the morphism 

Ker /3j fl Ker(a* o FfSj) —t (Ker f3j D Ker(a* o F^Sj)^ ® T(—j) (61) 

induced by F®Sj is factorized as follows: 

Ker /% n Ker (a* o FfSj) —* 1 3 -4 I* ® T{-j) —> (l<er fo D Ker(a* o if £,-)) * <g> T{-j) (62) 

Namely, we have an induced sesqui-linear duality v 3 of weight j on lj. 

Proof Because (Kerdj flKer(a* o F^Sj ) j is the quotient of (F° Gr} 1 T)* by Im/3* +Im(Ff ) 5j oaj). Hence, 
the morphism (RJTl) factors through Ij. Because I* is the image of Ker(a*) to the quotient, the morphism (1611) 
factors through I* ® T(— j). The condition v* = (—l) ? f is clear by the construction. I 

Definition 4.5 We say that Condition (A) is satisfied for the morphism F : X —> Y and the mixed twistor 
T>-module (T, W) with the graded sesqui-linear duality S if the following holds: 

(A) The morphisms Ker / 3j (~l Ker(a* o F^Sj) —> Ker j3j / Imotj are epimorphisms for any j. i 

Remark 4.6 If F®Sj is a polarization of Fj° Gr}' 7 T, then Ker/3j fl Ker(a* o F®Sj) —> Ker/l, /Im ay is an 
isomorphism. I 
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According to Lemma ITT! if the condition (A) is satisfied, we have the induced sesqui-linear duality [FPdq] 
of weight j on GrJ'" F ®T such that the following diagram is commutative: 


F t ° Grf 1 


F°Sj 


1 


(F f °Grf T)*®T(-j) 

I 


Ker 


/3j D Ker(cr* o F^«Sj) -> ^Ker /3j D Ker(oi* o ® T(—j) 


Grf F t °T 


[G° 5 j 


(Grf F t °x)*<g>T(-j) 


The tuple ([Fj?<Sj] | j G Z) is denoted by [F°«S]. 


4.3.2 Statements 

Let F : X —> Y be a projective morphism of complex manifolds. Let T be a pure twistor 21-module of weight 
w on X with a sesqui-linear duality Sx ■ Let Dy be an effective divisor of Y. We set Dx '■= F*Dy. As 
explained in 1)4.2.11 we have the mixed twistor 21-modules T[*Dx] with the induced graded sesqui-linear duality 
Sx[*Dx] = (<Sx[*Dx]m | m G Z). We shall prove the following theorem in 1)4.3.41 

Theorem 4.7 Condition (A) is satisfied for the projective morphism F and the mixed twistor T>-module 
T[*Dx\ with the graded sesqui-linear duality <Sx[*-D,y]- 

The pure twistor 21-module F®T of weight w is equipped with the induced sesqui-linear duality Sy := 
F°Sx- Moreover, it induces a graded sesqui-linear duality Sy[*Dy} = (<S>-[*Dy] m | m € Z) of FP(T)[*Dy\ — 
F^(T[*D X ])- We shall prove the following theorem in 1)4.3.41 

Theorem 4.8 We have [F°5x=5y[*Dy]. 

Corollary 4.9 Suppose that S is a polarization, and that FlT[*Dx] = 0 (i ^ 0). Then, [F?5x[*^x]] o,re 
graded polarizations. 

Proof The assumptions imply that Sy is a polarization. Then, the claim follows from [F.PiSx [*Dx}\ = 
Sy [+-Dy]. I 

Let AP and C denote the kernel and the cokernel of the natural morphism F[lDx] —> T[*Dx]- They are 
naturally equipped with the induced graded sesqui-linear dualities Sic = (Sx,j | j € Z) and Sc = ( Sc,j | j G Z). 

Corollary 4.10 Suppose that Fj.T[*Dx] = F^fC = F^C = 0 for i / 0. Then, Condition (A) is satisfied 
for the morphism F and the mixed twistor V-modules /C (resp. C) with Sx (resp. Sc). Moreover, we have 
[Ff’S/c.j] = Sy[\Dy]j for j < w and [F°Scy] = Sy[*Dy]j for j > w. Under the assumptions, if S is a 
polarization, [Fj’tSx] and [F°<Sc] are graded polarizations. 

Proof Under the assumption of the corollary, we also have F)T =0 (i ^ 0). Then, the claims immediately 
follow from Theorem 14.71 I 

For the proof of the theorems we give an argument in the case * = *, and the other case is similar. So, to 
simplify the description, we denote Sx[*Dx]j and Sy[*Dy]j by Sx,j and Syj in the following proof. Because 
it is enough to consider the issue locally on Y , we may assume to have a holomorphic function gy such that 
Dy = (gy)o- The pull back gy o F is denoted by g. We shall use the notation in ^4.3. II with X = T[*Dx]- 
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4.3.3 Preliminary 


We have a natural isomorphism Fi'tp^T ~ ipg°Y F^T of mixed twistor ©-modules. By the spectral sequence for 
ipY (T) with the weight filtration, we have the complex 

Pf 1 Gr^ yf(T) ^4 Ff Grf ^ 0 ) (T) ^4 F* Grf, ^ 0 ) (T), (63) 

and Kerr^/Im£j is naturally isomorphic to Gr™ F®ipg°\T) — GrY ipgy F® (T) ■ 

For £ > 0, let Pi Gr^ 1+J - ipY (T) denote the image of P Gr^+i+j ipg ( \T) —■» Gr Y+i+j if^iT)■ Note 
Pi GvY+i+j i ) g i \'T) = 0 if j + 21 < 0. We have the primitive decomposition 

Gr^ +1+j 4°\T) = 0P< Gr Y +1+j (T). 

^>o 

Lemma 4.11 For j > 0, the morphism Fj?P Gr)^ 1+J - ipg°\T) —> F^ 1 GrY + j V4°^ (T) factors through 

F/Po Gr^ +j y(°)(T) © F/Pi Gr^ +j ^ 0) (T). 

Proof Note that and r]j are compatible with the canonical morpliisms 

A4 : F| Gr^ yf T ~► F i Gr - V^T = F* Gr^_ 2 ^ 0) T® T(-£). 

For j > 0, the morphisms Gr)y +1+J tpY (T) —» Gr^ 1+J - ipi~ j \l~) = Gr^+i-j ipg°\T) ®T(-j ) are isomor¬ 
phisms. Then, the claim easily follows. I 


The restriction of r] w+ i + j to F.PPGr}))) ) _ 1 +J -'!/4 0 ' ) (T) induces the following morphisms: 

Vk, w+ i+j ■■ F?P GvY +1+j iPY (' T) —> F|Pfc Gr^ +j yf (7"), (fc = 0,1). 

Note that Gr] 1- Cok(y^(T) —> ipg°\P)) — P Gr™ ipg°^T- By using the spectral sequence for the cokernel, 
we obtain the following complex 


F^PGvY +1 4 0) (T) 


We have K 2 tW +i+j = Vo,w+i +j by construction. 

Lemma 4.12 The following diagram is commutative up to signature: 


F t °P Grf 4 0 ) (7") F/PGrf^flT). 


(64) 


F t °PGr^ + 1 +j 4 0 ) (T) 


Vl,-w+l+j 


(F°P Gr Y +1+J iP ( Y (T)) * 0 T(-w -j- 1) Kl -" +1+J > 


Fip, Gr^ + .4 0) (7y. 


(65) 


(f^P Gr ^ +i+2 4 0) (T)) * 0 T(-u, - j - 1) 


TTie vertical arrows are induced by the induced sesqui-linear dualities of P GrY+k W{T) (k > 0 ). 
Proof Note that we have the following diagram which is commutative up to signatures. 


F"GrZ +1+j ipf\T) 

F*GrY +1 - 3 iP { ?\T)®T{-j) 

F°^S X 


Vw + l+j 


Vw+l—j 


F f ° Gr^+i.,- ipr(T*) 0 T(-w - j) 


/,(o) 


IO- 1 -l— J 


F^Gr^.yf^) 

FlGrY- j ip?\T)®T(-j) 
Ff^Sx 
( 0 )/ 


(66) 


> i? Gr_y,_j (T*) 0 T(-w - j) 


(F t ° Gr^ +1+j 4 0) (T)) * 0 T(-«, - j - 1) -^±i±4 (pf 1 Gr ^ +j+2 4° } (T)) * 0 T(-w - j - 1) 
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Here, (Zj are morphisms induced by the natural isomorphisms ipg°\T*) — ipg 1 \T)* — ipg(T)* ®T(—1), and 
V- w+ i-j denotes for T*■ Let M : P* Gr ^ +j ^ 0) {T) —► (Pf 1 Gr ^ +j+2 4° } (T)) * ® T(-u; - j - 1) 

denote the composite of the right vertical arrows. The restriction of n to F^P 0 Gr^^- ipg 3 ' > (T) is 0, and the 
restriction of /jl to F^Pi Gr^ + j ipg°\T) induces an isomorphism 

FI Pi Gr^ +j 4 0) (T) (Pf'P Gr ^ +j+2 4° } (T)) * ® T(-w - j - 1) 

Thus, we obtain (1651) . I 

For j > 0, we have the natural morphism 

Ker (pop Gr%_ 1H i^T ^±l±i+ pi Gt w__ 4°) r ) _^ p Gr w i+ . ^( 0 ) 7 -. (67) 

Lemma 4.13 TTie morphism (1671) zs an epimorphism. 

Proof Let T = (Mi,M 2 , C). Let IF denote the filtration of fig 0 ' 1 M 2 associated to the weight filtration of 
ipg°^T- It is enough to prove that 

Ker(F t °P Gr^ +1+j ^M 2 —► P f x Gr^ +j z/>f A4 2 ) —► P Gr^ +1+j PfVf ^2 ( 68 ) 

is an epimorphism. Let /1 be a section of Ker^Pj 0 Gr^_ 1+J M 2 — > P ^ Gr^ + j ’tpg° ) M 2 'j such that Af j+1 fi = 
3/2 for f 2 e P t _1 GrJJ4 ipi^ M 2 X J+1 ■ We have / 2 e Pf 1 Gr)f +1+i+1 ^ 0) Af 2 such that A/' J+1 / 2 = / 2 - Then, 
/1 — 9/2 is a section of Ker^Pjf’P Gr)^_ 1+J . ipg°^M 2 —> F^ GrJJ^- ipg°^ M 2 ^j • Hence, (1551) is an epimorphism. I 

Lemma 4.14 Under the identification Gr^ +1 (T[*g]) — P Gr^ +1 ip g°\T), the kernel of 


P t °P Gr ^ +1 4 0) T ^±4 Pi Gr^ (69) 

is contained in Ker/J^+i. (Recall that we use the notation in H4.3.1I with T = T[*g\.) 

Proof Recall that (jif’T is equal to the image of ipg^T — > Let C denote the cokernel. Let C\ C ipg°^T 

denote the inverse image of P Gr^ +1 tpg°^T C C by the projection tpg^T — > C. The extension 0 — > <j><pT — > 
Ci —> PGrZ +1 ipg^F —> 0 induces the following morphism: 


P t °PGr : +1 tp^T —► F^{T). (70) 

Because <p^ is an exact functor, the kernel of j3 w +i is equal to the kernel of (1701) . Moreover, the kernel of (1701) 
is equal to the kernel of the following induced morphism 

P t °P Gr ^ +1 ^4 Gr ^ +1 P f Vf (T). (71) 


We have the following complex associated to <p^g\T) with the weight filtration, and Gv^ +1 F}$HT) is 
Ker C 3 / Im c 2 : 

P t ° Gr ^ +1 4°) (T) F} Gr|f (T) ^4 P 2 Gr^ ^ (T). 


We have Gr^ fii° ] (T) = Gr^ 



(T). The image of 77^+1 is contained in Kerc 3 , and c\ is the composite of 


P t °PGr^ + 1 4 1} T ^±4 Kerc 3 -> Kerc 3 /lmc 2 . 

Then, the claim of the lemma follows. 


I 
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4.3.4 Proof of Theorem I4TT1 and Theorem 14.81 

For j > w, we have natural isomorphisms Gr^ F%T[*D X ] — Gr^ F^ijj g T. For j > w, the morphism is 
identified with a g . For j > w + 1, the morphism k 2 j in (1641) is identified with f3j. We also have Lemma 14.141 
By Lemma T4. 121 we have 

Ker(p t °PGrf i/j^T —* if Grj^ ~ Ker n Ker(a* o F f °S Xj ). 

Hence, Lemma [4. 131 implies Theorem 14.71 
Let us consider the morphism 


F t °Gr^ +1+J v4 0) (T) 


F t °V>' 0 ) Sx°(-A/y 


(jf GrZ +1+J 4 0) (T)) * ® r(-«; - j - 1) 

It induces a sesqui-linear duality for Ker rj w +1+j CF°Gr™ +1+j 4 0) (T): 


Ker r/w+i+j —* (Ker^+i+j) ®T(-w - j - 1) 


It is factorized as follows: 


Ker rj w+ i + j —> Gr ^ +1+ . PfVf (T) A 

(Gr^ +1+J PfVf(T)* ) * ® T(-u; - J - 1) —> (Ker ?fc+i +i )* ® T(-u, - j - 1) (72) 

By construction, the restriction of b to PGr^ +1+J - F^ip g °\T~) — Gr^ 1+J - F°T[*D X \ = Gr ^ +1+j F°T is the 
induced sesqui-linear duality Sy.vj+i+j- Then, the claim of Theorem 14.81 follows. i 


4.4 Basic examples of induced sesqui-linear dualities 

Let X be a complex manifold. Setd:=dimA. We have the pure twistor V -module U x {d, 0) = (OxX d 1 Ox,Co). 
Here, Co is given by Co(si,cr*S 2 ) = Si • cr*(s 2 ). The canonical polarization lt x (d, 0) — > U x (d, 0)* ® T(— d) is 
given by (X d , l) <—► ((—l) d - 1 - A d , (-l) d • X d ■ X~ d ). 

Let D = kiDi be an effective divisor of A' such that (J Di is normal crossing. We describe the induced 
graded polarization on U x {d , 0)[*£>]. 

4.4.1 The simplest case 

Let us consider the case that D = (t )o for a coordinate function t. We will not distinguish D and |(t)o|- 
We describe the induced graded polarizations of U x (d, 0)[*t] (* = *,!). It is enough to describe the induced 
polarizations on 4°^ X (d, 0) ~ U x (d, 0)[*t\/U x {d, 0) and i)4''U x {d, 0) ~ Kei'(U x (d, 0)[!t] —> U x (d,0)). 

Lemma 4.15 Let t : D —> X be the inclusion as above. The natural isomorphisms 

4 0) Ux(d, 0) ^ t t W D (d- 1,0)® T(-l), 4 1] Ux(d, 0) ^ i^U D (d- 1,0) 

are compatible with the polarizations. 

Proof The natural isomorphism r ip t ^sU x (d, 0) <8>Wd(— 1,0) ~ Uo(d — 1,0) is compatible with the polarizations. 
Then, the claim follows from (40j Proposition 4.3.2]. 1 

We give a more explicit description of the polarizations. 

Lemma 4.16 The induced polarization %l> < 4 > U x {d, 0) —> {ip^U x (d, 0))* ®T(— d+ 1) is given by 

([t- 1 A d ],[g t ]) <-► ((—l) d [9t]A d - 1 , (-l) d [t _1 A]). (73) 

The induced polarization 4°^ki x (d,0) —> (ip\°' l U x (d, 0))* ®T(— d— 1) is given by 

([S t ]A d , [t- 1 ]) ^ ((-1 ) d+ 1 r 1 ]A d + 1 , (—l) d+1 [9 t ]A _1 ). (74) 
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Proof Recall that we have a natural isomorphism of ijj^Ux(d, 0) ~ Lji/j-sklx(d, 0) <g> Ux(— 1,0) studied in [40} 
Proposition 4.3.1]. In this case, the isomorphisms of the 77-modules are given as follows: 

ipf\O x ) ^ ^ips(Ox) A -1 , [t _1 ] <—* (dt/A) _1 A _1 

l£\Ox) ^ i^-s{O x ), [fi t ] <—► -(dt/ A)" 1 

Then, according to [401 Proposition 4.3.2], the induced polarization of tp^Ux(d, 0) is given by (1731) . 

Similarly, the isomorphism ip^Uxid, 0) = Ux(d, 0)[*t]/Wx(d, 0) ~ L^ip-sUx(d,0) <8 >Kx{0,—1) is given by 

(-[a t ]A a , [t- 1 ]) <—► ((dt/A)- 1 A rf , (dt/ A)" 1 A" 1 ). 

Then, we obtain the claim for iptUx(d, 0). I 

We have an isomorphism of mixed twistor 27-modules 

Ux(d,0)[*t]/U x (d,0) ~ Ker(W x (d,0)[!t] —■> U x (d,0)) ®T(-1) 
given by ([3t]A d , [t -1 ]) «—> ([f _1 ]A d+1 , [3t]A -1 ). It is compatible with the polarizations d73l) and ([74jl . 

4.4.2 Normal crossing case 

Let us consider the case that X is equipped with a holomorphic coordinate system (x \,..., Xd) such that 
D = Y/’iL i kiDi for some (Aq,..., k rn ) € Z> 0 , where Di = {xi = 0}. We have the decomposition 

Gr w (Ux (d, 0)[*£>]) = 0 Grf (U x (d, 0)[*£>]). 

j>d 

For J C {1,..., to}, we set Dj := |"|- gJ Dj. Let ij : Dj —► X denote the inclusion. We have 

Grf (U x (d,0)[*D}) ~ 0 t Jt W Dj (d-j,0) ®T(-j). (75) 

Note that tj^UDj(d — j, 0) ®T(— j) is equipped with the natural polarization ((—if, (—if). 

Proposition 4.17 Under the natural isomorphism t/ie induced polarization on Lj^Ujjj(d — j , 0) (g> T(—j) 
is equal to ((-if TlieJ k T l > ( _1 ) d IlieJ k i^) • 

Proof It is enough to consider the induced polarization on Grf Ux(d, 0). For a = (at) G Z m , we set := 
o • • • o and , ip( CL ' > := o • • • o . Let 0 = (0,..., 0) G Z m and 1 = (1,..., 1) G Z m . We set 

/ := - We have -t/>f W(d, 0) = (?/>f O x X d , 0.*, ip^C'). We consider ^°^tp^Ux(d, 0). 

Recall that ^\O x ) is isomorphic to Cok (^Ilf [!/] —nf [*/]^ • Then, cj)^ i/^\o x ) is isomor¬ 
phic to 

Cok(nj} ,<x v (1) 0* -A 

The morphism p is induced by (As)- 7 n[=i Sx* 1 —t (Asf +m JX]=i ki/x/ . Hence, we have the following isomor¬ 
phism: 

f°V/ 0) (^)- 0 f (o) (0*)(Asf (76) 

0<j<m—l 

Recall that ip^\O x ) is also isomorphic to Ker(nj 00 ’ a O^[!/] —> HJ°°’ a O x [*f]^, and that \O x ) is 

isomorphic to 

Ker(ng °°’ a i/) (1) C7^ —> n,} 00>Q V> (0) Oa') ■ 
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We obtain the following isomorphism: 

0 ipW(o x )(\ s y 

Hence, (p^ip^Ux^d, 0) is naturally isomorphic to ©"l^ 1 ip^Kx(d, 0) Cg)T(j), where ip^Ux(d,0) is 

(ip {1) O x X d , ^ 0) O x ,^ 0) C) ~ i m] U D Jd - m, 0) ® T(—m). 

The canonical morphism AP : (p^ip^U x ( d , 0) —» (d, 0) is given as follows; the second component 

is given as b(Xs) 1 i—► 5(As) ? if i < a — j + m — 1, and 5(As)* i—>■ 0 otherwise. The first component is given 
similarly. 

Let us describe the morphism <f>^^pUx{d, 0) —> (p^ip^U x (d, 0)*Cg>T(— d— 1) induced by the polarization 
of U x (d, 0). We have the isomorphism ipG\o x X d ) ~ ip^\o x A d )A _1 induced by (As)- 7 i—*■ — (As)- 7+1 A _1 . It 
induces an identification cp^ ipG\(D x X d ) ~ cp^ip^ (0xA d )A _1 . Note that the isomorphism 

Cok(nj °°Ox —► n}’°°c>x) ^ Ker(ny 00 ’ 1 Ox —> nj 00 ’ 1 ^^) 

induces the isomorphism 

0 ^°\o x )(x s y ~ Cok(nJ’ 00 V' (1) ^ —> no’°°^ (0) e>x) 

l<j<m 

~ Ker(n-°°'V (1) Ox —^ no“’V (0) OAr) - 0 ip W (O x ){X S y (77) 

—m+l<j<0 

which is given by (As) p+m YliLiihxp 1 ) 1 —> (A s) p fX™ i 3»- In all, the induced morphism 

^ ( «V 0) (S): 0 ^ (0) (^)(As) J —► 0 ^(^XAs^A- 1 

0<j<m —1 —m+l<j<0 

is given by (As) p+m TI™ i( fc i^ _1 ) 1 —► (-l) d+1 A _1 (As) p+1 n£L 1 9^. Hence, the second component of the induced 
polarization of Gr^_ m <pWip^pU{d, 0) is given by the isomorphisms 1 —* (—l) d+m A _m nl=i 9*. The 

first component is obtained in the same way. 

The isomorphism ip^°>O x ~ ifOx> m A _m is given by A) ^—>• Elilil^i/A) -1 , and the isomorphism 

tpWO x ~ is given by n)=i( — 3i) *—> n^Lil^i/A) -1 - Then, the claim of Proposition 14.171 follows. 

I 

4.5 Nearby cycle functors and maximal functors 

We give a relation between the induced graded sesqui-linear dualities on the nearby cycle sheaves and the 
maximal sheaves. Although we do not use the results directly in this paper, the argument will be useful in i}5l 
Let T be a pure twistor 2?-module of weight w on X. Let / be a holomorphic function on X. We have the 
following exact sequences of mixed twistor ©-modules: 

0 —» ip ( f a+1) T —► E ( f a) T —> T (q) [*/] —> 0 
0 —> T (a) [!/] —» S ( f a) T —^ tp ( f a) T —> 0 

Hence, we have the following isomorphisms: 

Gr^_ 2a+j ^° +1) r ^4 GC_ 2a+j aj o) r (j < o) 

GrZ-2a +j S? )r G ^-2a+j V^T (j > 0) 
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The following exact sequences have the unique splittings: 


Gr ^-2a^f a+1 \r) 


r>r- w v:( a )n~ 
Vj1 id-2 a “/ ’ 


j-(a 


j-(a) 


Gr, 


W ^(a) 


T 


, _, fir 1 ' 1 ' ib^T _v 0 

w—2a 1 —'/ ' r w ro-2o r/ ' 


In other words, we have Gr^_ 2a E { f a) T = T (a) © Gr^_ 2a ip^T, and Gr]Jl 2o ^ o) T = Gr|f_ 2a -!/’y- a+1) T in 
Gr^S^T. The isomorphism Gr]Jl 2o 'ipf°' +1 ^T — Gr^_ 2a ip^T is induced by the canonical morphism 


A/ - : ip 


(a+l) 


T 


ipfr. 


Let N : E ( f 0) T 


~] 0) T © T(— 1) be the canonical morphism. Let IF(AC) denote the monodromy 
weight filtration of AC. For j > 0, let PGr] 1 ^ E^T denote the primitive part, i.e., the kernel of AC J+1 : 
Gr Y W (*fT) —► Gr^ ) (Hj 0) T) © T(-j - 1). 


Lemma 4.18 IFe have W{N)j = IF u , + j ( j £ Z), and 


PGrf^sfr. 


r (j = o) 

PGr^^T) (j > 0) 


(78) 


Proof It is enough to consider the case w = 0. Because the morphism A f : s] 0, T — > E^T ©T(—1) induces 
(Wj^E^T) ©T(—1). Let us observe that the induced morphism Gr] 1 E^T —> Gr^ E^T 


IF 


n(0) 


j-/ 


r 


is an isomorphism for j > 0. Note that A f : E^T —> s] factors through E^T —> ip^pT —* ^T. 

Hence, for j > 0, we have the following commutative diagram: 


Grf 3<°>T 




* GrfS^V 


Grf H^-^T 




■> Gr 


Gr f V’fr ^7^ Grf vf J+1) r 

Hence, we have IF = IF(AC) on E^'I'f. We also obtain (l78l) for j > 0. We have the following commutative 
diagram: 


Gr 


W 7j(0) 


(T) 


> GrS l/ sJ, 0) (r)©T(-l)=r©Gr^V’/ U; (T) -> Gr^ 2 S] u; (T) © T(-2) 


„W o,(0) 


W tj(0). 


Grf^ 0) (T) 

Then, we obtain (l78l) for j = 0. 


Gr^ = G# ipy’(T) 


W „/,(!)/ 


-* Gv™ 2 ^\T) 


I 


Let 5 be a Hermitian sesqui-linear duality of T. For j > 0, let <S“ <0) denote the composite of the following 
morphisms: 

Hf (T) ( ^> )J 4 “ j) (T) = sJ^T) ©T(-j) —► Efcn ©T(-j - w) ~ E<, 0) (T)* ©T(-j - w) 

The middle morphism is induced by 5. Let 5] denote the composite of the following morphisms: 


V’fCT) ^(T) = ^ 0) (T) ©T(-j) —► tpf\T*) © T(-«7 - j) ~ ipf\T)* © T(—w - j) 

- (l>f (T) © T(l)) * © T(-m - j) ~ ^ 0) (T)* © T(-u; - j - 1) (79) 
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Proposition 4.19 For j > 0, the following diagram is commutative: 


zf\T) 



Ef\T)* ®T(-w - j 


1) 


S f 

j- 1) 

Here, the vertical morphisms are natural ones. 

Proof We can check the claim by a direct computation. We remark that, in (1791) . the isomorphism T(l)* ~ 
T(— 1) is given by (— 1, — 1). I 

H ( 0) 

Corollary 4.20 Suppose that S is a polarization. For j > 1, the morphism S,- f induces a polarization 
of P Gi^ +j sf (T). It is equal to the polarization of P Gr ip^ (fT) under the natural isomorphism. In 
particular, is equipped with an induced graded polarization. I 

5 Comparisons of polarizations 

5.1 A specialization 

5.1.1 Statements 

Let X be a complex manifold with a normal crossing hypersurface D. Set d := dim-Y. Let f,g& Ox(*D). We 
consider a meromorphic function F := rf + g on X x P{. 

Assumption 5.1 We assume the following. 

• |(/)o| n |(/)oo| = 0, and |(/) 0 | C |(s)oo|- We also have D = |(/)oo| U \(g)oo\- 

• F is pure on X x {r ^ 0}, and g is pure on X \ | (/)oo| - I 

For example, the assumptions are satisfied in the cases of Lemma [2 .1 91 and Lemma [2.221 

We set := (P 1 x D) U (X x {oo}). We have the associated mixed twistor P-modules T*{F,D^) 
(* = *,!) which are equipped with natural real structure. Recall that T{F) denotes the image of T\{F, DW) —> 
%(F,D l 1 ^), which is a pure twistor (D-module of weight d+ 1. We have T*(F, -DG))[*(t) 0 ] = T(F)[*(t) o] = 
T(P)[*t] for * = *,! by the assumption of purity. 

Let l : X —> X x P{ be given by t(x) = (x, 0). According to Proposition 13.251 for the morphism ip : 
7 '(F)[\t\ —> T(-F)[*t], we have the following isomorphisms: 

Cok(v?) ~ D) ® T(—1), Ker(y) ~ Ti(g, D) 

The polarization Sf = ((—l) d+1 , (—l) d+1 ) of T{F) induces graded polarizations of T(F)[*t\, and they 
induce graded polarizations of Cok(<p) and Ker(ip). The induced graded polarizations are denoted by Scok(ip) = 

(<5cok(v>),iu | w £ Z) and <SKer(^) = (^Ker(ip),w | w £ Z). Note that by applying <p^ we have the following exact 
sequence: 

0 —> Kei(<p) —► ip^T{F) —■> ip^T{F) —> Cok(<^) —> 0 
For the weight filtrations of Cok(t^) and Ker(^), we have 

Gr J +1+j Cok(^) ~ P GrJ +1+j iP?\T(F)) (j > 0), GrJ +1+j Cok(tp) = 0 (j < 0), 

G^Y+i-j Ker(<p) ~ P’ Gr^- ^\T(F)) (j > 0), Gr^- Kerfa) = 0 (j < 0). 
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Here, P' Gr^_ 1 _ J - ip^\T{F)) is the image of P Gi^+i-j (T(-F)) —> Gr Y+i-ji/’^iTiF)). The isomor¬ 

phisms are compatible with the induced polarizations. 

We also have other polarizations. Let T{g) denote the image of 7 ~\{g,D) —> %(g,D), which is a pure 
twistor 22-module of weight d. It is equipped with the natural polarization S g = {{— l) d , (— l) d ). Because 
T(fl)[*(/)„] = T*(g,D), we have the induced graded polarizations H^s[*(/)oo] °f H T*(g,D) G>T(— 1), and 
t^5 g [!(/)oo] of LjT\(g,D). We shall prove the following proposition in 115.1.3ll57L6l 

Proposition 5.2 Under the isomorphisms Cok(^) ~ L^T~*{g,D) ® T(—1) and Ker(</?) ~ u^F\{g,D), we have 

^Cok(ip) = H‘-’s[*(/)oo] an d ^Ker(ip) = H'-’s [K/)oo] • 

5.1.2 Some consequences 

Before going to the proof of Proposition 15.21 we give a consequence. Let X, D, f and g be as in T5.1.1I Let 
p : X —> Y be a projective morphism of complex manifolds. We assume that JPp* (H = 0 for any i > 0 
and j = 0,..., dimX. Set p\ := px id P i : X x P* —» Y x P*. Note p\^T(F)[*(r) o] = 0 (i ^ 0) by Proposition 
12.41 Let ly : Y —> Y x P* be the inclusion induced by {0} —» P*. 

Corollary 5.3 Suppose that p^T*(g, D) = 0 for * = *,! and for i ^ 0. 

• Condition (A) is satisfied for the morphism p and the mixed twistor V-module 7~*(g,D) with the graded 
polarization <5> s [*(/)«>]■ The induced graded sesqui-linear duality [/ 0 ®«S s [*(/) oo ]] on p®T,,(g,D) is a graded 
polarization. 

• Let ICy and Cy denote the kernel and the cokernel of p^T(F)[\r\ —> p^F(F)[*t\. Let Sc Y an d S/c Y 
denote the graded polarizations induced by the graded polarization P^Sf of p^T(F). Then, under the 
natural isomorphisms iy^p®T\(g, D) ~ ICy and Ly-\p®T*{g, D) <g)T(—1) ~ Cy, we have Ly^ [p®S g [\(f) oo]] — 
Sc Y and Ly^[p^S g [*(f) 00 ]] =S Ky . 

Proof It follows from Corollary 14.101 and Proposition 15.21 I 

Let k : X' —> A be a projective morphism of complex manifolds such that (i) D' = k~ 1 (D) is normal 
crossing, (ii) k induces X'\D' ~ X\D, (iii) Assumption 15.11 is also satisfied for /' = «*(/) and g' = K*(g). We 
have KjT*{g r , D') = 0 (i ^ 0), and we have natural isomorphisms n®T+(g', D') ~ T*(g,D). We set p' := p o k. 
We have natural isomorphisms p\°T*(g',D') ~ p®T+(g, D). 

Corollary 5.4 

• Condition (A) holds for n and%,{g' 1 D') with S g ' [*(/ , )oo] ■ We have [re!j!«Sg/[★(/ , ) 00 ]] = «S g [*(/) 00 ] under 
the natural isomorphisms. 

• Condition (A) holds for p' and %{g', D r ) with S g '[*(f) oo]- We have [p'®S g > [*(/')oo]] = [pf«S g [*(/)oo]] 

under the natural isomorphisms. 1 

5.1.3 Preliminary 

Let us return to the proof of Proposition ^. 21 By Lemma l4T2l it is enough to study the polarizations on Cok(y>) ~ 
b}T*{g,D) (g)T(—1). The comparison of the polarizations on Gr^j_ 2 Cok(</?) ~ Gx^ +2 (^T*(g, D) (g)T(—1)) can 
be given as in H4.4.11 Hence, we shall argue the other parts. 

We have the identification Gr^ 2+J Cok(<^) = P Gr^ 2+ j ifi a) T{F) for j > 0. For j > 0, we have the 
isomorphism Gr^ +2+ j(T*{g, D) (g> T(— 1)) ~ PGr^. 2+ j^|-i(T(fl) ®T(—1)). Let it : X x P* —» X be the 
projection. To compare *Scok( v ),d+j +2 and ^S g [*(f) 00 } d +j+ 2 for j > 0, it is enough to compare rfS Co k(<p),d+j +2 
and S g [*(f) 00 ]d+j +2 under the isomorphisms: 

7r t °P Gr^ 2+j ^T(F) ~ P GrY +2+j iffl ( T{g ) ® T(-1)) (80) 
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(p Gt^+2+j ( T(g) <g> T(-l))) * ~ (tt°P Gr^ 2+ • ^ 0) T(F)) * (81) 

Recall that any morphisms of pure twistor (D-modules are uniquely determined by their underlying morphisms 
of 'D-modules. Hence, it is enough to compare the morphisms of the underlying P-modules for 7 ^ Scok (^), d+j +2 
and S g [*(f) OO }d+j+ 2- 

The polarization iScok(v),d+ 2+7 of P GrY+ 2 +j ip^TiF) is induced by the composite of the following mor¬ 
phisms: 


V4. 0) T(F) ^\T{F )) = 1>W T (F)®T(-j) 

^ ^<°> (T(F)*) ® T{—j - d - 1) —* V4 1} (T(F))* ® T(-d - j - 1) 

~ri°\T(F))*®T(-d-j- 2) (82) 

The polarization <Sg[*(/)oo]d+ 2 +j on Gr^ 2 +j(7*(S7-0) ®T’(—1)) is induced by the composite of the following 
morphisms: 


1 )) ( -^ _1 i>fl,{T[g) ®T(-1)) <g>T(-j + 1) 

A ^- ) 1 (T(ff)* « T(-l)) ® T(—j -d- 1)~ iff}, ( T(g) ® T(-l))* ® T(-i - d - 1) 

- (T(<?) ® T(-l)) * ® T(—j - d - 2) (83) 

Let L(F) denote the T>xxP 1 - m °dule underlying T{F). Let L(g) denote the Px-module underlying T(g). By 
the assumption of purity, we have L(F)[*t] = L\(F, D^)[-kr] = L*(F, and L+(g,D) = L(s) [*(/)«>]■ 

By the above consideration, Proposition [52] is reduced to the following lemma. 


Lemma 5.5 We have the following morphisms of T>-modules 

Bi : TT^i°1 L ( F ) —► i,fl,L{g), B 2 : V^-U(s) —► 7rty< 1} L(F) 
with the following properties: 

(PI) B\ and B 2 induce the isomorphisms of T>-modules underlying ®od and m- 
(P2) The following diagrams are commutative: 


7r t Vi 0) (L(P)) —-i-+ 7 r^LiF) 


Bi 

i>f}iL(g) 


b 2 

—> i)fliL{g) 


(84) 


Here, e gives the morphism underlying the composite of the morphisms in (15^1) applied 7r°, and 5 gives the 
morphism underlying the composite of the morphisms in (1831) . 


5.1.4 The construction of the morphisms Bi and B 2 


As in Proposition 12.381 we have a natural isomorphism L*(F) — sf} 1 L t (g). Let f?i denote the 

composite of A^ 0 ) and the natural morphism sf^L^fg) —> ipfl, !/*(<?). Let B 2 be the composite of the following 
morphisms: 


i>fl,L*{g) 


M<?) 


S { f}iL*(9) 


-t 7 t° + 4 1] L*(F) 


Here, C\ is the canonical morphism, C 2 is induced by the multiplication of —s, and C 3 is (A^B) 1 
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5.1.5 Proof of (PI) 

Let us check that Bi induces the morphism of P-modules underlying (15U1) . We have the following natural 
morphisms: 


7 t+V 4 0 ) L(F) tt + Cok(^ 1 } L(F) —> iPi 0) L(F )) » Cok(L(F)[!r] —> L(F)[*t}) ^ L.(g,D) 

—>Cok (L,(g,D)—>L.(g,D)) (85) 

(See fl5l) for 03 .) The composite induces the morphism of 2?-modules underlying (1501) . Under the natural 
isomorphism 

Cok (LfaD) —> L.{g,D)) ^ Cok^L^) —> ^°_U(g)) =: A, 
the following diagram is commutative: 


^flL(g) -> L*(g,D) 

I I 

-s> A 


Hence, it is enough to prove that b 1 := a 3 oa 2 °ai is equal to the composite b 2 of A^ 0 ) and S^°_\ L(g) —» L*(g, D). 

The kernel of both of bi are the image of n + ipr 1 ' > L{F) —> Tt+ip^L(F). The automorphisms of L*(g,D) are 
only the multiplication of locally constant functions. Hence, it is enough to check the claim in the case where D 
is empty, in which both of the morphisms are given by the correspondence t~ 1 cIt \— > 1. Therefore, we obtain 
that Bi induces the morphism of P-modules underlying (15U1) . 

Let us check that B 2 induces the morphism of P-modules underlying (15TT) . We have the following natural 
morphisms: 


Ker (^L\{g,D) —» L*(g,D)^ —> L<(g,D) ~ tt+ Ker(L(F)[!r] —» L(F)[*t}) 

~ tt+ Ker (i/j^LiF) —> 0) L(F )) -^4 L{F) ( 86 ) 

(See (l46l) for ci.) As before, it is enough to check that d\ := C 3 o c 2 o ci is equal to the composite d 2 of the 
following: 

U(g,D) —> sflLig) ~ EflUg) (A ^T n° + ^L*(F) 

The images of di are equal, and the automorphisms of L\(g, D) are multiplications of locally constant functions. 
Hence, it is enough to consider the case D is empty. We have the following: 

i^L{F) ~ Cok(ni’ W L(F)[!r] —> U 1 ^L(F)[*r]) ~ Ker(n- W ’ 1 J L(F)[!r] —► II^L^t]) (87) 

Under the isomorphism (1571) . —d T (l) + / in n” Ar ’ 1 L(i 7 ')[!r] corresponds to —s/r in n \' N L(F)[*t]. By using it, 
we can check d\ = d 2 . Hence, we obtain that B 2 induces the isomorphism of V- modules underlying (15T1) . 


5.1.6 Proof of (P2) 

Let us look at the morphisms of the 2?-module underlying (1571) : 

i 0 ) L(F ) ipi 0 ) L(F) { ~X +1 ipl 0 ) L(F) ^4 4 1 ] L{F ) 

By applying 7 t9 , we obtain the following morphisms: 


—( 0 ) 


i L (g)) 



-( 0 ) 


1 i L (g)) 


(_i)d+ i _ (0) 


/-i i L (g)) s /-i [L{g)) 


(88) 
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Let us look at the morphism of 2?-modules underlying (1551) : 


d-dr(s)) ' A d-x (Mg )) 1 - 1 d-if L(g)) ~ (Mg)) ~ V’)-i(rO)) 






We have the following commutative diagram: 


Z?lL(g) 


(-l) d+1 (-s)\ ( 0 ) 


J ’iL(g) 




^f-iL(g) L(g) 

It implies the commutativity of (1841) . Thus, we finish the proof of Lemma f5. 5 1 and Proposition 15.21 I 

5.2 A push-forward 

5.2.1 Statement 

Let X be a complex manifold with a normal crossing hypersurface D. Set d := dimX. 

Assumption 5.6 Let f be a meromorphic function on (X,D) such that (i) |(/)oo| = D, (H) f is non-degenerate 
along D, (Hi) (/)o is smooth. I 

We set Z := | (/)o I - We have the meromorphic function tf on X x Pj. We have the associated mixed twistor 
"D-modules T(tf)(kt\ and 7~*(tf). Let n : X x P) —> X be the projection. According to Proposition 13.221 and 
Corollarv l3.23l we have ir |T(t/)[*t] = 0 for i ^ 0, and we have the isomorphisms 

■ rfT{tf)[*t]zil( x (d,0)\}.Z}[*D]®T(-l), tf, : rfT(tf)[\t}~U x (d,0)[*Z}[\D}. (89) 

Recall that T(tf) is the image of 7\{tf) — >1*(tf). We have the description T(tf) = (£(f/)A d+1 , C{tf), C t f) 
as an 7?.-triple. The polarization is given by S t f = ((—l) d+1 , (—l) d+1 ). It induces graded polarizations <S f /* 
(resp. <5>*/[*t]) on T*(tf) (resp. T(tf)[*t]). The polarization So = ((— l) d , (— l) d ) of U x (d, 0) induces graded 
polarizations «So[*(/)o] [!(/)«>] on U x {d,0)[*Z}[\D\, and <So[!(/)o] [*(/)«>] on U x (d, 0)[\Z][*D\ <g>T(-1). 

Proposition 5.7 

• We have 7r| Gr W T(tf)[kt\ = 0 and 7r| Gr w 7~*(tf) = 0 unless i ^ 0. In particular, we have 

Gr w 7r t °T*(f/) ~ Gr w %{tf), Gr w tt?T( t/)[*t] ^ tt? Gr^ T(tf)[*t]. 

Note that it implies that Condition (A) holds for the projection 7r and the mixed twistor T>-modules 
7 ~(tf)[*t] with and the mixed twistor V-modules T*(tf) with Stf*- 

• The isomorphisms Gr H tf* (* = *,!) are compatible with the graded polarizations. 

Before going to the proof of Proposition 15.71 we give a consequence. Let p : X —> Y be any projective 
morphism of complex manifolds such that R?p*Ll l x {*D) = 0 for any j > 0 and i = 0,1,..., dimX. We also 
suppose p^U x {d, 0)[\Zf][*D] = 0 for i ^ 0. Note that it implies p^lI x (d,0)[*Zf][\D] = 0 for i / 0. 

Corollary 5.8 Condition (A) holds for p and U x (d,0)[\Zf][*D] with «So[K/)o] [*(/)<»]■ We have 

KS 0 [!(/)o][*(/)oo]] = [(pO7r)?S t/ [*(i) 0 ]]. 

Condition (A) holds for p and U x (d, 0)[*Zf][\D] with »So[*(/)o][!(/)oo]- hA have 

[p?S„[*(/) 0 ][!(/)oo]] = [(pO7T)?5 t/ [!(t) 0 ]]. 

Proof Set := I x Pj and D h) := (X x {0, oo}) UfflxP 1 ). We have R?{p o 7r)*0^. (1) ( *D W) = 0 for any 
j > 0 and i = 0,..., dimXW. By the assumption and Proposition 12.231 we have (p o n)^T*(tf,D^) = 0 for 
j ^ 0. According to Corollary 15.31 and Lemma 12.221 Condition (A) holds for pon and T(tf)[*t] = T*(tf,D W) 
with Stf[*t}. Then, the claim follows from Proposition 15.71 1 
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5.2.2 First claim of Proposition 15.71 

Let us prove the first claim of Proposition 15.71 We argue the case * = *. We obtain the other case by using the 
Hermitian duality. 

We have Grf T(tf)[*t] = Grf %(tf) = 0 for j < d+ 1, and Gr Y +1 T(tf)[*t] = Gr Y +1 %(tf) = T(tf). The 
support of Gr ] 1 T(tf)[*t\ and Gr]' T*(tf) (j > d + 1) are contained in X x {t = 0}. Hence, it is enough to 
prove 7 r)T(t/) = 0 for i ^ 0 . 

Let Ai and A 2 denote the kernel of T( tf) [!t] —> T ( tf ) and the cokernel of T( tf ) —> T(tf)[*t]. The support 
of At are contained in {t = 0}. Hence, we obtain nlT(tf) = 0 (i^ 0), and the following exact sequences: 

0 —t TTjAi —)■ 7r°T(t/)[!t] —)■ t r°T(t/) —0 

0 — rfT(tf) —)• rfT(tf)[*t] —>• 7fA 2 —X 0 

In particular, we obtain the first claim of Proposition 15.71 

5.2.3 Preliminary for the second claim 

Let us study the second claim. Let A 3 denote the cokernel of %(tf) —>■ T(tf)[*t\. Let Lz : Z —» X denote 
the inclusion, and let Dz := D (~l Z. According to Proposition 13.221 we have the following isomorphisms of 
integrable mixed twistor D-modules with real structure: 

’Ll : - tz^Uzid- 1,0)[*£> Z ]®T(-1), : rfA 3 ~ U x (d, 0) (8) T(-1)[*D] 

Note that the strict support of Gt w (^Lz^z(d — 1,0 )[*Dz\ ©T(— 1 )^ are contained in Z, and that the strict 

support of any direct summand of Gr ' 4 Ux(d : 0)©T(— 1)[*1A] are not contained in Z. Hence, we have the unique 
splittings 

Gr w t r t °T(t/)[*t] = Gt w © Gr 4 " 7 r t °A 3 , (90) 

Gt w ( u x (d,0) ®T(-1)[\Z][*D]) = Gi w ^U z (d-l,0)[*D z ]^T(-l)) © Gr 4 " W Y (d, 0)[*1A] © T(-l), (91) 
and we have Gr" T* = Gr" ’Ll © Gr 14 T 2 . The graded polarizations are compatible with the decompositions 

©I ED. 

By Proposition l5.21 Gr ' 4 T 2 | x\z is compatible with the graded polarizations. Hence, we obtain that Gr 14 T 2 
is compatible with the graded polarizations. Therefore, it is enough to study that Gr ' 4 'Ll is compatible with 
the graded polarizations. 

We remark that the graded polarization on Gr ' 4 (^iz J \ldz(d — 1,0 )[*Dz\ © T(— 1)^ is equal to the graded 
polarization induced by the canonical polarization of Uz(d — 1,0), which follows from Lemma 14.151 

5.2.4 The degree (d + l)-part 

Let us study the isomorphism Grf : ’Ll : 7 r°T(t/) — tz\Uz(d — 1,0) © T(—1). We may assume that D is 
empty. To describe Grf! 'Ll, let us look at the isomorphisms of the 1Z- modules underlying >L* more closely, 
by assuming D = 0. 

Set Y :=IxP 4 . We have the following: 

7T°£(f/)[*£] ~ Cok^7r*£(t/)[*t] 7 r»£(i/)[*f] • (dt/X)) ~ Cok (Ox[t] Ox[t ] • ( dt/tX )^ 

Here, <pi (c) = d t (c) • (dt/X ) and ^(hP) = + hfP/X)dt. For any local section c of Ox[t] ■ dt/tX , let 

[c]* denote the induced section of 7 r°£(£/)[*f]. The isomorphism (C(tf)[*t]) (*Z) ~ A ~ 1 Ox(*Z) is given by 
[dt/Xt]* <—> A” 1 , which we can check by using (1451) . 

Similarly, we have the following: 

7 T°(C(tf)[\t}) ~ Cok^7r*£(t/)[!i] -^4 7 T*£(tf)[\t\ ■ (dt/ A)) ~ Cok (o x [t) ■ t ^4 O x [t] ■ (dt/X)') 
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Here, ipi are given in the same ways. For any local section c of O x [t] ■ ( dt/X ), let [c]t denote the induced section 
of O x \t\. The isomorphism 7 r ®(£(tf)[\t])(*Z) cs O x (*Z) is given by [fdt/X]\ <—> 1, which we can check by 
using ©• 

We have the following: 

^r°C(tf) ~ Cok^7r*£(t/) Ti*C(tf) ■ ( dt/X )) ~ Cok (o x [t\ O x [t] ■ ( dt/X )) 

For any local section of O x [t](dt/ A), let [c] denote the induced local section of 7 i®C(tf). We remark X 2 d\[dt/X] = 

0. 

Lemma 5.9 The isomorphism GrY+i Iki : n iT(tf) ~ Lz\Uz(d — 1,0) ®T(—1) is given as a pair of the following 
morphisms: 

7r t £(t/)A d+1 t z ^O z X d , a^Lz^idt/X)- 1 )) = [dt/X] ■ X d+1 
7 T \C{tf) i Z ]O z X~ l , a 2 ([dt/ A]) = -L Z *(X~ 1 (dt/X)~ 1 ) 

Proof We have the epimorphism bi : n^C(tf)[\t] —> tt®C( tf) and the monomorphism b- 2 : 7 r ®C(tf) —> 
■n®C(tf)[*t\. We have &i([c]i) = [c] and b 2 {[c\) = [c]*. We have [dt/X]\ = f~ 1 [fdt/X]\. For a holomorphic local 
coordinate (x±,... ,x n ) for x\ = f, we have [dt/ A]* = 3 X1 [dt/tX]*. Then, we obtain the claim of the lemma by 
construction. 1 

We can easily check that the isomorphism Gr)^ Ti is compatible with the polarizations by the explicit 
description in Lemma 15.91 

5.2.5 Preliminary for the other parts 

Let us study Gr^ 2+£ Ti for (. > 0. We have only to consider the issue locally around any point of DC\Z. We may 
assume to have a holomorphic coordinate (xq, • • •, Xd-i ) on X such that Z = {*o = 0} and D = Ulii { x i = 0}, 
such that f = Xq n"=i x i*'■ We set x k := JX™ l x i i - 
We have the isomorphism 

Gr Z- t+2 {ntf)[*t\) ^ P GrJ +l+2 0<° o > tt^ (T (t.f)) (92) 

The polarization on 4$ G^/ +i+2 {T[tf)[*t\) is induced by the composite of the following: 

4 0 o^t 4°\ntf)) $s4 0) (T(tf))®T(-£) 

^ 4°>t 4°\r(tf)*) ® T{-e - d -1) = ^Trt 4'\T{tf)Y ® n-i - d -1) 

4t\ntf))* ® T(-£ - d - 2) (93) 

Here, a\ is induced by the polarization on T(t/), and a 2 is the canonical isomorphism. 

We have the isomorphism 

Gr^ +2 t zt Wz(d,-l)[*I>z] ^ PGvJ +e+2 4^tz^ z (d,-l) (94) 

The polarization on Gr ^_^ +2 i Z ^z{d 7 — 1 )[*D Z ] is induced by the composite of the following morphisms: 

4°4z^z(d,-l) ^ 4 x 4z^Uz(d, -1) ® T(—t) 

A 4S (tz t Wz(d, -1)*) ® T(-e - d - 1) = 4$ (izt Uz(d , -1))* ® T(-f - d - 1) 

^ ^(iz t W z (d,-l))*®TH-d-2) (95) 

Here, f»i is induced by the polarization of Uz(d, —1), and b 2 is the canonical isomorphism. 

We have the following isomorphism induced by HMD, USD and Gr^ + 2 Ti: 

A : PGr^+e+2 4N 4°\T(tf)) ~ PGr ^, +2 4$ ^U z {d, -1) (96) 

We obtain the compatibility of Gr ^_ £+2 Ti and the polarizations from the following lemma. 


60 


Lemma 5.10 We have isomorphisms ofD-modules 


$0 : <t>Wn + ri 0) L(tf) ~ if^iz+Oz 

(97) 

■■ 4° 0 V# W) * ^iz + O z 

(98) 


with the following property. 

(PI) $o induces the isomorphism of the V-modules underlying A, and <1^ 1 induces the isomorphism of the 
T>-modules underlying A*. 

(P2) The following diagram is commutative: 


L{tf) - dl - > (/4o } 7 T+lf^Litf) 


$0 


^iz+Oz 


(99) 


d 2 


ifchz+Oz 


Here, di and c ?2 are the morphisms of T>-modules underlying and (ESI: respectively. 


5.2.6 Construction of the morphisms <J>i 
According to Proposition 12.421 we have the isomorphism: 

7 T+if { t a) L(tf) ~ Ep.Ox ~ Cok(n a fiO x [*Z]y.D] ^4 n a f ^O x [\Z][*D]) 

~ Ker(uj^ a Ox[*Z\[\D\ ^4 nJ*’ a 0 x [!Z][*£>]) (100) 

We have the isomorphism of (D-modules (see Lemma 12.451 for the signature): 

4>%*+4 0) L{tf) =* Cok(4 z+ I? % N O z [\D z ] ^4 iz + H 0 fOz[*D z ]) ^ t z+ ^O z (101) 

Let $o be the composite of the isomorphisms in (1 101 D . 

We have the isomorphism of (D-modules: 

4 0 o )tt +4 l) L{tf) ~ Ker( tz+ n- JV ’ 1 O z [!Z) z ] ^4 n; fc JV - 1 O z [*I> z ]) ~ t z+ ^O z (102) 

We define $i as the composite of ( 11021 ) . 

5.2.7 Property (PI) 

Let Cok denote the cokernel of L(tf)[\t\ —> L(tf)[*t\. We have the following commutative diagram: 


n ° t ' N L(tf)[*t] -> W)[*t] 


4 0) W) 


(103) 


Cok 


We apply <4^ 7r + to (11031) . By the construction of the isomorphism $ 0 . (11031) is transformed to the following: 


i-z+ 11°’^ Oz[*D z ] 


lz + 4^0 z 
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■> Lz+0 Z [*D Z ] 

1 

lz+(Oz[*D z \/Oz) 






















It means that $o is the morphism of (D-modules underlying A. 

Similarly, let Keri denote the kernel of L(t.f)[\t\ —> L(tf)[*t\. Then, we have the following commutative 
diagram: 

Ker - ip^L(tf) 


(104) 

We apply to (I104D . Let Ker 2 denote the kernel of l + Oz['Dz] —» Oz • Then, (11041) is transformed to 

the following: 

Ker 2 -t L z+4>^k O z 

( I 

lz+Oz[ ] -D z ] - > iz+^i x k' 1 Oz[^D z } 


It implies that underlies A*. Thus, we obtain that (PI) is satisfied. 


5.2.8 Property (P2) 

The morphism di is induced by the following morphisms: 

4 0) L(tf) ^ ^ 0) L(tf) { ~X +1 ^ 0) L(tf) ~ (105) 

The morphism d 2 is induced by the following: 

^Lz+O z ^ k \z+Oz { ^\ d ^tz+Oz ^ 4V Lz+Oz (106) 

We remark that the following diagram is commutative: 


<j>£Jn + ip} 0) L{tf) —> <f>£JTT + 'ip < t 1) L(tf) 


^tz+Oz 


^iz+Oz 


The signature comes from —1 in (11011) and (11021) . Hence, we obtain the desired commutativity of (l99l) . Thus, 
we finish the proof of Lemma 15.101 and Proposition 15.71 1 


6 Mixed twistor P-modules and GKZ-hypergeometric systems 

6.1 Better behaved GKZ-hypergeometric systems 

6.1.1 The associated toric varieties 

We consider a finite subset A := {ai,..., a m } CZ"\ {(0,..., 0)}, where a; = (a*j | j = 1,..., n). We assume 
that A generates Z”. Formally, we set a 0 := (0,..., 0). 

We set T n := SpecCftf 1 ,... An 1 ]- The associated complex manifold is also denoted by T n if there is no 
risk of confusion. We consider a morphism ipA : T n — > P m given by ipA^i, ■ ■ ■, t n ) = [1 : t ai t am ], where 

t ai ._ n » =i ^. L e t Xa denote the closure of ipA(T n ) in P m . 

For any subset B C M", let Conv(H) denote the convex hull of B C R ra . Note that 0 is an interior point of 
Conv(„4 U {0}) if and only if 0 is an interior point of Conv(_4). 

For any face a of Conv(.4U{0}), we put I a := a D (.AU{0}) and J a := („4U{0}) \ I a . We have the subspace 

Per := {[zo : • ■■ ■ : z m ] \ Zj = 0 (aj G J a )}. 

We set P* := }[zq : ... : z m \ G P CT | Zi y 0 (i G I a ), Zi = 0 (i G Ja)}- Recall the following. 
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Proposition 6.1 (Proposition 1.9 |16j ) For any face a of Conv(_4 U {0}), we have the non-empty intersec¬ 
tion = Xa fl P*, and it is a T n -orbit of [zq : ■ ■ ■ : z^\, where zf = 1 (i € I a ) or zf = 0 (i £ J a ). We have 
the decomposition into the orbits Xa — U a Xf where a runs through the set of faces o/Conv(.4U {0}). I 

Recall that we have a desingularization of Xa in the category of toric varieties. (See [7] for example.) 
Namely, there exist a smooth fan E and a toric birational projective morphism ipY ■ Xy —> Xa, where Xy 
denotes the smooth toric variety associated to E. In that situation, we set Dy '■= U r gs(i) where E(l) 
denotes the set of the 1-dimensional cones of E, and D r C Xy denotes the hypersurface corresponding to r. 
We have T n = A E \ D s . 

6.1.2 2?-modules associated to families of Laurent polynomials 

Suppose that we are given an algebraic map 7 : S —> H 0 (P m ,O(l)). It determines a family of Laurent 
polynomials (if a x ids)*(s/ z o) on T n x S denoted by Fj. We obtain the algebraic P-module Lt^xs(F 1 ) on 
T n x S given as the line bundle Ot«xS ■ e with Ve = edFj, where e denotes a global frame. We obtain the 
following algebraic P-modules on P m x S: 


L*(A, S, 7) := (if a x ids)+L T nxs(F'y) (* =!, *) 

The image of Li(_ 4 , S, 7) — > L+(A,S, 7) is denoted by L m in(- 4 , S', 7), which is the minimal extension of 
Lt™xs(F 7 ) on P m x S via if a x ids- Let tt : P m x S —> S denote the projection. We obtain the algebraic 
■D-modules 7 r+L*(- 4 , S, 7) (* = *,!) and n l + L m i n (A, S, 7). 

It is convenient for us to take a toric desingularization ipY '■ Xy —> Xa when we work in the complex analytic 
setting or when we are interested in the twistor property of the P-modules. We set (Ajys, Dy,s) '■= (As, Dy) x S. 
Let TpY t s denote X y,s — > P m x S which is the composite of ipY x ids and the inclusion A 'a x S — > P m x S. 
We have the meromorphic function F 7j e := Py s( s )/vh,s( z 0 ) on ( Xy,Dy) x S. We obtain the 2?x E , s -modules 
L*(Fj,y, F>y,s) (* = *, 0 on Xy,s- Then, we have Tp^ s+ L i ,(F Jt Y, Dy,s) = 0 for i ^ 0 . In the algebraic case, 
we have s+ L*(F 7i s, Dy,s) — L+(A,S, 7). In the complex analytic setting, we adopt it as the definition, i.e., 
L+(A, S, 7) := Tfy s+ L it (F lt Y, F>y,s )• Let tty : Xy x S —> S denote the projection. Then, we have the following 
natural isomorphisms for * = *,!: 


7T£+-L*(F 7i £, F>y,s) — n+Li,(A, S, 7 ) (107) 

If we are given another desingularization (pY 1 ■ Xy< —> Xa, we can find a smooth fan E" and toric morphisms 
if 1 : Xy" —> Xy and if 2 ■ Xy" —> Xy> such that (pY°ifi = <£>£' 0 if 2 =■ T’Z"- We have natural isomorphisms 
(ifi x ids)+L*(P 7 l £",L)s",s) ^ (ifi x ids)+L*(P 7)S //, Dy»,s) — L*(F 7 l s, Dy,s)- We have similar isomorphisms 
for L+(F lt Y', F>y',s)- Hence, we have the following natural isomorphisms on P m x S: 

^s+L*(F 7iE ,£) Si s) — FY."+L*(F lt Y",F>Y",s) —~Fy'+L*(F 1 ,y i ,Dy’,s) 

In this sense, the P-modules L+(A, S, 7 ) are independent of the choice of a resolution. We also have the following 
natural isomorphisms: 


nh+L*(F~ fi Y, Dy,s) — 'nY"+F*(F~ f! Y", Dy",s) — ^Y'+F*(F^ t Y', Dy>, s) — 7 t\L+(A, S, 7 ) 


(108) 


Remark 6.2 Although it is convenient for us to take a toric desingularization Xy of Xa, we can also use any 
toric completion of T n for the study of tt 1 + L+(A, S, 7 ). Let Xy x be any n-dimensional smooth toric variety. 
We fix an inclusion T n C A^. The family of Laurent polynomials F 7 gives a meromorphic function F 7 ,y 1 on 
(Xy 1 ,s,F>y 1 ,s)- Then, we naturally have 7 r El+ L*(F 7iSl , D Sl ) ~ 7 r E+ L*(F 7jS , D E ) ~ w + L+(A, S, 7 ). I 

Let 7j : S — > H°( P m , 0(1)) (i = 1 , 2 ) be holomorphic maps. We give some conditions under which we have 
tt z + L+(A, S, 71) ~ 7r+L*(^l, S, 72). We have the T”-action on P m given by (ti,..., t n )[zo : ••• : z m ] = [t a °zo : 

■ ■ ■ : t am z m ]. For b £ T n , let mb denote the induced action on P m , and let ml denote the induced action on 
H°(¥ m , 0(1)). 
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Lemma 6.3 Suppose that there exists a holomorphic map n : S —> T n such that 71 = m* 72, i.e., 71 (x) = 
m* (x ) 7 2 (x) for any x £ S. Then, we have the natural isomorphisms 7t+L*(.4, S, 71) ~ L+(A, S, 72) for ★ = *,!. 
If 7 i and k are algebraic , f/ien we have the isomorphisms of algebraic T> -modules. 

Proof We have the isomorphism fh K : P m x S —> P m x S induced by k and the identity of S. We have an 
isomorphism rh K +L+(A, S, 71) ~ L+(A, S, 72). Applying 7r + , we obtain the desired isomorphisms. 1 

The following lemma is clear by construction. 

Lemma 6.4 Let p : S —> C be a holomorphic map such that 71 = 72 + p- zq. Then, we have the isomorphisms 
of the analytic V-modules L+{A, S, 71) ~ L+{A, S, 72). In particular, we have the isomorphisms of the analytic 
V-modules 7 t!|_L*(A, S, 71) ~ n+L+(A, S, 72). I 

6.1.3 Non-degenerate families of sections 

Let p\ : P m x S —» S be the projection. Let 7 : S —> 74°(P m ,C)pm(l)) be any holomorphic map. We have the 
expression 7(2;) = YYiLo Ti{ x ) z i- It determines a family of Laurent polynomials F^{x,t) = Y2iLo Ti{ x )t ai ■ 
For any face a of Conv(A U {0}), we consider the associated family of Laurent polynomials F 7 i(T (x, f) = 
Y2 a ecr Ti( x )t ai ■ We can regard it as a function on T n x S. Let dF 7jCr denote the exterior derivative of P 7i(T , 
which is a section of £Tf n xS- We use the following non-degeneracy condition which is a minor generalization of 
the classical non-degeneracy condition [321 ( see a l so n> ss) in the sense that we also consider the derivatives 
in the 5'-direction. 

Definition 6.5 7 is called non-degenerate at 00 for Xa if we have (F 7jCr ) _1 (0) D (dF 7)<7 ) _1 (0) = 0 for any face 
a of Conv(A U {0}) such that 0 0 cr. I 

The condition is equivalent to that the zero-divisors of F 7i<t are smooth and reduced for any face a of Conv(7lU 
{0}) such that 0 ^ a. We remark the following. 

Lemma 6.6 If a C Conv(_4 U {0}) and 0 ^ a, we have 0) D (d.F 7ff ) -1 (0) = 0 if and only if 

(dF^ a )-\0) = 0. 

Proof Under the assumption, there exists /? = (/3i,... , (3 n ) £ (Q") v such that (/?, af) = 1 for any £ 
I a . Because = (/?, af) ■ t a = t a , we have F~^( 0) D (dF 7i0 .) 1 (0). Hence, the condition 

J 7 ’“ct( 0) H (dF 7i<T ) _1 (0) = 0 is equivalent to that (dF 7it7 ) 1 (0) = 0. I 

Let us reword the condition. We have the section s 7 of the line bundle p*Gpm(l) such that s 7 |pm x r x \ = 
7(x) £ H°( P m , Opm(l)) for any x £ S. We set H 1 := s~ 1 (0) C P m x S. We also put := {zo = 0} C P m . 

Lemma 6.7 Let 7 : S —> H 0 (P m ,O(l)) be a morphism. For any face a of Conv(A U {0}), the following 
conditions are equivalent. 

• (F 7j<r ) _1 (0) (~l (dF lt<r )- 1 (0) = 0. 

• There exists an open neighbourhood U\ of x S in P m x S such that (i) £\U\ is smooth (ii) H 7 is 

transversal with X% x S . 

Proof Let Q £ X% be the point [zff : ■ ■ ■ : z^\ as in 36.1.11 By using the T n -action on A'^, we consider the 
map if : T n x S —> X a A x S given by if(t, x) = (t ■ Q , x). Take any zq £ I a • We have 

if*(s y )/if*(z io ) = 7 i{x)t a '~ ai ° =: G 7 , CT (f,x). 

dialer 

Then, the second condition holds if and only if (i) G 7t(T is not constantly 0, (ii) the divisor (G 7jfT ) = (F 7i<7 ) is 
smooth. It is equivalent to that (dF 7jCT ) _1 (0) flF“^(0) =0. I 

Corollary 6.8 7 is non-degenerate at 00 for Xa if and only if the following holds: 
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• There exists a neighbourhood U of Hoo x S in P m x S such that H 1 HU is a smooth hypersurface in U. 

• If a is a face o/Conv(_4 U {0}) such that 0 ^ a, then H 1 is transversal with X ^ x S'. 1 

The first condition in this corollary is trivial if the image of 7 does not contain 0 £ H° (¥ m , O (1)). The 
conditions particularly imply that ”/(U) (£_ C • zq for any open subset U C S. 

Let (ps '■ A'e —> X_4 be any toric desingularization. Let p s : X s —> P m be the composite of tp-£ and the 
inclusion X^ —> P m . 

Lemma 6.9 Let 7 : S —> H°( P m ,0(l)) be a holomorphic map which is non-degenerate at 00 for X4. Then, 
F 7i s is non-degenerate along D-% x S. We also have |(-F 7 i e)oo| = pf : 1 (H ao ) x S. 

Proof Let T p be a T n -orbit in contained in ^^(-^oo)- Note that p>y.(T p ) is contained in fl H^, and 
the morphism T p —> ps(T p ) is smooth. Let s := x ids. The restriction of tp^ s (s 7 ) to T p x S is not 0, 
and the 0-divisor of Tp^, s{ s i)\t p *s is smooth. Then, the claims of the lemma are easy to see. 1 

Any element s £ H°( P m , 0(1)) determines a morphism from the one-point set to P°(P m , 0(1)). 

Definition 6.10 We say that s is non-degenerate at 00 for X^ if 7 S is non-degenerate at 00 for X4 in the 
sense of Definition 16.51 I 

It is standard that there exist non-empty Zariski open subsets U C H°{ P m , Op^(l)) such that any s £ U is 
non-degenerate at 00 for X4. Let U^ e be the union of such open subsets. 


6.1.4 Basic examples of non-degenerate family of sections 


The following lemma is clear. 

Lemma 6.11 A holomorphic map 7 : S —> PT® is non-degenerate at 00 for X^\. 1 

Note that even if 7 : S —>■ H°( P m ,0(l)) is non-degenerate at 00 for X .4, the image of 7 is not necessarily 
contained in PT®. The following lemma is clear. 

Lemma 6.12 Let 7 : S —> fL 0 (P m ,O(l)) be a holomorphic map. Let <I> 7 : H 7 —> P m be the induced 
morphism, i.e., the composite of the inclusion H 7 —> P m x S and the projection P m x S —> P m . Suppose 
that Hj is a smooth hypersurface, and that any critical value of <f> 7 is not contained in X4 fl . Then, 7 is 
non-degenerate at 00 for X4. 1 


Example 6.13 We set W := {E^i a i z i} C P°(P m , 0(1)). 
non-degenerate at 00 for X^ for any A. 

Indeed, we set H L C (C m+1 \ {(0,..., 0)}) x W := |(zo, • 


Then, the inclusion t : W —> H 0 (P m ,O(l)) is 
..,z m ;aa m ) E^i a*2» = o}. Then, H, 


is clearly smooth. Because H L is the quotient of H L by the natural free C* -action, H L is also smooth. Let 
H l —> C m+1 \ {(0,..., 0)} be the projection. Then, the critical values are {(zo, 0,..., 0) | Zo £ C*}. Hence, the 
set of the critical values of : H L —> P m is {[1 : 0 : • • • : 0]}. Then, by Lemma |6.12l we obtain that l is 
non-degenerate. 1 


Set W* := {E™i a i z i | a i £ C*}. We have the action of T n on W* by t-(a 1,..., a m ) = (t ai ai,..., t am a m ). 
The action is free because A generates 1A. Let q : W* —> W*/T n be the projection. 


Lemma 6.14 Let 7 : S —> W* be any holomorphic map such that q o 7 is submersive. Then, 7 is non¬ 
degenerate at 00 for Xa. 

Proof Let er be any face of Conv(AU {0}) such that 0 fL a. Take any (P, x) £ P 7 C P m x S such that P £ XJ. 
We have P £ P 7 ( x ). Let A e := {z £ C | |z| < e} for e > 0. For any holomorphic map g : A e —> W*, we 
have the family of hyperplanes H g C P m x A e , and we obtain the induced map : H g —> P m . Because 
P ^ [1 : 0 : • • • : 0], we can find a holomorphic map go : A — W* such that (i) ga(0) = y(x), (ii) the tangent 

map of <J> go at (P, 0) is an isomorphism. For some 0 < e' < e, we can find holomorphic maps gi : A e / —> S and 

hi : A e / — >• T n such that (i) g\ (0) = x , (ii) hi(0) = 1, (iii) 7 o g±(x) = h\{x) • go{x) for x £ A e /. Then, it is 

easy to see that the tangent map of <h 7 at (P, x) is surjective. I 
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W* be any section of q. Then, the induced morphism r : W* /T" 


I 


Example 6.15 Let r : W*/T n 
is non-degenerate. 

6.1.5 P-modules associated to non-degenerate families of sections 

Let 7 : S —> H 0 (F m ,O( 1 )) be any holomorphic map. Suppose that 7 is non-degenerate at 00 for Xa- We 
have the (D-modules L*(A, S, 7) on P m x S. We set Hoo.s := Hoo x S. 

Lemma 6.16 We naturally have L+(A, 5 , 7 ){*H 00 t s) ~ L+(. 4 , S, 7) (* = *,!). 

Proof For a desingularization (/3s : Xs —> Xa, we obtain the F-modules A*(F 7i e, £>s,s)- Because F 7i e is 
non-degenerate along D-^g, we have 

£*(A -S,7)(*ff 00> s) — ^e i s + (l*(F 7iS ,D e ,s)(*(F 7i e)oo)) — — L it (A,S,'y). 

Thus, we are done. 1 

Let Ka,s,i and Ca,s,i denote the kernel and the cokernel of Li(„ 4 , 5 ,7) —>■ L*(A,S, 7). 

Corollary 6.17 We have ~ M for the V-modules M = Ka,s,"i, Ca,s,^, Amin(A S, 7). I 

Proposition 6.18 We have 77+M = 0 (z 7^ 0) /or the T>-modules 

M = L*(-4,5,7) (* = *, !),Lmin(A‘S',7))-^AS,73^AS , , 7 - 

Proof Let us prove 77+A* (-4, 5, 7) = 0 (i ^ 0). By using the duality, it is enough to prove that 77+A* (.4, S, 7) = 
0 for i > 0 and for *,!. By Lemma 16.161 we have ffl-K* (A*(A, S, 7) (8) flp m ) = 0 for any j > 0 and any i. By 
using the expression 

7) - (to£Zs /s ® L M, s, 7)) , 

we obtain the claim. 

Let us prove the vanishings for Ka,s,j, Ca,S,j and L m j n (A, S, 7). By Corollarv l6.17l we obtain ’k 1 + Ka,s,i = 0, 
7r+CU,S,7 = 0 and 77+A m i n (.4, S, 7) = 0 for i > 0. Let —7 : S —t F°(P m , 0(1)) denote the composite of 7 and 
the multiplication of —1 on 7L°(P m ,0(1)). We naturally have DI<A,S,-y — Ca ,S,- 7 , DCa,s,j — Ka,s,~ 7, and 
DL m , n (A, 5,7) ~ A m ; n (.A, S, — 7). Then, we obtain 77+A/4 i ,g i7 = 0, 77+CU,s )7 = 0 and 77+A m i n (.4, S, 7) = 0 for 
i < 0. I 

Corollary 6.19 The following are exact sequences: 

0 —* 77° K A ,s,-y — 17 T° L\{A, S, 7) —* 77+ A min (.A, S, 7) —* 0 

0 -> 77+ A min (.A, S, 7) -> 77° A* (A S, 7) -> 77+ C A ,S,J -■» 0 

In particular, 77+A m i n (A, S, 7) is isomorphic to the image of n+L\(A, S,t) —> 77+A*(A., S, 7). I 

Corollary 6.20 For cmy desingularization ps : Xe —► X^y we /iare 7r|.+ A*(F 7i e, Dy.,s) = 0 for » / 0. 1 

Corollary 6.21 Suppose that 7 satisfies the stronger condition that 7 (S) C Then, the D -modules 

77+A*(„4, S, 7), 71+L m i n (.A, S, 7), 77+1^4, s )7 and tt\_C a,S ,-y are locally free Os-modules with aflat connection. 

Proof We obtain the claims for 77+A*(.4, S, 7) from Corollary 12.181 and the isomorphisms (11071) . Then, the 
claims for the others follows. i 

Suppose moreover that 0 is an interior point of Conv(_4). In this case, we have A/.4, S, 7) ~ L min {A, S, 7) ~ 
L*(A,S, 7), which is denoted by L(A, S, 7). We have 77+A(.4, S, 7) = 0 for i ^ 0. For a desingularization 
ips : Xe —> Xa, we have the P-module A(Fe, 7 ) = A|(F 7i e, Dz,s) = A*(F 7i e, De,s). We have the following 
corollary as a special case. 
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Corollary 6.22 If 0 is an interior point of Conv(_4), we have tt ^, L(F 7 j e) = 0 for i ^ 0. We naturally have 
7r s+- Z '(- F 7,s) - k° + L{A, S, 7). I 

Example 6.23 The T>-modules associated to the non-degenerate section in Example 16.131 are called the GKZ- 
hypergeometric systems. The D-modules associated to the non-degenerate sections in Example 16.151 are called 
the reduced GKZ-hypergeometric systems. Note that it is independent of the choice of a section, according to 
Lemma 16.31 1 


6.1.6 De Rham complexes 

Let 7 : S —> H 0 (F m ,O(l)) be a holomorphic map which is non-degenerate at 00 for Xa- Take a toric 
desingularization : X-^ —> Xa- 

Proposition 6.24 If 0 is contained in the interior part of Conv(A), we have the following natural isomorphism 
for L(Fj^) = L](F lt x, Z?e,s) = L*(F 7 i d, De,s): 


7Te+(L(-P7,e)) ~ K n 7r E *(n_Y l , |g / S (*D Ej 5),d-|- dE 7 ,s) 

If 7 is algebraic, it means tt+(L(A, S, 7)) ~ R n 7r* (^» xS / S , d + dF~^. 

If 0 is a boundary point of Conv(„4U {0}), we have the following isomorphisms: 


(109) 


'E+ J 


_L*(F 7)S , £> Sj s) ~ K n 7r E * (fl^ s/s (logF s ,s)(*(F 7 i e)oo), d + dF Jt j^j (HO) 

7r i+^'i(^r,E)^s,s) — K n 7r E * (^x S|S /s(log^s,s)(-L>E,s)(*(F 7 ,E)oo),d + dF 7t ^ (111) 

Proof We immediately (11091) from L(F 7i e, D^,s) — (Ox StS (*Ds,s),d + dF 1} s). By applying the arguments 
in 1 )2.2.61 and 1 )2.2.71 we obtain (I110D and (11111) . I 

Let (pA '■ N-a —> Xa denote the normalization of Xa, which is the normal toric variety. Let us rewrite 
(11101) and (11111) in terms of Xa- We put Da '■= Xa \ T n . We also set Da ,00 '■= Tf\(XA D L/oo)- 

Let (log Da) denote the sheaf of logarithmic i-forms (Xa, Da) as in 0. Let 0^. ^ denote the sheaf of 

i-forms on Xa whose restrictions to each stratum of Da is 0 as in 0. Let ^J( A xS/S^ 0gDA ’S) and ^(X A ,D A )xS/S 
denote the pull back of f2*^(log£>^) and S2*^ p> A ) by the projection Xa x S —» Xa, respectively. 


Proposition 6.25 We have the following isomorphisms: 

■k° + L*(A, S, 7) ~ R”tt* (n^ xS/s (log Da,s)(*D a ,oo,s), d + dF. 

7t"L!(H, S, 7) ~ R n 7 T*(^lx A .D A )xS/s^*-^A,oo,s),d + dF- 
Proof According to 0 Lemma 6.1], we have 

% s *fi^ E (logD s ) ~ W‘x A (log D A )- 


( 112 ) 

(113) 

(114) 


For a smooth toric variety X s, we have D l Xs d s — (l°g D^)(— De). According to [5; Proposition 1.8], we 
have 

R<Pv.n* Cls (]ogDv)(-Dv) ~ ^ Xa ,d a - ( 115 ) 

Then, we obtain (I112D and (11131) from (II 101) and (11111) . I 

In the algebraic setting, we set X^ := Xa \ f?oo- Let <^ aff : X aff —> X aii denote the normalization. Let 
D:= X^ \ T n . We obtain the following similarly. 
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Proposition 6.26 We have the following isomorphisms: 


n+LfiA, S, 7) ~ K n 7r* (^af fg/s (log Dj ® g ), d + dF, 7 
7r° L\(A, S, 7) ~ M n 7r* {plx^ s ,D^ s )/s> d + dF -y) 


(116) 


(117) 


Remark 6.27 In the case of Examvle 16.131 by using Provosition IE. 41 we can describe (11161) and (1 1171) as the 
V-modules associated to better behaved GKZ-systems in [3] . 


6.2 Mixed twistor 22-modules 


6.2.1 Mixed twistor 27-modules associated to families of Laurent polynomials 

We use the notation in i l6.ll Let 7 : S —> 22°(P m , £7(1)) be a holomorphic map. We take a toric desingular- 
ization ipy, '■ -Xe —> Xa- Let d$ '■= dimS 1 . We have the integrable mixed twistor 27-modules L>s,s) 

(* = *,!) with real structure on X-% x S : 


T*{F lt s, Dy.,s) = {x i+ds C\(F^^, ^s,s), £» (L,^, fls.s), C* (L 7 i e, £>s,s)j ■ 
77(27,.,e, D-Z'S) = ^A” +ds £*(F 7i s, 27 e,s), C\(F 7t - s ,D- St s),C\(F 7t -E, Ds t s)^j ■ 


The weight filtration is denoted by W. The image of T\{A 1 S, 7) —> 77 ( A , S, 7) is denoted by T m in(A. S, 7). 

On P m x S , we obtain the lZp™ x s-modules £*(-4, 2;, 7 ) := </>e s+ £*(F 7 i s, D^ t s) and die integrable mixed 
twistor 27-modules with induced real structure T+(A, S, 7) := ^ F ^,s) : 


%(A,S, 7) = (A n+ds £, (A 5,7), £* ( A, S, 7), C* (A 5,7)) 

Ti(A, 5,7) = (A n+< ' s £ ( ,(f 7) D/,£i) l £!(f , 7) fl > i,ff) I C ! (A S',7)) 

Here, C*(A, S’, 7) (★=*,!) are obtained as the push-forward of C*(F 7 i e, 27s,5). They are twistor enhancement of 
L+(A, S, 7). As in the case of 27-modules ( 36.1.21) . they are independent of the choice of a toric desingularization. 
We also obtain integrable mixed twistor 27-modules with real structure irl (7*(A, S, 7)) (* = *,!) on S which 
are naturally isomorphic to (72(27^, D^,s)) ■ 

Remark 6.28 Let be any n-dimensional smooth toric variety with a fixed inclusion T n C X x^. We have 
the meromorphic function F 7) e 1 on (X-£ lt s, D^ lt s) associated to the family of Laurent polynomials 27y. We have 
the associated integrable mixed twistor 27 -modules 72(27^1^, £^Ei,s)- As in the case of V-modules, we naturally 
have tt^T^Fj^, 27 Sl ,s) ~ 7t\T*(A, S, 7). I 


6.2.2 Non-degenerate family of sections 

Let 7 : S —> 22° (P m , O pm (1)) be a holomorphic map which is non-degenerate at 00 for Xa- 
Proposition 6.29 We naturally have £*(A, S, 7)(*22 00 i s) — £*(-4, S, 7). 

Proof We obtain the claim by using the argument in Lemma [HUH] together with Corollary (3T2] and Proposition 

Ena ■ 

Let ICa,S ,7 and Ca,s,~/ denote the kernel and the cokernel of 7T {A, S, 7) — > 7 ~*(A, S , 7). 

Corollary 6.30 Let A4 be the 7 Zp™ x $-modules underlying 1 Ca,s,j! Ca,S,j or 77nin(»4, S, 7). Then, we have 
Af(*22 00 ,,g) — M. I 
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We obtain the following from Proposition 16.181 

Proposition 6.31 We have ix l + T = 0 (* / 0) for the integrahle mixed twistor T>-modules for T = T+(A, S, 7 ) 
— *; •) r 7rnin(-'‘l, S, 7)^ ^A,s, 7? and CA,S ,7• ® 

We obtain the following corollary. 

Corollary 6.32 We have the following exact sequences of integrable mixed twistor T>-modules on S: 

0 —» 7 t°/Cas >7 —* *\T\{A, S, 7 ) —> n+7^nm(A, S,^) —s> 0 

0 -* 7T°7^nin(v4, 5 , 7 ) -* 7T° T* {A, S, 7 ) -> 7T°C^,S i7 -■» 0 

As a result, the image of the morphism tt+T\(A, S, 7 ) —> w\.T*{A, S, 7 ) is naturally isomorphic to the integrable 
pure twistor V-module 7r® 7^ni n (A, <5,7)- Moreover, we have 

Gr™ +ds n°7\(A, S, 7) =* 7r°T mi „ (A, S , 7) ^ Grf +dg tt °T.(A, S, 7). 

I 

Corollary 6.33 For any desingularization ipY. : A's —> Xa, we have (7l{F-y^, Ps,s)j = 0 (i ^ 0). I 

6.2.3 Descriptions in terms of the de Rham complexes 

Let 7 : S —> U°(P m , C>pm(l)) be a morphism which is non-degenerate at 00 for A'^. We give descriptions of 
the 1Z- modules 7 r°£*(_ 4 , S, 7 ). We use the notation in 1)3.2.41 and 1)6.1.61 

Proposition 6.34 Take a toric desingularization 7 : A^ —> X^. If 0 is an interior point o/Conv(4), we 
have 

A OW.s)) - R"tt s * (n m Xs s/s (*Dx, S ), d + A- 1 dF T ,E) • 

If moreover 7 is algebraic, it means 7 r?(£(F 7 )) ~ K n 7 r* (fl r „ x>S / S , d + A _1 d.F 7 ). 

If 0 is a boundary point o/Conv(7lU {0}), we dave f/ie following natural isomorphisms: 

7T2t£*(P 7 l E, D s ,s) — ® I 1 77e* ^flA's, s /s(l°g^S,5 , )(*(-f 1 7,s)oo), d + A ~ 1 dF 1 ^ (118) 

7r st^!(d ;i 7 ,E,D s ,s) ~ R"7r s *^f)A S|S /s(logD Sj 5)(-D Sj s)(*(P 7iS ) 00 ), d + A _ 1 dP 7 i E^ (119) 

Proof They are the special cases of the isomorphisms given in 1 )3.2.41 1 

Let q : Ca x X 4 x S —> A 4 be the projection. Let s / S (log £>a,s) denote X~ l q*XV^^ (log F>X)- Let 
-Sa-'K, denote A * 'l* ‘' v..-,. n A ' 


Proposition 6.35 We have the following natural isomorphisms: 

7T°>C*(^4,.S', 7 ) ~ K”7T 4 .^fi*y AxS/s (log£)^ i s)(*£)^ i 00 > s),d+ A _ 1 dF 7 ) (120) 

77|£i(Al,S', 7 ) ~ M n 7r* ^D(Ya,£ | a)xS/s(*^^,oo.s)j d + A 1 dF^ s j (121) 

In the algebraic setting, we have the following isomorphisms: 

7 rf£,(d,5,7) ~ R"7r*(nya ffxS/s (logD^ s ),d + A-^^) (122) 

7 r°£! (Al, S, 7 ) ~ K n 7 r* ,Dj l ff)x 5 /S! d + A 1 dF 1 ^J (123) 

Proof We obtain the isomorphisms from Proposition 16 . 341 with the isomorphisms (11141) and (I115D . 1 
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Corollary 6.36 The image of the natural morphism 

R' l 7r* ,b‘f ! )x.s/Si d + £ 1 dF 1 'j !• M n 7r* Y^ff xS y S (log £>^ s ), d + A x dF^j (124) 

underlies a pure twistor V-module. 1 

Let C/™ s C R°(P m ,0(l)) be the open subset as in N6.1.3I Suppose that the image of 7 is contained in 
U^ s . In this case, 7 r°(£*(./l, 5, 7 )) are locally free 0c A xS-modules. Let 7 r°(£*(^ 4 , S, 7 )) be the dual as Oc x xS~ 
modules, which are naturally equipped with the meromorphic connection. They are naturally isomorphic to 
\~ ds S, 7 )) up to signatures. The real structure of n^TlfA, S, 7 ) gives 

4C, (AS, 7 ) ~ fDrf(\ n+d °C t (A,S,'y)) - \~ n ~ ds j* Dir® £*(A, S, 7 ) ~ A- n (jV°£*(.4,S,7)) V 

/_ # v \ V 

Corollary 6.37 n®C\ (A, S, 7 ) is naturally identified with A~ n j*R" 7 rJ%-aff xS/s (logiA^ f s ),d+A 1 dF 1 J . The 
image of the natural morphism 

A n j*M n n* (^xesi x s/s(l°g^ + A 1 dF^ > R ra 7 r* ^n^ff Xj g/g(l 0 g -D^ s ), d + A 1 dF J S j 

underlies an integrable pure twistor T>-module. I 

Remark 6.38 If S and 7 are as in Example 16.131 we can describe (U22|) and (112311 in terms of systems of 
differential equations as in 9E.21 1 

6.2.4 Graded polarizations 

Let A = {oq,..., a m } and a 0 := (0,..., 0). Let 7 : S —> _ff°(P m , 0(1)) be a morphism which is non-degenerate 
at 00 for X_ 4 . We obtain the family of Laurent polynomials 

m 

Fj(x,t) =^7 i{x)t ai 
*=0 

Take b £ Z" such that 0 is contained in the interior part of Conv(_4 U { 6 }). It gives a monomial t b . We 
shall observe that the mixed twistor 'D-modules 7 r?T(-A, S, 7 ) are equipped with graded sesqui-linear dualities 
depending on the choice of b. 

Let ips : Xs —> X 4 be a toric desingularization. We have the meromorphic function t\ on (Xe,De) 
induced by t b . We also have the meromorphic functions F 7j e and s on (-Xj^s, De,s) induced by F . 7 and t b . 

Lemma 6.39 Suppose that |(i^)o| H |(t|;)oo| = 0- Then, the other conditions in Lemma ?2.19\ are satisfied for 
g = P 7 ,e and f = t^ s . 

Proof By the non-degeneracy assumption on 7 , P 7i s is non-degenerate along De,s- We clearly have |(f|, s )o| U 
l( i s,s)oo| C £>s,s- It is enough to prove that De,s = |(*e,s)oo| u | (£ 7 , 2 ) 00 1- 

We set a m+ i := b and A := AU {o m+ i}. We set S := S x C T . We can naturally regard H°(P m+1 , 0(1)) = 
R°(P m ,0(l)) x (C • z m+ 1 ). We consider the morphism 7 := 7 x id : S —> H°(P m+1 , 0(1)). It is enough 
to prove that F^{x,r,t) = F 1 (x,t) + Ti s,s is non-degenerate at 00 for Xj. Let a be any face of Conv(Al). If 
b qL cr, then a is a face of Conv(„4 U {0}) such that 0 ^ a. Hence, we have (cLF 7 j(T ) - 1 (0) = (dF 7 i<T ) _ 1 (0) = 0 by 
applying Lemma 16.71 to A. If b £ < 7 , then d T F~ / CT = s is nowhere vanishing. Thus, we obtain the claim of the 
lemma. i 

We have the canonical polarization ((—l)" +ds , (—l) ra+ds ) on the pure twistor (D-module T(F lt s, 0s,s) of 
weight n + ds on Xe,s, which we denote by <S 7 ) s. By Lemma T6. 391 we have 

T*(F lt E, £>e,s) = T(F 7 ) e, d?E,s)[*( t s, S )oo]- 
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As explained in 34.2.11 we have the induced graded polarization <S’ 7 > j:[*(i|; 5 ) 00 ] on 7i(F 7) £, Ds t s), which we 
denote by <S 7 ,£,*,b- By Corollarv l5.31 Condition (A) holds for the projection 7 te and the mixed twistor 25-modules 
TK(F 7) £, Di: t s) with <S 7 i s,*,b, and we obtain the graded polarization [7T^|>S 7 ) s,*,b] on 7 T£+ 7 j((F 7 ,i:, D^ t s) — 
7 T| 7 jt(A, S', 7 ). We obtain the following lemma from Corollary 15.41 

Lemma 6.40 The graded polarizations [7r§i^«S 7 j s,*,b] on tt9T* {A, S, 7 ) are independent of the choice of a toric 
desingularization ip-£. We denote them by S+(A,S, 7 , 6 ). I 

If 0 is contained in the interior part of Conv(A), then 7 r? 7 j( (A, S, 7 ) is pure, and S+(A, S, 7 , b) is equal to 
7r°iS 7i s for any toric desingularization tps : X-z —> X 4 . 


6.2.5 The smooth part and the induced graded pairings 

Recall that we have the open subset U^ s in H° (P m , Op™ ( 1 )). (See 36.1.31 1 For any 7 : S —> H° (P m , Op™ (1)), 
we set S lee := 7 

Proposition 6.41 Let A4 be the IZs-modules underlying t^T for T = T X {A, S, 7 ) (* = *, !,min), anc ^ 

Ca,S,j- Then, A4|sre g is a locally free Oc x xS re « -module. In particular, the mixed twistor V-module 
comes from a graded polarizable variation of mixed twistor structure on S leg . It is admissible along S\ S lee . 


Proof It follows from Corollary 16.211 and the general property of mixed twistor 25-modules. 


I 


Corollary 6.42 The restriction of (11181) and (11191) to S reg are locally free Oc x xS Te «-modules. Equivalently, the 
restriction of (11201) . (11211) . (11221) and (11231) to S lee are locally free Oc x xS le ^-modules. The restriction of the 
image of (11241) to S res is also an Oc x xS™s -module. I 

Let 7 : S — > H° (P m , Op™ (1)) be a morphism which is non-degenerate at 00 for X Suppose that (i) 
S les 7 ^ 0, (ii) we are given a hypersurface Y which contains S\S leg . Take 6 £ Z" such that 0 is an interior point 
of Conv(A U {6}). We have the mixed twistor 25-modules tt®%,(A, S, 7 ) with the induced graded polarization 
<S*(A, S, 7 , b) on S. They are also equipped with the natural real structure. We set 

V*(AS, 7) “ 4C*(A,S, 7 )(*n 

We obtain the filtration W and the graded pairing P*(A, S, 7 , b) = (P*(A, S, 7 , b)k \ k £ Z) by the procedure 
in 3B.2.3I We explain it in this situation. The IZ- modules 7 r°£*(A, S, 7 ) are equipped with the filtration W 
underlying the weight filtration of n®T+{A, S , 7 ). We set 

W k V x (A,S, 7 ) := (w fc+ds 7 r°£*(A, 5 , 7 ))(*F) 

The polarization and the real structure of Gr^ dg it®%,(A, S, 7 ) induce a pairing P X (A,S, 7 )*, of weight k on 
Gr^" V*(A, S, 7 ). Thus, we obtain a graded pairing P*(A, S, 7 ) = (P*(A, S, 7 )*, | k £ Z) on (V*(A, 5, 7 ), W). In 
this way, we obtain mixed TEP-structures (V*(A, S, 7 ), W, P*(A, S, 7 )). 


6.2.6 Algebraicity 

Let Z be any smooth complex quasi-projective variety. An integrable mixed twistor 25-module (7~, W) on Z is 
called algebraic if the following holds: 

• Let Z be a smooth projective manifold with an open immersion Z —> Z. Then, there exists an integrable 
mixed twistor 25-module T 1 on Z such that T\ z = T- 

We also have the notion of the algebraicity of the underlying P-modules of integrable mixed twistor 25- 
modules. Let 25g xX z denote the sheaf of algebraic linear differential operators on Ca x Z. Let Q z denote the 
algebraic tangent sheaf of Z. Let p : C\ x Z —> Z denote the projection. Let IZ z C 25g^ xZ denote the sheaf 
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of subalgebras generated by A -p*Qz and A 2 d\ over Oc x xz- We say that an 7?..z-module M is algebraic if there 
exists an lZ a z -mod\Ae Xi a such that A4 is isomorphic to the analytification of A4 a . 

We naturally regard H° (P m , 0(1)) as a quasi-projective variety. Let 7 : S —> H° (lP m , 0(1)) be an algebraic 
morphism of smooth quasi-projective varieties. 

Proposition 6.43 

• The integrable mixed twistor V-modules T+(A, S, 7 ) and nlT+iA, S, 7 ) are algebraic. The underlying 1Z- 
modules of7l(A, S, 7 ) and nl7l(A, S,j) are algebraic. 

• For any toric desingularization ips : As —> the integrable mixed twistor V-modules 'T k {F lt Si -Ds,s) 

are algebraic. The underlying IZ-modules of T*(F Jt s, -Ds,s) are algebraic. 

Proof The claims for 70(F Tl S) -De,s) is clear. Then, we obtain the claims for the others by construction. 1 

6.3 Description as a specialization 

6.3.1 2?-modules 

Let A = {ai ,..., a m } C Z" be a finite subset which generates Z”. We take a m +i S Z” such that 0 is contained 
in Conv(Al), where A := AU {a m+ 1 }. Let us compare the 21-modules associated to A and A. 

We identify P m with the subspace of P m+1 determined by z m +i = 0. We naturally regard 22°(P m+ 1 ,0(1)) = 

H 0 (r,O(l))xC-z ra+1 . 

Let 7 : S —»• 22 °(P m , 0(1)) be a morphism which is non-degenerate at 00 for A^. We set S := S x C T . We 
have the induced map 7 = 7X id : S — 22°(P m+ 1 ,0(1)) given by 7(1, r) = '){x)-\-TZ m +i- Let tt : P m x S — S 
and 7 T : P m+1 x S —> S denote the projections. We have the following proposition on the associated 22-modules. 

Proposition 6.44 

• We have L*(A, S, 7 ) ~ L\(A, S, 7 ) ~ L m in(Al, S', 7 ). We also have n l + L+(A 7 S, 7 ) =0 for i ^ 0. 

• Let l : S —> S be the inclusion induced by {0} —> C. The kernel and the cokernel of the morphism 

7f+Zmin(A 5,7)(!t) -* 7T° L min (A, S,j)(*T) 

are naturally isomorphic to i+n+Lt^A, and i+tt'J.L* [A 1 S, 7 ), respectively. 

Proof Let ps ■ As —> X^ be a toric desingularization. We may assume to have a toric morphism ■ 

As —> A _4 which is a desingularization. For the meromorphic function / = t am+1 on As, we may assume 
l(/)o|n|(/)oo|=0. 

We have Fg~ = Fg n + Tt am+1 . We can check that the assumption in Lemma [2.191 is satisfied for F§ i7 
and t“ m+1 . (See H6.2.4I 1 Hence, we have the purity of Fg~ on (A s j, D s j). Let ffs : A s g —> S be the 
projection. By using Proposition 12.41 we obtain 7r| ]+ L(F j~, J5 S ^) = 0 for i / 0. Thus, we obtain the first 
claim of Proposition 16.441 

Let ii : A's,s —> A s g denote the inclusion induced by {0} —> C. According to Proposition 12.311 the 
kernel and the cokernel of the morphism L(F~ §)(\t) —> L(Fg j?)(*t) are naturally isomorphic to 

Ii + L\(F s<1 ,De,s) and (i+L*(Fs i 7 ,Ds,s), respectively. 

Let 7Ts : A's x S —> S be the projection. By Proposition l6.181 we have 7 t|,L*(Fs j7 , Ds,s) = 0 for i / 0. We 
also have the vanishing in the first claim. Then, we obtain the second claim of Proposition 16.441 1 

We have the canonical nilpotent map N on il> T 'k+ L*(A, S, 7 ) ~ ipAf+L\{A, S, 7 ) induced by tdt- 
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Corollary 6.45 We have the following commutative diagram: 

Ker N -» 


Tt 0 + L\fA,S,i) -> 7r°L*(^4,5,7). 

The lower horizontal arrow is the natural m.orphism. 

Proof It follows from Proposition 12.401 1 


6.3.2 Graded polarized mixed twistor 15-modules 

We continue to use the setting in 36.3.11 and we consider the associated mixed^twistor 15-modules. Let us show 
the relations between the mixed twistor 15-modules associated (.4, S , 7) and (A, S, 7), although we have already 
used it in 36.2.41 implicitly. 

Proposition 6.46 

• We have 7 1 ( 4 , S', 7) ~ T*(A, S, 7) ~ 7)nin(A, S, 7), and 7f|7)nm(A, S',7) = 0 for i ^ 0 . 

• Let IC(A, S, 7) and C(A, <7,7) denote the kernel and the cokernel of the following morphism of the mixed 
twistor T>-modules: 

S, 7) [!t] —> tt°7; ( 4 , S, 7) [*t] . 

Then, we have the following natural isomorphisms: 

/C( 4 , S, 7) ~ (, t 7r°7T(4, S, 7), C( 4 ,S,t) ~ t t 7r?T*(4,S,7) ®T(- 1 ). 

TTie isomorphisms are compatible with the real structures. 

Proof We obtain the first claim from Proposition 16.441 As in the proof of Proposition 16.441 by using the van¬ 
ishing of the cohomology in Proposition l6.311 and the first claim of this proposition, we obtain the isomorphisms 
from Proposition ^. 251 We can easily compare the real structures by using Proposition ^. 181 I 


On one hand, we have the graded polarizations 5 *( 4 , S, 7 , a m +i) on 7 r° 7 ^( 4 , S, 7 ) as explained in 36.2.41 
They induce graded sesqui-linear dualities on l^T\{A, S, 7 ) and t^%(A, S, 7 ) <8 T(— 1). On the other hand, 
as explained in 36.2.41 the pure twistor 15-nrodule 7r°7iiin(4, S, 7 ) is equipped with the induced polarization. It 
induces the graded polarizations Sk. and Sc of /C( 4 , S, 7 ) and C( 4 , S, 7 ), as explained in 34.2.11 
Proposition 6.47 The isomorphisms in Proposition 16.461 are compatible with the graded polarizations. 

Proof We use the notation in the proof of Proposition ^. 441 Let K.\ and C\ be the kernel and the cokernel of the 
morphism of the mixed twistor 15-modules 7[(-Py.E, D E g) — > 7i(Ty,E, Z5 S g). According to Proposition ^. 21 the 
isomorphisms /C 1 ~ ti-f -7 I(P 7 ,e, -De.s) and C\ ~ (-if%(P 7l E,-D e,s) are compatible with the graded sesqui-linear 
dualities. Then, the claims of the propositions follow from Corollary 14.101 and the construction of the graded 
polarizations. 1 


Let M : %j) T -s^T{A, S, 7 ) <8 W(—1,0) —» %f T -s^T(A, S, 7 ) <87/(0, —1) be the morphism given by the pair 
(~td t , -td t ). 

Corollary 6.48 We have the following commutative diagram: 

Ker(41) -> Cok(Al) <8 T(l) 


W ( 125 ) 

7t°7I(4, S, 7) -* t:°%(A, S, 7) 

The horizontal arrows are the natural morphisms. 

Proof Because if Cok(A/") and tf Ker(Af) are naturally isomorphic to C( 4 , S, 7) and /C( 4 , S, 7), we obtain the 
vertical isomorphisms in (11251) from Proposition l6.47l The commutativity of the diagram follows from Corollary 

16451 I 
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6.3.3 The induced mixed TEP-structures 

We set V := 7 t°C(A , S, 7 )(*r). Let AIV : ^.^(V) — > Vv.-aC^) be the morphism induced by A rd T . We restate 
the result in HB.3I in this situation. 

Assumption 6.49 V is regular singular along r = 0. There exists an open subset B in S such that is a 
locally free O c ^ x g{*T)-module. I 

We set B := i~ 1 (B) which is an open subset in S. Under the assumption Cok(AIV)| B is a locally free 
C^xs-module. We also have the pairing P A of weight n on V|g induced by the real structure and the 

polarization of n?T(A,S, 7 ). By the procedure in S IB.1.31 we have the weight filtration W ^ and the graded 
pairing (P~^ | k £ Z) on Cok(A7V)| B and Ker(AIV)| B . 

Note that Cok(AIV) is the underlying P-module of Cok(A/") ® T(l) ~ -k®T*(A, S, 7 ), i.e., Cok(AIV) is iso¬ 
morphic to 7 T|£*(A, S, 7 ). As explained in 1 16.2.5) we obtain the weight filtration W ^ and the graded pairing 
(P~^ fc | k £ Z) on Cok(A7V)| B from the real structure and the graded polarization of tt°T(A, 5, 7 ). Similarly, 
Ker(AIV) is the underlying P-module of Ker(A/") — tt°7\(A, S,j), i.e., Ker(AIV) is isomorphic to 7 T|£i(Al, 5, 7 ). 
As explained in 1 )6.2.51 we have the filtration and the graded pairing (P-^ | k £ Z) on Ker(AIV). 

Proposition 6.50 On Cok(AIV) and Ker(A N), we have = W^ and P^~\ = P~|_ for any k £ Z. 

Proof It follows from Proposition IB. 61 and the isomorphisms Cok(7V) ®T(1) ~ n®T*(A,S, 7 ) and Ker(J\f) ~ 
7 r° 7 T(Al, 5, 7 ) in Corollarv l6.481 I 


6.4 A regular singular case 

6.4.1 The P-modules 

Let A = {ai,... , a m } be as in 1 ) 6 . 1.11 Suppose that there exists a £ (Z n ) v such that a(oj) = 1 for any a* £ A. 
In [3], [30 and i6T|, the P-modules are described in terms of the Gauss-Manin connection for the relative 
cohomology groups of some families. We review it in the language of P-modules, which fits to the theory of 
mixed twistor P-modules. 

With an appropriate choice of a frame of Z™, we may assume that at = (bi , 1) £ Z n_1 x Z for each a,i £ A. 
Let B C Z n_1 denote the image of A via the projection of Z n_1 x Z — > Z" -1 . In other words, we have 
A = {(f>, 1) | b £ B}. For simplicity, we impose the following in this subsection. 

Assumption 6.51 We assume that B generates Z” _1 , and 0 is contained in the interior part o/Conv(P). 1 


Let Xb denote the closure of the image of the morphism if>B : T n 


{EUi a i Z i 


at £ cj C ff°(P m , 0(1)) = |E™o «»*»}• We use notation in D6.1.3I 


as in 1 )6.1.11 We set W := 


Lemma 6.52 Let 7 : S — > W be a morphism of complex manifolds. The following conditions are equivalent. 

• 7 is non-degenerate at 00 for Xa- 

• If 7 = E^i H z i, M ie family of Laurent polynomials P 7 ,g = EtLi Tit bi Conv (B)-regular in the sense 

that F“ b CT (0) (~l (dF- 1t B,cr)~ 1 ( 0) = 0 for any face a of Conv(B). 

Proof We have the family of Laurent polynomials P 7 = E 7 it ai associated to A and 7. For any face a of 
B, we have the face a (A) of A given by a (A) := {(1, c) | c £ er}. We have F 7j(T (./p = t n F 7 t B,cr and dF Jt<r ^ = 
tndF lt B,a+dt n F liB .a- We haveP“g iIT ( 0 ) = F~l^ A) ( 0 ) and (dF lta{A) )~ 1 ( 0 ) = F~^ a ( 0 ) D (dP 7i g !(T ) _1 ( 0 ). Then, 
the claim is clear. 1 
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Let 7 : S — > W be any holomorphic map. Let us study the 2?-modules L+(A, S, 7) and 7 dj_ (L*(_4, S , 7)) . It 
is convenient to consider a toric compactification which is different from that in i I 6 .ll We set X' B := Xg x P 1 
which is naturally a toric variety. We take a toric desingularization ip^ 0 : Xs 0 — > Xg. We naturally have a 
fan £q such that Xjv = Xs 0 x P 1 . We set (pz> '■= x id : Xjv —> X' B . Let Tp^, s denote the composite of 
x ids and the inclusion X' B S —> P m x P 1 x S. We have the meromorphic function on (Xjv ^ 

determined by the family of Laurent polynomials _F 7 . (See 1 16.1.21 for F 7 .) For * = *,!, we have the 27-modules 
L*{F 1 ^ o ,D- S ' otS ) on X E / )S . We set 

S , 7) := Ve' ,s + L*{F^v o , Dv 0 ,s) 

on P m x P 1 x S. It is easy to see that they are independent of the choice of a desingularization ps 0 np to 
natural isomorphisms. Let ng : P m xP'xS —► S and 7 Tjv : X^> g —> S denote the projections. We have the 
natural isomorphisms Tr B+ L' ir (B, S, 7) ~ 7 r|y + L*(.F 7 ) e', -Djvg) for * = *,!. 

Lemma 6.53 We have natural isomorphisms ir B , S, 7) ~ n l + L+(A, S,^). 

Proof We take a toric desingularization tp^ : X^ 1 —> XA- We may assume that we have a toric morphism 
p : A'sj —> Xv;^ which is birational. We have natural isomorphisms p+I/*(F 7 i e 1 , lt s) — L*(.F 7 l i", D^> s)- 
They induce the desired isomorphisms. i 

The family of Laurent polynomials X 7 is described as 

m 

Fy=t n f 7 , f 1 ■-'Y^ li t bi . 

i—1 


Let Zf C X Soi ,s' denote the zero set of / 7 . Suppose that 7 is non-degenerate at 00 for X^. As remarked in 
Lemma r6.52l the family of Laurent polynomials / 7 is Conv( 6 )-regular. According to Proposition 12.231 we have 


7 r°L*(A, 5, 7 ) 
7r“L,(A5,7) 


- 7r E', + L *( i 7,n’ jDs o.S) 
~ 7r E' + i !( i 7,S' ,DV 0 ,S) 


- 7 r E 0 +(C , -Y SoiS (!A/ 7 )(*D Eoj s)). 

- <+(Ox EoiS (*^)(!i3 Boi s)). 


(126) 

(127) 


We have tt| :o+ (C?x Eo , s (!Z/ 7 )(*.D Eoi s)) = 0 and tt|, o+ (C>x Eo , s (*A / 7 )(!D EoiS )) = 0 for i ± 0, which follow from 
7 r|, + L*(A, 5, 7 ) = 0 for * 7 ^ 0 . 

If moreover the image of 7 is contained in W fl the Pg-modules (11261) and (11271) are flat bundles on 
S. The fiber of (11261) over s £ S is the relative cohomology group H n ~ l {T n ~ l , ) with C-coefhcient, where 

T(s) i -De 0 \ ^A( s) )- 


Z° f 

J 7(s) 


:= Zf^ s) D T n ~\ The fiber of (MD over s e S is H n -\X^ 0 \ Z fn/ 


Remark 6.54 Under the identification Xjy = P* x Xs 0 , as remarked in 1 12.4.51 (I126D is also naturally isomor¬ 
phic to 7 T°,, o+ (O X ^ o> s{ lZ f-y+s)(* D -z0) ■ 1 


6.4.2 The mixed twistor 27-modules 

We continue to use the notation in 1 16.4.11 Suppose that 7 is non-degenerate at 00 for X^. We have the mixed 
twistor 27-modules 7j((-F 7) £', (* = *,!) on Xjv.s- We obtain the mixed twistor 27-modules on P m xP 1 x S: 

TUB , 5, 7 ) := Vv 0 ^T{F^ 0 ,Dv 0 ,s) 

They are independent of the choice of a toric desingularization 1 ps 0 : Xe 0 —> Xg. We have the natural 
isomorphisms n B ^Tf(B,S, , y) ~ tt^,| 7i(F 7 l s' 5 -De',s) (* = *, !)■ As in the case of 27-modules, we have the 
following. 

Lemma 6.55 We have natural isomorphisms n B ^7f (B, S, 7 ) ~ -jt1T+(A, S, 7 ) for * = *,!. I 
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Let C,(F^' 0 ,D^ S ) (* = *,!) be the ^-modules underlying T k {F 1 ^ Q ,D T ,^ s ) on X^s- Set £*(B,S, 7 ) := 
Ps ' 0 S]^~* (-^ 7 ,Sq 1 on P m xP'xS, which underlie n®Tf {B, S, 7 ). We consider the standard C*-action on 

P 1 given by a ■ [yo : yi] = [ayo : 3 / 1 ] • It induces C*-actions on X ^ 1 s and P m x P 1 x S. 

Lemma 6.56 The IZ-modules £+{13, S', 7 ) and ^(Fy^/ , D^' s) are C* -homogeneous. (See H3.6.1I for the notion 
of homogeneity.) 

Proof We consider the C*-action on T n given by a ■ (ti ,..., t n -i,t n ) = (ti,..., t n -i,at n ). It induces a In¬ 
action on X-z^s- We have a*F 1 ^ , 0 = a ■ F 1 ^ , 0 - By Proposition 13.281 the 72.-modules C+(F 1 : y' 0 , Ds' 0 ,s) are 
C*-homogeneous. Then, we obtain that C+{B,S, 7 ) are also C*-homogeneous. fi 

Let q& : P m xP'xS —P m x S and q ^ 0 : X^' 0} s —* X^ 0i s ^e the projections. 

Corollary 6.57 The IZ-modules <?Bf£*(B, S, 7 ) and gs 0 f£*(£ 7 ,Ej ) ! -Dx^.s) are C *-homogeneous for the trivial 
C *-actions on P m x S and A's 0 x S. Hence, qBfTf(B,S, r y) and <te 0 t7j)(-F 7 ,x" ,-D^g) come from mixed Hodge 
modules. In particular, the underlying T>-modules are equipped with the good filtrations such that the analytifi- 
cation of the Rees modules are isomorphic to q^C,\{B, S, 7 ) and gs 0 |£*(F 7 i sj i , £> 2 ^ 5 ). 

Proof Because q& and qs 0 are C*-equivariant, the first claim follows from Lemma 16.561 The second follows 
from Theorem 13.351 I 


Corollary 6.58 The IZ-modules tt^C'^(B, S, 7 ) ~ -k^., |£*(F 7 i s' , D^s) are C*- homogeneous for the trivial 
C* -actions on S. Hence, n^Tf(B, S, 7 ) come from mixed Hodge modules. In particular, the underlying V- 
modules are equipped with the good filtrations such that the analytification of the Rees modules are isomorphic 


to-K° m C\(B,S,i). I 

Proposition 6.59 Suppose that 7 : S —> W is non-degenerate at 00 for X^. Then, we have the following 
natural isomorphisms of the integrable mixed twistor V-modules compatible with the real structure: 

n°%(A,S,T) ^ 7 rO ot ((^o, S ( n + ^,-l))[!^/ 7 ][* J D S o,s]). (128) 

rfTi(A, 5,7) ~ 7r£ot((^ So .s( n + d s~ 1>°))[*^ /7 ][ !I) So,s])- (129) 

Proof We give an argument for (11281) . The other case is similar. According to Proposition 13.221 we have the 
isomorphism of the integrable mixed twistor (D-modules with real structure: 

^ ot r*(F 7iS&) D EJiS )~ {U XsO ' S (n-l + ds,0)®T(-l)){\Z f Jl*D?; o ,s}. (130) 

Thus, we obtain the following isomorphisms: 

7 ) ^ n^%(F^ 0 ,D^s) * < t (( W -**o.>- l + ds,0)®T(-l)){\Z f J*Dx o ,s]). (131) 

Thus, we obtain the claim of the proposition. 1 


Let M be the pure Hodge module on Xy 0 ,s of weight dim S + n— 1, corresponding to the constant sheaf. Let 
M(— 1) be the (—l)-th Tate twist of M. We obtain the mixed Hodge module 1)[!2’/ 7 ][*£ , e 0 ,s] which 

induces the mixed twistor V -module in the right hand side of (11281) . We also have the mixed Hodge module 
tt ° of M[*Z / 7 ][!D So , s ]. 

Corollary 6.60 The Hodge filtrations of TT^ o ^M(—l)[\Zf^][*D-Y 0 ,s\ and [*Zf y ] [!£>e 0 ,s] are equal to the 

good filtrations in Corollary 16.581 1 

Let i : Zf —> Xy 0: s be the inclusion of the complex manifolds. We have the following natural morphisms 
of integrable mixed twistor D -modules on S: 


s 0 ,s( n + d s - 1 , 0 )[*Z /t ][!D Soi s] AXf. 7Ts ot i t W Z/7 (n + 

ao 


1.-11 


“ 2 > ^0 7/ 

^Eof U X So , s 


(n + ds,-l)[\Zf y ][*D-z 0 ,s] (132) 
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Proposition 6.61 We have (n + ds — 1,-1) = Imai ® Kera 2 - We also have 


Gr n+ ds (*E 0 t W *so.s( n + d s - !, 0)[*^/,][!I>Eo,s]) - Imai 

- G^n+ds (4 ot Wx Boifl (n + d s , -1)[!^][^e 0 ,s]) (133) 

Proof According to Corollarv l6.32l the morphism 02 o ai induces an isomorphism of the weight (n + ds)-parts. 
Hence, we obtain Im(a 2 ) = Im(a 2 o 02 ), which implies the claims of the proposition. I 

6.4.3 Graded polarizations and induced pairings 

Let b = (0, —1) £ Z n_1 x Z. Note that 0 is contained in the interior part of Conv(A U {b}). 

Let 7 : S —> IP be a morphism which is non-degenerate at 00 for Xa- As explained in 8 16.2.41 we obtain 
graded polarizations <S*(A, S, 7 , b) of S, 7 ). Suppose moreover that the image of 7 is contained in 

W D U^ g . Then, V'(H, 5, 7 ) := D^' ot s) are locally free Oc^xS-modules. Let W denote the 

filtration of V*(B, 5, 7 ) underlying the weight filtration of f7*(-^7> E o > We set WfcV*(H, S, 7 ) := 

S, 7 ). Then, the polarization and the real structure of Gr^ +fe 7ijv Ds' 0 ,s) induce a 

pairing P% of weight k on Grj^ V*(H, 5, 7 ), as explained in 8 16.2.51 Let us give a description of the pairings Pk 
in the case ■*•=*. 

We have the following isomorphism: 

K(B, S') 7 ) - 7 r Eot c ’c>,xx So , s [!^/ 7 ][*-DEo,s] (!34) 

Note that 0 c x xa: So s [!^/ 7 ][*-De 0 ,s] is equipped with the filtration W which underlies the weight filtration of 
Wx So , s (n + ds, — 1 )[!^/ 7 ][*Hs 0 ,s]- By using the spectral sequence, we have the following complex 

n^GvZ +n+k+1 [\- l Oc x x So J.ZfJ*D^ s ]) ^ 

T'Eot Gr^ +n+fc (a _ 1 Ocxa- So , s ]}Zfy][*Dv 0 ,s]) ^ 

^Eot Gr^ +n+fe _ 1 ^A _1 C>cxx So , s [!^/ 7 ][*-DE 0 ,s]), (135) 

and the cohomology is isomorphic to Gr^ fc V((S, 5, 7 ). The real structure and the polarization of 

’’Sot Gr^ +n+fc Ux SotS (n + d s , [*L>e 0 ,s] 

induces a pairing V n +k of weight n + k on 7 r^ ot Gr^ +n+fc (a _ 1 C>cxa S oiS [!Z/ 7 ] [*-De 0 ,s]) ■ The pairing V n +k 
induces the following isomorphism: 

*v n+k : ^ ot Gr^ +n+fc (A- 1 Ocxx I!o , s [!^ 7 ][*i?E 0 ,s]) ^ A— fc 7r| ot Grf s+ „ +fc (A- 1 0 C xA Eo , s [!^/ 7 ][*iA So ,s]) V 
As the dual of (1135D . we have the following: 

4 ot Gi^+k-t (a _1 Ocxa Eo , s I'-Zf^D^s]) V ^ 

^Eot Gr^ +n+fc (a _ 1 Ocx As 0 ,s [^/ 7 ][*d?E 0 ,s]) 

^Eot Gr ^+n+Hl(^ 1 O CxAE 0 lS P2/ 7 ][*-Ds 0 ,s]) (136) 
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We obtain the subsheaf Ker fi k n Ker(aj£ o ®p n+k ) in Gl Y s +n+k (A 1 O C xX S0 ,s[ [ - z fy][* D s 0 ,s])- Condi¬ 
tion (A) for 7 T£ q and Ux So , s ( n + ds, —l)[lZf y ] [*Ds 0 ,s] with the graded polarization implies that the induced 
morphism 

Ker&nKerKo^J —► Grf +fc V t (B, S, 7 ) (137) 

is an epimorphism. The following proposition holds by the construction of P n +k- 

Proposition 6.62 The pull back of P n +k by (I137D is equal to the restriction ofV n +k to Ker/3fcnKer(o^o<i>^ ). 

" +fc I 

In the sense of Proposition l6.62l a description of the complex (11351) and the pairing V„+k gives a description 

of Pn+k ■ 

A Hodge theoretic description of the pairings We shall give a Hodge theoretic description of (11351) and 
Vn+k in the case where S' is a point. According to Proposition IB. 101 it is enough to consider the case where S 
is a point. 

To simplify the description, we denote / 7 by /, and the zero-set is denoted by Zf. We have the irreducible 
decomposition D So = UieA-^Eo,*- For 7 C A, we set D^ 0 j := Formally, £>x o ,0 := X So . Let 

li : Dy, 0 ,i —► Xs 0 be the inclusion. Let Zfj := Zf (~l -De 0 ,/ which are also smooth. Let Lz,,i denote the 
inclusion Zf+ —> Xs 0 . 

We set A (k) := {/ C A | |J| = A}. Let W be the filtration on A _1 OcxA' So ['Zf][*D-£ 0 +\ underlying the weight 
filtration of the mixed Hodge module Hx^ 0 (n, — l)[!Z/][*Ds 0 ]. We have the following natural isomorphism: 

Gr^ fc (A _1 C>cxA So [!^/][*7) Eo ]^ ~ 0 ij t (A~ fc C>cxD E(]|I )ffi 0 iz / ,/t(A _fc_1 Ocxz / , J ) 

/eA(fc-i) /eA(fe) 

Let F* be the Hodge filtration on H*(D^ 0 j) which is a decreasing filtration. We set FjH m (D^ 0 +) := 
F~oH m (D^ 0 j). Let R F H m (D^ 0 j) be the Rees module: 

R F H m (D SoJ ) = Y / F j H m (Dx 0 j)X = X~ j 

The associated dc>- mo dule is also denoted by the same notation. We have the following natural isomorphism: 

4 ot Grf +fc (a-^cxAs, [\Z f ] [*£> Eo ]) ~ 

0 \- k R F H n - k+ \D^ 0}I ) © 0 A - k - 1 R F H n - 2 - k+ \Z fJ ) (138) 

/eA(fc-i) /eA(fc) 

We obtain the complex (I135D by applying the Rees construction to the following exact sequence of pure Hodge 
structures: 

0 JT n - fc - 2 (£>B 0 )J )®Q(-fc-l)© 0 H n - 4 - k (Z fJ )®Q(-k-2)—> 

/eA(fc) ieA(fe+i) 

0 H n ~ k (D^ 0 j) ® Q(—fc) ® 0 H n ~ 2 ~ k (Z f j) <g> Q(—k — 1) —» 

leA(k-l) leA(k) 

0 H n ~ k+2 (Dx 0 , I )®Q(-k+l)(B 0 H n ~ k (Zfj) ® Q(—fc) (139) 

IeA(k-2) leA(k-l) 

Here, Q(*) denote the i-th Tate object in the category of Hodge structures. We can also obtain the complex 
(I139D by using the theory of mixed Hodge modules [57], or more explicitly by using the theory of mixed Hodge 
complexes (see pF2j). 
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We have the following pairings on Vi on H n 1 l J l (-De 0 ,/) and Vz f ,i on H n hi 2 (Zfj): 


/ i \n-l-|I| „ / i \n-z-p| „ 

Vl{aM = ( W^t) a6 ’ = (W=r) i 1 

For j G A, let Pi(f) be the pole order of / along Di. For any integer t, let e(£) := (—l)^h-i)/ 2 . We set 
Vi := e{n - |/| - 1 ) ■ p ^/)" 1 • P/, P Z/ ,j := e(n - 2 - |/|) • [] p l (f)~ 1 ■ V Zf ,i- 


n-2-\I\ 


ab. 


iGl 


i£l 


We have the pairing of weight n — |/| — 1 on R F H n hi 1 (-Ds 0 ,/) induced by Pj, and the pairing of weight 
n — |/| — 2 on R F H n ^ I ' [ ~ 2 {Zfj) induced by Vz,,i ■ The induced pairings are also denoted by Vi and V Z; j 
respectively. 

Proposition 6.63 We have V n +k - ® j gA (fc-i) Pi ® ©/eA(fc) Pz t ,i- 

Proof It follows from Proposition 14.171 and Proposition [B. 101 1 


6.5 Mixed TEP-structures on reduced GKZ-hypergeometric systems 

6.5.1 Preliminary 

As in 1)6.1.11 we consider A = {«!,..., a m } C IV which generates Z". We set IV 4 := TV and M A := Z m . Let 
ei,..., e m be the standard basis of M A . We have the surjective morphism "E A : M A —> N A . Let L .4 := KerS. 4 . 
We obtain the exact sequence 


0 -> L a 0 v > M a —- - -> N a - y 0 . 

H v 0 V 

By taking the dual, we obtain the exact sequence 0 —y yfv L.A. ^ q p or a finitely generated 

free abelian group A, we set Ac* := C* ®z A. We can naturally regard it as a complex algebraic variety or a 
complex manifold. Particularly, we set S A := L\ c ,. We have the natural surjection 0^ : M^ c , —y S A . 

We have the action p\ of N AC » on M% c „ induced by — ip. We also have the natural action p 0 of N AC , 
on itself by the multiplication. We can naturally regard 0^ : AI A c , —y S A as the quotient of the projection 
c , x Ma c* —► M a c* y i a the above actions of N ^ c ,. 

The identifications M A = T m and N A = TV induce the coordinate systems (wi,... ,w m ) on M\ c , and 
(f 1 ,..., t„) on N ^ c ,. We set C A := w i on ^a C* • The algebraic function F A = 1 Wit ai on c » x 

Mlc is N ac , -invariant, and G A is the descent of F A . Any splitting j A : L\ —y of 0^ induces an 
algebraic morphism 7 A : c „ —y M^ c ,, and we obtain id x 7,4 : N AC * x L\ c , —y N AC . x M AC .. The 

splitting 7_4 also gives an isomorphism M ^ ~ x L^, and hence c , ~ c , x L\ c ,. The pull back of 
F a by id x 7.4 is equal to G A under the identification. 

6.5.2 Mixed twistor P-modules and the induced mixed TEP-structures 

We naturally regard M^ c , = (C*) m = a i z i \ a i 7 ^ 0}, and c « = T n in £16.1.11 Let 7 A : L^ c , —y 

M a c* he the splitting as above. Note that it is non-degenerate at 00 for X A , as remarked in Example 16.151 
We obtain the following integrable mixed twistor T >-modules with real structure on S A : 

T Aa :=tt°%(A,S A 71a ) (* = *,!). 

The underlying V -modules are the reduced GKZ-hypergeometric systems. As in Lemma [6731 T Aa are indepen¬ 
dent of the choice of a splitting 7 . 4 . 

We set 7A,min := Tr°7niin(A, S A ,"f A ). By Corollary 16.321 it is isomorphic to the image of the natural 
morphism Ta,\ —y T A . Al and Gr^ Ta,* = Gr^ T A ,\ = GrJ^ T A , m in = 7yi, m in- If 0 is contained in the interior 
part of Conv(A), we have T A \ = T Aa = T A . m in- 
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We set Ca,* '■= £*(A, Sa, ja) and Va,* := tt^Ca,*- The 77-modules Va ,* underlie Ta,*- More precisely, Ta,* 
is expressed as a pair of 77- modules A m Va,\ and Va,* with the induced sesqui-linear pairing, and 734 ,! is expressed 
as a pair of 77-modules A m V_ 4 ,* and Va,\ with the induced sesqui-linear pairing. Let W denote the filtration of 
Va,* underlying the weight filtration of Ta,*- We set WuVa,* '■= Wk+n-mVA,*- Note dimSU = m — n. 

Let £_ 4 . m be the image of Ca.\ —> £-A,*, and set VU, m i n := ^CA.mm- It is naturally isomorphic to 

the image of Va,\ —> Va,* by Corollary 16.321 The 77-module V^, m ; n underlies Ta min- We have Gr^ Va,\ — 
Grf V A ,* * V A ,min- 

If 0 is an interior point of Conv(Al), then Ta* = Ta, min = Ta,\ is pure of weight m, and it is equipped 
with the canonical polarization. As explained in H6.2.41 even if 0 is not an interior point of Conv(A), we have 
the graded polarizations Sa,*a of Ta,* depending on the choice of b £ Z" such that 0 is an interior point of 
Conv(A U {b}). The weight m-part of Sa,*p are independent of b. 

Let S™ s := 1 a^{Ua S )- The restriction Va,*\s a b are locally free 0 CxxS ^ -modules. Take a hypersurface Y 
such that Y D Sa \ The real structure and the graded polarization of Ta,* induce graded pairing PA,*,b 
of (Va,*{*Y), W). In this way, we obtain mixed TEP-structures (Va,*{*Y), W, PA,*,b)- 

Remark 6.64 Let C[Ma] denote the group ring of Ma over C. We may naturally regard M ^ c » as the algebraic 
variety SpecC[M^]. Then, Ta,* algebraic in the sense of 1)6.2.61 I 

Remark 6.65 If 0 is contained in the interior part o/Conv(A), we shall often omit the subscripts *,! because 

T a , = Ta* = 734,mm- S 

6.5.3 Homogeneity 

Let ef ,..., denote the dual basis of M%. We have the morphism Z —> M)( given by 1 i—» D := YaL i e i- 
It induces a C*-action on M^ c „. By the composition Z —> —> L\, we obtain a C*-action on Sa- The 

map 0^ : M ^ c » —> Sa is C*-equivariant. For the C*-action, we have o*Ga = « ■ Ga for any a £ C*. 

We consider the action of C* on Ca given by the multiplication. For the diagonal C*-action on Ca x M ^ c », 
we have a*(A _ 1 G^) = A _ 1 Ga for any a £ C*. 

Lemma 6.66 The IZ-modules Va,* on Sa ore C* -homogeneous in the sense of ^3.6.11 

Proof Take any toric desingularization ipy : Xy —> Xa- We have the C*-action on Xy x Sa which is the 
extension of T n x Sa — M 4 c ,. For the action, we have a*(\~ 1 F JA ^) = A~ 1 F 1 a ,s- 

We set Y Xy x Sa and Dy := Dy x Sa- By Proposition 13.281 the 77-modules £+(F 1At y, Dy) are 
C*-homogeneous. Then, ~ r K^C x {F 1 A ^ 1 Dy) are also C*-homogeneous. It is easy to check that the 
C*-actions are independent of the choice of . I 

6.5.4 Variation of Hodge structure 

Let us consider the special case 0^(t>) = 0, i.e., the natural C*-action on Sa is trivial. By the general result in 
Theorem 13.351 we have the following. 

Proposition 6.67 If 0^(t)) = 0, then the integrable mixed twistor T>-modules Ta,* come from mixed WL-Hodge 
modules. I 

Remark 6.68 In particular, the underlying T>-modules of Ta,* ore regular singular. Note that the condition 
0^(o) = 0 is equivalent to the standard criterion for the GKZ-system to be regular singular. Indeed, we have 
0 ^ 4 ( 0 ) = 0 if and only if there exists a £ N _4 such that a(S_ 4 (ei)) = 1 (i = 1,..., m). If 0^(t)) = 0, we have 
a £ Nsuch that S^(a)(t>), and hence we have (a, S^(ej)) = (3^(a), ef) = (d ,ef) = 1. Conversely, suppose 
that there exists a £ N 4 such that a(S^(ej)) = 1. Because (S^(a),ej) = 1, we have S^(a) = 0 . I 

Corollary 6.69 Ta. comes from a graded polarizable variation of mixed Hodge structure on S^ 6 ■ For any 
algebraic embedding S r ^ s C Z, the graded polarizable variation of mixed Hodge structure is admissible along 

z\sT- 

Proof It follows from the algebraicity in Proposition 16.431 and a general property of mixed twistor 27-modules. 

I 
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6.5.5 Appendix: Comparison with the construction of Reichelt-Sevenheck 

As in i jD.21 we set V := H° (P m ,0(1)). Let Z C P m x V be the O-set of the universal section of Op™ ( 1 ) IEI Oy . We 
decompose V = VixV 2 , where H := {oo-^o | «o € C} and V 2 := a i z i | c*i £ C}. We identify V 2 = C. 

We have the splitting 7 a '■ Sa = F\ 0 C* —> M ^ 0 C* C V 2 . We obtain id xy _4 : V\ x Sa —> V) x V 2 . Let Za 
be the hber product of Z and Hi x Sa over V\ xV 2 . We have the naturally induced morphisms q\ : Za —> P m 
and q 2 : Za —> Hi x Sa- 

Recall that we have the morphism ipA '■ T n —> P m induced by A. Let U := ipA(T n ). We set Za,u 
Za Xp» U. Let iz AiU '■ %A,u —> P” 1 x (Hi x Sa) be the inclusion. 

Let us consider the pure Hodge module (Oz AiU , F) and the mixed Hodge modules iz AtU * {Oz AtU ,F) (*=*,!) 
as in TO. 2. 31 Let M IC (Za.u) denote the image of the morphism iz AtU \{Oz AtU , F) —> i z A , u *(Oz A , u , F). 
Let 7 tv 1 xS a ■ P m x (Hi x Sa) —> Hi x Sa be the projection. Then, we obtain the mixed Hodge modules 
7 T v 1 xS A ^z AtU *(Oz A , u ,F) (* =!,*) and 71 ^ xSa ^-M ic {Z a ,u)- By applying the procedure in IP.l.lj we obtain 
the following Ttg^-modules: 

Go FL^ {n^s^iz^AOz ^, F )), G 0 FL^ {^ Sa] M ic {Z A ,u)) ■ 

Proposition 6.70 We have isomorphisms of IZx-modules: 

A • V 4 * ~ Go FL^ {A^s^z^Oz^ , F)) 

We also have the following commutative diagram: 

A • Ha! G 0 FLg^ {' k v 1 x Sa A Za ’U'-{Oz a ,u , F)) 

A • Va* —^ G 0 FL 1 ^(4 iX ^ t ^ [/ *(G z ^ [/ ,F)) 

Proof We can obtain the claim from Proposition IP.61 bv using the non-characteristic pull back. We can also 
prove it directly by the argument in the proof of Proposition IP.6l 1 

Corollary 6.71 We naturally have A • Va.oi in — GoFL 1 ^ Kxs.f M ic (Za,u))- 

Proof Reichelt-Sevenheck proved that Go FL^ ( 71 ^ xSa ^M ic (Za,u)) is naturally isomorphic to the image of 
G oFL^(7r Vix.s a ^z a ,u'-(Pz a , u ,F)) —» Gp FLg° ( 7 xSA ^z At U *{Pz A , v , F)). As mentioned in Sj6A2J VU min is 
naturally isomorphic to the image of V .41 —> Va* by Corollarv l6.32l Hence, we have the desired isomorphism. 

I 


7 Quantum P-modules 


7.1 Some mixed twistor D-modules in mirror symmetry 

7.1.1 Toric data 


Let X be an n-dimensional smooth weak Fano toric variety. Let E be a fan of X. Let E(l) = {p \,..., p m } 
denote the set of the 1-dimensional cones in E. Let [pf\ £ Z™ be the primitive generator of p t fl Z n . 

Let Kx denote the canonical bundle of X. Let Cj (j = l,...,r) be nef line bundles on X such that 
( K x 0 0 '_1 Cj) V is nef. We may assume that Cj = 0(ffT ™ =1 PjiDf) {j = 1,... ,r) for some /3ji £ Z> 0 , where 
Di are the hypersurfaces corresponding to the cones pi . Let Z n+r = Z n ®Z r . Let n\,...,n r denote the standard 
basis of Z r . We set a, eZ"©Z r as follows: 

f \Pi\ + Ej=l Pji n 3 (* = 1) ■ • • j m), 

\ rii-m (i = m + l,...,m + r). 

We put A := {ai,... ,a r+m }. We also set a r+m+ 1 := — Y^j-i n .i and A := AU {a r+m+ 1 }. Note that 0 is 
contained in the interior part of the convex hull of Conv(A). (We shall use A in 1 17.21 1 
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7.1.2 72-modules with filtration and graded pairing associated to A 

Applying the construction in d6.51 we obtain the integrable mixed twistor 27-modules 7~a,* (* = *,!) with real 
structure on Sa- They are equipped with the graded polarization S A,*,a r+m+1 ■ Let Va ,* denote their underlying 
72-modules. They are C*-homogeneous as in £16.5.31 By the procedure in £ ]B.2.2|[B.2.3I we obtain the filtration 
W and the graded pairing ( Pa,*, 1 c | k € Z) on 

We apply the same construction to Ta ,* ® T(n + r ). Let 93^* be the underlying 72.-modules. They are 
C*-homogeneous. The restriction 93_4 is equipped with the filtration W and the graded pairings ^a,* = 
| k £ Z). Thus, we obtain mixed TEP-structures W,*#a,*) on Sa S - 

By construction, we have 73a,* = A" +r VU,* and M / a- 93_4 * = X n+r W k+ 2 ( n +r) VU,+ - We have Grjf 93 . 4 ,* = 
X n+r Gr^. 2(n+r) Va,*- The graded pairings on G 17 93 A *(*A) = Gr^ 2(n+r) V. 4 ,*(*A) are equal. 

7.1.3 Expression as the systems of differential equations 

Let [zq : ••• : z m+r \ be the homogeneous coordinate system on P m+r . We set W := onZi] C 

ff 0 (r +r , 0(1)) =M]®C. The splitting S A = L\® C* —> C* induces a morphism 7.4 : S —» W. 

We set W reg :=Wn U^ g . We have 7 ^(^ s ) C W reg . 

We use the notation in £|E] By applying the construction in ^E.2.11 to A = {ai,..., a m+r } C Z n+r with 
(3 = 0 e C” +r , we obtain the 72c»>»+r-modules A1 GKZ (.4, K(A), 0) and A1 GKZ (.4, K(A)°, 0) on W = C m+r = 

{(or,. - ■, U m _|_ r )}. 

We have the induced morphism id X 7.4 : Ca x S —» Ca x W reg . The restrictions of A4 GKZ (Al, K(A), 0) 
and A4 gk2 (A, K(A)°, 0 ) to W reg give locally free C?cxw pa * -modules. We take the pull back of them by id x 7 a 
as ©-modules. Then, (id X 7 _ 4 )*_M GKZ (Al, K{A), 0) and (id X 7 ^)*Al GKZ (Al, K(A)°, 0) are naturally equipped 
with the meromorphic flat connection with which they are 72s^s-modules. 

Theorem 7.1 We have the following commutative diagram. 

A"(id x 7 ^)*Af GKZ (Al, K(A)°, 0) —=-► A- r 93^ 

I 1 

A"(id x 7 _ 4 )*Al GKZ (Al, K(A), 0 ) —=-»• A“ r 93^* 

Proof By Proposition 16.351 and Proposition IE.61 we obtain the following commutative diagram: 

(id x 7 ^)*A1 gkz (AI, K(A)°, 0 ) —=—>■ V A \ 

1 1 < 140 > 

(idx lA )*M GKZ (A,K(A),0) V A * 

Then, we obtain the claim of the theorem by construction. 1 

According to [45], we have K(A) = Z>oA and K(A)° = K(A) + a n+i- We set C\ = X)I=i a n+i- Let 
I [A, 0) and I{A, —Ci) be the left ideals of IZw given as in 9E.2.3I As remarked in £1E.2.3I we have the following 


commutative diagram on W = C m+r : 


M gkz {A,K(A)°, 0) - 
I 

-> IZ-w /33{A, ci) 

I 

1 

M gkz {A,K(A),0) - 

1 

-> TZw jX{A, 0 ) 


Here, the right vertical arrow is induced by the multiplication of J(['_ 1 (A9 m +i). 
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7.1.4 Relation with quantum 2?-modules of complete intersections (Appendix) 

Inspired by the work of E. Mann and T. Mignon [34], Reichelt and Sevenheck j45j constructed the 1Z -modules 
oand on W\{0} in terms of the differential systems. (See [35] for the precise definition of the 

7?.-modules. But, we remark the commutativity (11411) below.) See j33j and [35j for the precise relation of the Til- 
modules and the reduced quantum 12-module of complete intersection of general sections of (i = 1,..., r). By 
formal computations, we can obtain the following commutative diagram on (C*) m+r = {(op,..., a m + r ) | o 7 ^ 

(A n K w /l{A-ci\ c . )m+r 

1 _ 1 ( 141 ) 

(A"%/l(A0)) |(cr+r 

The vertical arrows are the natural morpliisms. 


Corollary 7.2 We have the following commutative diagram: 


x- r w M {idxiAr (*rf^m m+ j 

1 h 

A(idx 7 ^)*(^-gfi +r ) 

In particular, the 1Z-modules (id xy^)* (oA/ r j[J’^?j m+r ) and (id X 7 .a)* underlie mixed twistor V- 

modules, and thelmai underlies a pure twistor 22 -module. i 


Remark 7.3 In [45] . Reichelt and Sevenheck constructed IZ-modules by using the partial Fourier-Laplace trans¬ 
form of GKZ-hypergeometric systems and the Brieskorn lattices associated to the^ Hodge filtrations of the 
GKZ-hypergeometric systems. They conjectured in [35) Conjecture 6.13] that the IZ-modules are isomorphic 
to (idx 7 ^)*(2j\^j’^ m+r ) and (id x 7 ^)* (SA4^°’^ +r ). 

In 3Dl we review their construction of IZ-modules. In Provosition ID.61 we compare their IZ-modules with the 
underlying IZ-modules of mixed twistor T>-modules in a general setting. See also Provosition 16.701 So, Theorem 
P also verifies their conjecture. Reichelt and Sevenheck also verified their conjecture @5] in a different way. I 


Remark 7.4 In the first version of this preprint, we used some results in [45| for the comparison with some 
IZ-modules associated to differential systems, which required us to go a roundabout way with careful comparison 
of dualities. In the second version, as explained [Q3 we give a direct comparison of IZ-modules associated to 
differential systems and IZ-modules underlying mixed twistor 'D-modules. Hence, the argument is made more 
transparent. I 


7.2 Description as a specialization 

This subsection is the continuation of 37.1.11 37.1.21 and it is the preparation for Theorem 17.341 
7.2.1 The Til-module with pairing associated to A 

Applying the construction in 36.51 we obtain the integrable pure twistor 72-module Tj on S j. Let V j denote the 
underlying 7?.-module which is C*-homogeneous. We have the filtration W and the graded pairing Pj induced 
by the real structure and the graded polarization on V'jp In this case, W is pure of weight n + r. 

We apply the same construction to Tj (g> T(n + r). We obtain the underlying 7?.-module 23 j on Sj which 
is C*-homogeneous. The restriction TL^ s re g is equipped with the filtration W which is pure of weight —n — r, 
and the pairing of weight — n — r. In other words, we obtain a TEP(?r + 7')-structure (23_j, s re g ,ip^). By 
construction, we have 23^ = X n+r Vj, and Pj = on V^(*A) = 2}_^-(*A). 
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7.2.2 Relation of 5 Ja and 53 a 

We_set Sa '■= Sa x C r . Applying^the construction in 8]6.3I we obtain the integrable pure twister 25-module 
T(-4, Sa,Ta) and the underlying Til-module C(A, Sa,Ta) ° n P m + r+1 x Sa- Let tt : p m + r + 1 x Sa —> Sa be 
the projection. We set 53 a : = X n+r n® C(A, Sa,7a){* t )- It is equipped with the pairing 0 a of weight — n — r 
as in the case of 8 17.2.11 

Lemma 7.5 We can naturally identify S^ with Sa x C* C Sa under which 53_a|s^ = ^a- I n other words, 
53a is a meromorphic extension of 53_^ on Sa- We also have the C *-action on Sa for which the inclusions 
Sa — Sa x {0} C Sa and Sj —> Sa ore equivariant. 

Proof We use the notation in 8 16.51 We naturally have M^ = Ma © Ze m + r +± and TVjj = Na- The natural 
inclusion Ma —> induces La —> L and hence VL —y Lf^. 

We also consider Mx '■= Z m and Nx '■= Z" and a morphism ©x : Mx —> Nx determined by ©x(ei) = [pi\, 
where the tuple ei,..., e m is the standard basis of Mx, and [pi] are as in 8 17.1.11 Let Lx be the kernel of ©x- 
The projections Mj —► Mx and TV j —> Nx induces Lj —y Lx- It is well known and easy that the composite 
of La —> L ^ —y Lx is an isomorphism. 

Let T denote the image of by M~ —y L^~. Then, T is the frame of the kernel of LF~ —y L\. Hence, 

LL is the direct sum of the image of L\ and ZT. The direct sum induces 

S~ = L V j® C* = (La ® C*) x C* = S A x C*. 

We may assume that the splitting kj : L?~ —y M~ is given by the direct sum of ka ■ ^a —^ ^A an d 
ZT >• 'Lef n+r+1 . Then, we have F lA {x,r,t) = F 1A {x,t) + T t a ™-+ r + 1 . Then, by the construction of 7 a, we 
have 7 . 4 |s^ = 7 a- We obtain T(A, SA,'yA)\p m xS A = T(A, Sj, an d Lence 53 a|s^ = 53^- The claim on the 
C*-action is also easy to see. I 

Recall the following due to Reichelt-Sevenheck who proved it in a more general situation. 

Proposition 7.6 ([44]) 53a Is regular along r. I 

Lemma 7.7 We consider the morphism A N : t/> t ,_,553a —>• tpr.-s^A, where N is induced by rd T . 

• The kernel and the cokernel of XN are isomorphic to 53a,! and 53a,* respectively. 

• Let W(N) denote the weight filtration of XN on ^> t ,_<553a- The induced filtrations on Ker(ATV) and 
Cok(AiV) are also denoted by W(N). Then, 

W(TV) fc (Cok(ATV)) ~ H4_„_ r (53A,*) 

W (TV)fe(Ker(ATV)) ~ W fc _ n _ r (53Aj) 

Proof The first follows from the isomorphisms in Corollary 16.481 and the constructions of 53 a and 53 a- The 
second also follows from the isomorphisms in Corollary 16.481 the comparison of the filtrations W (TV) and W on 
tfr-siT), and the constructions of the filtrations W. 1 

Let B be any open set in Sa such that 53 a is locally free O c ^ x jj(*r)-module, and regular singular along 
r = 0. The polarization and the real structure of n®T{A, Sa, 7a) induce a pairing *Pa of weight —n — r on 53 a |§■ 
We clearly have ^a|b\{t=o} = ^A|b\{t=o}- We obtain the induced graded pairing sp t (8Pa) on (Cok(ATV), W) 
by the procedure in 8 Q3.1.3I We also have sp t (0a) ° n (Ker(AJV), W). 

Lemma 7.8 We have sp r (tPA) = fp a,* under the isomorphism (Cok(AiV), W) ~ (53a*, W). We also have 
sp r (*P a) = 8Pa,! under the isomorphism (Ker(A N),W) ~ (53a!,W). 

Proof It follows from Proposition 16.501 1 
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7.2.3 Cylindrical ends 

We set Y := ¥(Ox © ®’ =1 Cj) with the projection tt : Y — X. It is the projective completion of the 
vector bundle ®1 =1 ■ Recall that Y is also weak Fano. Indeed, for the canonical bundle Ky of Y, we have 

Ky = 7r *(Ky © (8)[=i A) V ® Oy{ l)®( r+1 ). By the assumption, tt*(Kx © ®[ =1 A) v is nef. Because are nef 
line bundles on a toric variety, they are globally generated. Then, it is easy to see that Oy( 1) is also globally 
generated. In particular, it is nef. As a result, Ky is nef. 

We have the natural nrorphisms: 

tv , rv , TV 

L x > L,~ y L a 

H 2 (X, Z) — - *-> H 2 (Y, Z) - l ° - > H 2 (X, Z) 

We take a frame 771 ,... ,rje of H 2 (X, Z) such that each rg is the first Chern class of a nef line bundle. Let 
t)i +1 G H 2 (Y,7j) be the first Chern class of the tautological line bundle 0(1) of Y over X. By the assumption 
on the line bundles Cj, r]e + 1 is also a nef class. The tuple 771 ,... ,rje+i gives a frame of H 2 (Y,Z). Let € L\ 
be the elements corresponding to 77 *. We have = T. 

The tuple £i,...,& gives a frame of L\. It gives a coordinate system [x \,..., xf) on S A with which 

5.4 ~ (C*) f . Similarly, the tuple £ 1 ,..., ^+1 gives a frame of TX~. It gives a coordinate system (aq,..., aq+i) on 
Sr with which Sj ~ (C*)^ +1 . We have r = xg+i under the identification in Lemma [7.51 Recall the following 
due to Iritani. 

Lemma 7.9 ( [2lj ) There exists e > 0 such that the following holds: 

• B a = {(aq,..., xi+i) | 0 < \xi\ < e (i = 1,... ,1 + 1)} is contained in S T j S . 

• B a = {(aq,... ,xe) | 0 < \xi\ <e (i = l, is contained in S A s - 

Proof The hrst claim is proved in El Appendix Al]. Let a be a face of Conv(A U {0}) such that 0 is not 
contained in er. Then, a is a face of Conv(A). We have the equality F 1A ^ = F-y-, a , and F 1A ^ does not contain 
X£+i. Hence, the second claim follows. I 

We consider the following subset B A in S A - 

B a = {.. .,x t +i) | 0 < |aq| < e (i = 1,... ,£), \x e+1 \ < e} 

The restriction of %Ja\b a is a locally free 0c x xB^(*£t+i)-module, and it is regular along xi+\. 

7.2.4 Coverings 

We set &a := C © L\. The exponential map C —> C* induces the covering map \A '■ ®A —> S 4 . We 
obtain an Til-module X*a^A* equipped with the filtration x*aW on &A- The restriction to & A e := Xa (‘‘L 4 8 ) 
are equipped with graded pairings x*a$a*- 

We set &a := C © LX. By the decomposition LY = © ZT in the proof of Lemma 17751 we naturally have 

&a — & A x C. The map XA and the identity on C induces xa '■ &A —> &A- 

Take a frame £ 1 ,..., & of L\ and an open subset Ba as in 1 )7.2.31 The restriction of Xa^A to Xa(Ba) is 
equipped with the pairing Xa^a of weight — n — r. 

Lemma 7.10 The restriction of the mixed TEP-structure X*a{^A*\S r X & ^^A*) to Xa (Ba) (* = *>•) are 
obtained from Xa(^AiVa)\b x by the procedure in l)B.1.3l I 
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7.2.5 Logarithmic extension and endomorphisms of 03^ 

This is the continuation of £17.2.31 Let us recall the explicit description of the logarithmic extension of 23_^ due 
to Reichelt and Sevenheck in [33]. See [33! for more details. We also give an easy remark on uniqueness of 
automorphisms, although it is also essentially implied in [331 . 

Let Bj be as in Lemma I7U1 We set 

B a := {( Xl >' • • | \ x i\ < e (i = 1, ...,£+ 1 )}. 

First, the following holds. 

Proposition 7.11 (§3.2 of [44]) There exists a locally free 0 CxX - B -module £2^ with an isomorphism 

— ^A\b a 

such that the following holds: 

• The meromorphic flat connection V o/2Jjn s gives a meromorphic flat connection V s3 x of which is 
logarithmic along {xi = 0 } (i = 1, ...,£+ 1). 

• The residues Res a;i (V !;j ^)|c x x{o} are nilpotent. 

Such is unique up to canonical isomorphisms. 1 

They considered the residual connection on E := x {o} ■ They give a quite explicit description of 

the meromorphic flat bundle (E, V E ). Let 2V) : E — y X~ r E {i = 1 ,... ,1 + 1 ) denote Res Xi (V°x)|c AX {o}- We 
have the fundamental vector fields 0 = kiXid Xi of the C*-action on Sj (see £ 16.5.31) . Note that for the 

C*-homogeneity of 23_^, the fundamental vector field of the C*-action on Ca x Sj is Xd\ + 0 . Let us consider the 
C-homomorphism L : E —> E given by V B ( Xd\) + Because [L, AJ] = 0, we have [L, XNf\ = XN t . 

For the following proposition, and more detailed description in terms of the cohomology group of Y, see Lemma 
3.8 and its proof in [33] , 

Proposition 7.12 (§3.2 of [44]) There exists a frame u \,..., w ra nk e for which we have the following: 

• L{uj) = CjUj for Cj € Z. 

• We have ci < Ci (i ^ 1). 

• We have NiUj = a \.j u k for some ajb € Z. In particular, Sym^®^ C N^j acts on F := Ciq. 

• The map Sym^®£t* CiVj) —» F given by P(Ni ,..., W+i) 1 —» P(Ni ,..., W+i)wi is surjective. I 

By the first property in Proposition 17. 121 we have the C*-action on E which induces L. As a result, we have 
a vector space H with an increasing filtration F indexed by integers such that the C*-equivariant bundle E is 
isomorphic to the analytification of the Rees module of ( H,F ). Let do := min {ci | Gr E (H) 7 ^ 0}. The second 
property implies that dim F do {H) = 1. The third and the fourth properties imply that F do (H) generates H over 
the induced actions of the residues. The following is also essentially implied in the proof of [44] Lemma 3.8]. 

Corollary 7.13 For any endomorphism p of the TZ-module there exists a complex number a such that 

ip = a id. 


Proof Because Q| C . x g _ is the Dcligne extension of 2J^| C , xB to CJ x Bj, the morphism ip is extended to an 
endomorphism of the 0-module compatible with Hence, it induces an endomorphism p E of (E,X7 e ) 

compatible with the actions of the residues. Because the C*-action is determined by V s and the residues, p E 
is C*-equivariant. Hence, it induces an endomorphism p H of ( H , F) compatible with the induced actions of 
residues. Because F do generates H over the actions of the residues, p H is uniquely determined by the restriction 
Pyp d ■ Because diml^o = 1, we have a £ C such that pf Fd is the multiplication of a. If a = 0, then p = 0. 


Hence, we have p = a id. 


I 
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Corollary 7.14 Let U C Sj be any connected open subset such that B^ C U. For any endomorphism p of the 
IZ-module ^a\C x xU’ there exists a complex number a such that ip = aid. I 

Corollary 7.15 Let P' : 23^ s re g ® j*5J^-| S re g —y X n+r 0^ xX g^e be a morphism of IZ-modules. Then, there 
exists a complex number a such that P' = atyj. I 

7.2.6 Logarithmic extension and endomorphisms of 03.4 

We can easily deduce the same property for 03.4* (* = *,!). Let By i be as in Lemma I7U1 We set 

Ba ■= {{xi,...,x e ) | \xi\ < e (i = 

We regard Ba as {(aq,..., xe+i) £ Bj | xi+\ = 0}. We obtain the vector bundle ■ It is equipped with 

the endomorphism ARes x ^ +1 (V Q ^), and the induced connection. 

Lemma 7.16 The conjugacy classes of X ReSa^ +1 (V q x)|(A,p) are independent of the choice of(X,P) £ Ca x BA- 

Proof By the construction, 03_^ comes from a harmonic bundle. It is easy to see that is equal to the 
prolongment of the family of A-flat bundles Pq (03^ /j ) associated to tame harmonic bundles, as remarked in 

pH] . Then, the claim follows from a general theory of harmonic bundles [35]■ i 

Let 0.4 be the cokernel of A Res x< , +1 (V s3 ). It is a locally free Oj^-g^-module. The following is clear by the 
relation of 03^1* and 03 j. 

Lemma 7.17 We have natural isomorphisms of IZ-modules 0^|c a xSa — ^3.a*|c x xBa- I 

Set Ea '■= Oyt|c A x{o}- It is equipped with the induced connection X Ea . We obtain an explicit descrip¬ 
tion of (Ea,S 7 Ea ) from the description of (Li, V s ) in [44j. Let JVj : Ea —> X~ x Ea (i = 1, denote 

Res a , i (V C! ' 4 )|c x x{o}- We have the fundamental vector fields 0 = Y^i=ihiXid Xi of the C*-action on Sa (see 
36.5.311 . Note that for the C*-homogeneity of 03.4*, the fundamental vector field of the C*-action on Ca x Sa 
is Xd\ + D. Let us consider the C-homomorphism L : Ea —> Ea given by V b (A<9a) + Xu=i &*W- Because 

[L, Ni] = 0, we have [ L , AW] = AW- The following is a direct consequence of Proposition [7712] 

Proposition 7.18 There exists a frame ui,..., u ran kE A for which we have the following: 

• L{uj ) = CjUj for Cj eZ. 

• We have C\ < Ci (* / 1). 

• We have NiUj = P\j u k f or Pkj £ 2. In particular, Sym^®^ =1 Cw) acts on Fa '■= ©]™ k ' E ' 4 Cuj. 

• The map Sym^0- =1 Cw) —> Fa given by P(W, ■ ■ ■, W) 1 —> P{ W, ■ ■., Nf)u\ is surjective. I 

We omit a more detailed description in terms of the cohomology group of X. 

By the first property in Proposition l7.18l we have the C*-action on Ea which induces L. Asa result, we have 
a vector space Ha with an increasing filtration F indexed by integers such that the C*-equivariant bundle Ea is 
isomorphic to the analytification of the Rees module of (if. 4 , F ). Let do := min{d | Gr^(if) ^ 0}. The second 
property implies that dimWo (if. 4 ) = 1. The third and the fourth properties imply that Fd 0 (Hyf) generates if .4 
over the induced actions of the residues. 

Corollary 7.19 Let U C Sa be any connected open subset such that Ba C U. For any endomorphism p> of the 
IZ-module 03.4*|c x xj/ (* = *,!), there exists a complex number a such that <p = aid. 
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Proof We obtain the claim for 2Jby the argument in the proof of Corollarv l7.13l and Corollarv l7.14l Because 
~ X 2n ~ m+r j*D‘Q3^ t , we obtain the claim for I 

We have an isomorphism : j* A,*\S r 2 e ) — induced by the duality isomorphism ~ 

X 2n-m+rj* m 

Corollary 7.20 Let U C S^ s be any open subset such that B .4 C U. For any morphism of TZ-modules 
,*|c a xE/) —► A -n—r iU^ ; ;|( 0 ^xC 7 ’ there exists a complex number a such that 4 " = a’F. I 

7.3 Preliminary on the A-side 

We recall some basic matters on the quantum products of toric varieties. For example, see m, eh, m, eh, 
[44] . [151 for more details. 

7.3.1 The cohomology ring of projective bundles 

Let X be a complex manifold. For simplicity, we assume H 2l+1 (X , Z) = 0 for any i. We shall omit the coefficient 
of the cohomology group if the coefficient is C. Let £ be a locally free Ox-module of rank r. Let £ v denote 
the dual. Let Y := P(£ ® Ox) = Proj(Sym*(£ © Ox)) denote the projective completion of £ v . We have the 
natural inclusions zo : X ~ P(O) —> Y and Zoo : Hoo := P(£) —> Y. We have i o(X) C £ v and Y = £ v U Hoo- 
Let 7 T : Y —► X denote the projection. Let 7 r* and Zq denote the pull back of the cohomology. We have 
H*(Y) = Kerip © Iinx*. Let zo* : H % {X) —r H l+2r (Y) and zr* : H Z (Y) —» H l ~ 2r (X) denote the Gysin map. 
We have H*(Y) = Imz 0 * © Kerzr*. 

Let Oy(l) denote the tautological line bundle of Y over X. We set 7 := Ci(Oy(l)) G H 2 (Y). We have 
H*(Y) = ©'■_ 0 7 J • 7 Note that 7 is the cohomology class representing Hoo. In particular, we have 
z ^7 = 0. Hence, Kerzg = ®’ =1 ir* H* (X)'yi. Because c r +i{£ v © O) = 0, we have 


7'517 r ~ j Tr* c j(£ V ) = 0- (142) 

j =0 

Let N : H*(Y) —> H*(Y) be determined by N(a) = 7 a. By (]142|) . we have ImN = ®) =1 7 * • tt*(H*(X)), and 
Cok N ~ Im 7r*. 

Lemma 7.21 We have Imzo* = Ker N. 

Proof Because D io(X) = 0, we have Im(zo*) C Ker N. By comparison of the dimension, we obtain 
Imzo* = Ker TV. I 

In particular, Ker(TV) fl H 2r {Y) = i 0 „H°(X,C) is one dimensional, and that Xq=o 7 r_ - , 7 T*Cj(£ v ) is a base. 
By considering the restriction to a ball in X, we obtain that zq*(1) = 'Y^j=o'i r ~ 3 ' K * c j{^ S/ )- I n particular, we 
have z 0 *<t = 7t*ct ^([ =0 r*Cj(£ v ). 

7.3.2 Quantum products of Y in the weak Fano toric case 

Suppose that (i) X is a smooth weak Fano toric variety, (ii) £ is the direct sum of holomorphic line bundles C, 
(z = 1,..., r), (iii) Ci (z = 1,..., r) and (®[ =1 C-i <8> ifx) v are nef. Then, Y is also a weak Fano toric manifold. 

Let EfP(F) C H- 2 (Y, Z) denote the subset of the homology classes of non-empty algebraic curves. We set 
Eff(y) := Eff*(K) U {0}. We take a homogeneous base <j>i, ..., <j> x (y) of H*(Y, C). Let (j) 1 ,. .., cf> x ( Y l be the dual 
base of H*{Y ) with respect to the Poincare pairing. 

For d € Eff(y), let Yq^^ denote the moduli stack of stable maps / : C —> Y where C denotes a 3-pointed 
pre-stable curve with genus 0, and / denotes a morphism such that the homology class of /(G) is d. Let 
P ■ Co, 3 ,d —> yo, 3 ,d be the universal curve, and let ev^ : Co .37 —► A' be the evaluation map at the z-th marked 
point. Let [Eys.d]™ denote the virtual fundamental class of To, 3 , d- For ai £ H*{Y) (z = 1, 2, 3), we obtain the 
number ( 07 , a 2 , 03)^3 d '■= Jjy o 3 d j vir Tli=i 2 3 ev i( ai called, the Gromov-Witten invariants of Y. 








According to a result of Iritani [20] (see also [2T] and [H]), there exists an open subset U C H 2 (Y,C) such 
that the following holds: 

• U is of the form [u £ H 2 (Y, C) | Re(u, d) < — M, Vd £ Eff*(Y)} for some M > 0. 

• For any u GU, the quantum product •„ on H*(Y,C) is convergent: 

x(Y) 

a •up— Y Y^’P’^oW*? - e{u ’ d) 

deEff(l') i=1 

We have the decomposition H 2 (Y,Z) = n* [H 2 {X, Z)) ® Zy, which induces H 2 (Y) = tt*(H 2 (X)) ® C 7 . 
Lemma 7.22 For a large M' > 0, we have 

■K*{a £ H 2 (X,C) | Re((cr, d)) < -M ', \fd £ Eff*(A)} x {c-y|c£ C, Re(c) < —M'} c U. 

Proof Any algebraic curve C is homologous to a curve Co UlJ ' =1 Cj U(Ji = i F% where Co is contained in io(X), 
Cj are contained in P (Cj) C Y, and Fi (i = 1,... ,t) are contained in fibers of 7 t : Y —> X. We have 

r £ r £ 

Y Re(cr + ay, [Cj]) + Y Re(cr + cry, [E*]} < Y Re(cr, [Cj]) + Y Re(c)( 7 , [Fi]) 

j—0 2—1 j — 0 2=1 

Then, the claim of the lemma is clear. I 

We set Ux := (cr £ H 2 (X , C) | Re((cr, d)) < — M'}, U-y := {c-y | c £ C, Re(c) < —A/'} and Uy := Ux x U-y. 

A point cr + cy £ Uy is denoted by ( a , c). We have a natural action of 27 tv / —! ff 2 (F, Z) on ZYy by the addition. 

The quantum product • <T)C depends only on the equivalence class of (cr, c) in Z/y/27r^/—IE 2 (Y,Z). 


7.3.3 Degenerated quantum products on E*(Y) and F[*(X) 

Let Eff(Y,y) denote the set of [C] £ Eff(Y) such that (7, [C]) = 0 . We set Eff*(Y,y) := Eff(Y,y) fl Eff*(Y). 
Let a £ Ux- As in mi by taking the limit of •( a , c ) f° r Re(c) —> —00, we obtain the following product *<7 on 
H*(Y): 

x(X) 

a*„p--= Y, 

deEff(F,7) i =1 

As in d 7 . 3. 11 let N : H*{Y) — > H*{Y ) be the endomorphism given by the cup product of 7, i.e., N(P ) := yU /3 
for P £ E*(Y). Note that 7 P = P •„ 7 = P U 7 for any P £ H*(Y), which follows from the divisor axiom. 
Hence, Im(iV) and Ker(N) are the ideal of the algebra (F[*(Y),» a ). By the natural isomorphism of vector 
spaces Fl*(X) ~ Cok(N), we obtain the induced product on H*{X). The algebra ( H*{X ), ) is denoted 
by Q a F[*(X,£ v ) in this paper. The multiplication Cok(iV) x Ker(N) —> Ker (N) and the natural isomorphism 
Ker(TV) ~ H*{X) induces a structure of Q a H*(X, £ v )-module on Fl*{X). The Q a F[*{X, £ v (-module is denoted 
by K a H*(X,£ v ). The multiplication of by £ Q a F[*(X,£ v ) and b 2 £ K r7 H*(X,£ v ) is denoted by by b 2 . 


7.3.4 Filtrations and the graded pairings 

Let W (TV) be the weight filtration of the nilpotent map N on H*{Y). For any cr £ Ux, by shifting the filtrations 
of Konishi-Minabe in m , we set 

W k Q a H*(X,£ v ) := Im(w(N) k+n+r H*(Y) —> Q ff E*(A, £ v )). 

Here, Q a F[*(X,£ w ) is identified with Cok(JV). Note that 


Gr Y_ n _ r Q a H*{X,£^) 


P Grf (JV) H*{Y) (fc>0) 

0 (k < 0) 
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Here, P Gr^ 7 ^ H*{Y) is the primitive part, i.e., the kernel of N k+1 : Gr^^ H*(Y) —» Gr H*(Y). 
The Poincare pairing (-,-)y on H*(Y) and the nilpotent map N induces the following symmetric pairing on 
Gr f_ n _ r Q a H*(X,£^): 

PCn-rM := ( a,N k b) y 

It is easy and standard to see that the pairings are non-degenerate. 

We also have the filtration W on K a H*(X, £ v ) given as follows: 


W k K a H*(X,£ v ) := K a H*{X,£ w ) n W(N) k+n+r H*(Y). 


Here K a H*(X,£ w ) is identified with Ker(iV). We have 


Cr W 
VJ1 k—n—r 


K a H*(X, £ v ) 


P'Gx™ {N) H*(Y) (k< 0), 

0 (k > 0). 


Here, P' GrJT^ H*(Y) is the image of P Gr^ N ^ H*(Y) by N k . Hence, we have the induced pairings 
(■.Of-n-r on Gr f_ n _ r K a H*{X,£^). 

c* V 

Note that the filtrations W and the symmetric pairings Pf are independent of the choice of a. Namely, 
we have the filtrations W on Cok(iV) and Ker(N) such that W k Cok(TV) = W k Q a H*( A', £ v ) and W k Ker(iV) = 
W k K a H*(X,£ v ). We also have symmetric pairings P on Gr]f Cok(iV) and Gr^ 7 Ker(lV) which are equal to 
the pairings on Gv^ Q a H*(X,£ v ) and Grjf 7 K a H*(X,£ w ) for any er. 


7.3.5 Degenerated quantum products and local Gromov-Witten invariants (Appendix) 

Let us recall the relation between the degenerated quantum products and local Gromov-Witten invariants in 
some special cases. We essentially follow [5Tj . 

Let d G Eff*(X). Let Ao, 3 ,d be the moduli stack of stable maps / : C —► X where C denotes a 3-pointed 
pre-stable curve with genus 0, and / denotes a morphism such that the homology class of f(C) is d. Let 
p : Co, 3 ,d —> Xq ,3 ,d be the universal curve, and let p : Co, 3 ,d —> X be the universal map. Let us consider the 
following concavity condition for d: 

(B) H°(C,f*£ v ) = 0 for any (C,f) G X 0 , 3 , d . 

Recall that £ is the direct sum of the nef line bundles L t (i = 1,... ,r). We recall the following standard 
lemma. 

Lemma 7.23 Suppose that {ci(Cf),d) < 0 for any i. Then, Condition (B) holds for d. 

Proof Take d € Eff*(A) and (C,f) € Ao, 3 ,d- Let C = (J C a be the irreducible decomposition. Because £, is 
nef, the degree of f*(£-i)\c a is non-positive for any a. By the assumption (ci(Cf, d)) < 0, we have an irreducible 
component C ao of C such that the degree of f*(£-i)\c a is strictly negative. We also remark that C is connected. 
Then, we have H°(C, f*Ci) = 0, i.e., Condition (B) holds for d. I 

If Condition (B) holds for d, we obtain the locally free sheaf R 1 p*p*£ v on X 0 ^ } d- Let [Xo,3,d] vir denote the 
virtual fundamental class of Xq^^. Let ev^ : Ao, 3 ,d —> X be the evaluation map at the i-th marked point. For 
any vector bundle E, let e(E) denote the Euler class. Then, for any a, G H*{X) {i = 1,2,3), we set 

(ai,a 2 ,a 3 )^f d ’ e := f .11 ev*(a z ) ■ e{Rp*p*£ v ). 

"'[W,3,<i] vlr 1=1,2,3 

They are called e _1 -twisted Gromov-Witten invariants or local Gromov-Witten invariants. 

For any a, /3 G H*(X), let a U /3 denote the ordinary cup product. We take a homogeneous base pi, ..., pi 
of H*(X). Let p 1 , ... ,p e denote the dual base of H*(X) with respect to the Poincare pairing of A'. 
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Proposition 7.24 Suppose one of the following holds: 

Case 1. X is Fano, and Li (i = 1, ... ,r) are ample. Note that Condition (B) holds for any d £ Eff*(A). 

Case 2. X is a weak Fano surface, r = 1, and C\ = . Note that Condition (B) holds for any d £ Eff*(A) 

with (ci(Kx),d) ^ 0. 

Then, we have the following for a £ Ux and for a,(3 £ Q a H*(X,£ v ): 


/3= < 


aU/?+ Y '52( a ’P’ e ( £V ')Pi)o,td’ e e{a ’ d) P l (Case 1) 

deEff*(A) i=1 

i 


aC!3+ Y '52( a ’P’ e ( £V ')Pi)o,3,d’ e e<M V (Case 2) 


deEff*(X), i—1 
(ci(Kx),d)^0 

We also have the following for a £ Ux and for a £ Q a H*(X,£ w ), and (3 £ K a H*(X,£ w ): 

,X,£ v ,e 


« •k,„ P = < 


aU/3+ Y U^)P,p\ 3 ,d’ e e{a ' d) P l (Case 1) 

dGEff*(A') i= 1 

t v -1 

aU 13+ Y '52( a ’ e ( £V ')P’P i )o,td’ e e{a,d) P l (Case 2) 


deEff*(A) i—1 
(ci(Kx),d)^0 


(143) 


(144) 


Proof For the proof of the proposition, we study the degenerated quantum products on H*{Y). Any 
element a £ H*{Y) has the expression a = Xq=o n * a j ' 7 J where ay £ H*{X). 


Lemma 7.25 Let a £ Ux- Suppose Case 1 or Case 2. For a = 7^ *( a l)7' , an d P = Xy=o ^(Pj)^ 3 > we 

have the following: 


a» a /3 = < 


e 

aCp+ Y ^2( a o^Po,Pi)of,d’ e e<CT ’ d> *o *(p l ) 

d£Eff*(X) i= 1 

£ 

aup+ Y Y^ a °^°^P^o’id’ e e <CT ’ d) i 0 *(p l ) 

deEfT(A') i= 1 

( Cl (K x ),d)^0 


(Case 1) 


(Case 2) 


(145) 


Before giving a proof of Lemma 17.251 we deduce Proposition 17.241 from Lemma 17.251 We give an argument 
in Case 1. The other case can be given similarly. Because igio*^) = e(£ v )pl, we obtain the following for 
a,/3 £ H*(X) from (fl45l) : 


a» £ a V P = aLI/3+ Y '52( a ’P’Pi)o,td’ e e (M> e(£ v )p* 

dGEff*(A) i—1 


= aU/ 3 + Y ' 52 ( a ’P’ e ( £V )Pi)o, 3 ,d' e e{a ' d) P l ( 146 ) 

dGEff*(A) i—1 

Thus, we obtain (11431) . We identify Ker(N) = i 0 *Ft*(X). We have io*(P) = e(£ v )/3 + X)j=i c i7' 7 f° r some 
Cj £ H*(X). Hence we have the following for a £ ff*(X) and /3 £ H*(X): 


io*(a •k.o- P) = 7r*(a) •a- io*(P) = ^*{a) U + Y ^(05 e(£ v )P,Pi)*’^ ,e e^' d) i 0 *p l 

d£Eff*(X) i—1 


= i o*(aU/3 + Y J2( a ’ e ( £V )P’Pi)o,td’ e e{cr,d) P l ) ( 147 ) 


d6Eff*(X) *=1 
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Thus, we obtain (I144D . It remains to prove Lemma 17.251 


Let us prove Lemma 17.251 in Case 1 . For any algebraic curve C in Y, let [C] € H 2 {Y) denote the homology 
class of C. 

Lemma 7.26 Let C be a non-empty algebraic curve in Y. Then, we have (7, [C]) = 0 if and only if C C io(X). 

Proof Because Oy( 1) = C(-ffoo), the second condition implies the first. Let us prove that the first condition 
implies the second. We may assume that C is irreducible. If C C H^, we clearly have ( 7 , [C]) > 0. Hence, we 
have C H^. If CflTLoo ^ 0, we have ( 7 , [C]) > 0. Hence, we obtain that CnfLoo = 0. Let 73 : C —> Ccf v 
be the normalization. Let q : £ v —> X be the projection. Note that q(C ) is not a point. We obtain the 
morphism qoip : C —> X and a section s of (qoip)*£ v . Because [qoip)* Ci are ample, we have s = 0. It means 
C C io(X). Thus, we obtain Lemma 17.261 I 

Lemma 7.27 For d £ Eff*(Y, 7) and for i > 0 , we have (01,02,7*03)^3^ = 0. 

Proof The support of the cohomology class 7*03 is contained in Hoq. For (C, /) £ Fo, 3,d, we have /(C) C io(X). 
Then, the claim of Lemma 17.271 is clear. I 

By Lemma 17.261 we have Eff*(F,7) = Eff*(X). By Lemma | 7 . 27 l for d £ Eff*(Y,7) and for Oj = 
J 2 'j=o lr * a iJ'y\ we have 

( 01 , 02 , 03 )^ 3 ^ = (7T*oi,o, 7T*o 2 ,o, ^* 013 , 0)^3 d = [ TT ev *Ko) • e(f?V^*£ v ) 

J[X0,3,dV" 

= (oi,o, 02 , 0 , O3,o)^3 £ d ,e (148) 

We set (frij := pi 7 ! (1 < i < t, 0 < j < r) which give a frame of H*(Y). Let (1 < i < £, 0 < j < r) 

be the dual base with respect to the Poincare pairing of Y. Note that (j) l ° = «o*(p*)- Indeed, it is enough to 
check (4>kj, *o*(p*)) = 0 (j > 0 ), (</>fco, *o*(p*)) = 0 (k ^ i) and (</>fco, *o*(p 1 )) = 1 , which can be checked by direct 
computations. Then, we obtain the equality (11451) in Case 1. 

Let us prove ( 11451 ) in Case 2 . It is exactly the case given in [ 31 ] . We just revisit it in a slightly different 
way. Let d £ Eff(F, 7). Note that the virtual dimension of lo,3,d is 3 . Indeed, because we have Ky = Oy( 2 ), 
the virtual dimension of lo,n,d is n — 3 + dimP — (ci(Ky), d) = n. 

Lemma 7.28 For a; = o,o + 0^7 (o ij £ F[*(X), i = 1 , 2 , 3 ), we have 

(01,02,03)0 , 3 , d = (oio, 020, 030)^3, d . 

Proof By the dimension reason, we have (01,02,03)^3 d = 0 unless the cohomological degree of o i are 2 . 
Moreover, by the divisor axiom, we have (01,02,03)^3 d = 0 if one of o i is 7. Then, the claim of Lemma 17.281 
follows. 1 

Lemma 7.29 Suppose that d £ Eff*(Y, 7) satisfies (tt*ci(Kx), d) = 0 . Then, we have (01,02, 03)^3 d = 0 for 
any ai £ H*{Y). 

Proof It is enough to consider the case where o i £ 7r*ff 2 (X). Let us observe that the induced morphism 
lo,3,d —> -W,3,d is smooth and the fibers are IP 1 . Take (C, g) £ X 0 ^ td . Because is nef, and because we have 
( C\{Kx ), [<7(C)]) = 0 , the restriction of g*Kx to each irreducible component of C is of degree 0 . In particular, 
we have F[ 1 (C,g*Kx) = 0, and dim F[°(C,g*Kx) = 1 . Let Co,3,d denote the universal curve over X 0 ^ td . Let 
M : Co,3,d —> X be the universal morphism. Let p : Co,3,d —> -W,3,d denote the projection. Then, p t p*( 0 (BKfr) 
is a locally free sheaf, and the projectivization is naturally isomorphic to Po,3,d- Then, it is easy to see that 
[P 0 ,3,d] vir is the pull back of [X 0 ,3,d] vir via the natural morphism q : Po,3,d —>• -W,3,d- Because <7*([kb,3,ti] vir ) = 0 , 
we obtain (07,012,0:3)3 3 d = 0 . Thus, we obtain Lemma T 7. 291 1 
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Lemma 7.30 Let d £ Eff(Y] 7 ). If (tt*Ci(Kx), d) < 0, then we have f(C ) C io(X) for any (C,f) £ Fo, 3 ,d- In 
particular, d comes from Eff*(A). 

Proof Let (C,/) £ Lo, 3 ,d- We have f{C) = ]Gmi[Ci] (nii > 0) for algebraic curves in Y. Note that C is 
connected. Suppose f{C) (1 Hoo ^ 0. If /(C) <£_ H^, we have ( 7 , [Ci]) > 0 for any i, and ( 7 , [Cj 0 ]) > 0 
for some io, and hence ( 7 , [/(C)]) > 0 which contradicts with the assumption. If /(C) C H^, we have 
( 7 ,/(C)) = (ci(A/£),d) > 0 which also contradicts with the assumption. Hence, we have /(C) fl = 0. 
Then, / is equivalent to a morphism g : C —>■ X and a section s of g*(I\x). But, because (ci(Kx),d) < 0, we 
have s = 0. Thus, we obtain Lemma 17.301 I 

We can deduce the equality (11451) in Case 2 from Lemma T7.281 Lemma [7.291 and Lemma [7.301 as in Case 1. 
Thus, Lemma 17.251 and Proposition 17.241 are proved. I 

7.4 Associated quantum (D-modules 

We continue to use the notation in We recall some basic matters on the quantum D-modules of toric 

varieties. Again, see [20], [ST], [30], [3T, [44], [45] for more details. 

7.4.1 Quantum D-modules associated to degenerated quantum products on H*(X) 

We set QDM(A, £ v ) := Cc A xu x ®H*(X). As in [3L, we have the meromorphic connection V £V on QDM(A', £ v ) 
which is a variant of the connections of Dubrovin and Givental. It is given as follows. Let px be the grading 
operator on H*(X) defined by p(a) := ka for a £ H 2k (X). We can naturally identify H 2 (X) ® Ou x with 
the tangent sheaf of Ux, and so we can regard / £ H 2 (X) as a vector field on U X - We can naturally regard 
b £ H*(X) as a section of QDM(X,£ v ). Then, V £V is determined by the following on C* x Ux- 

( V f 6 W) = - A_1 ? ( V ^ fe )(A, CT ) = X ~ lE *f b + »x(b), ((A, cr) £ C* X Ux). 

The filtrations W of Q £ H*(X) (a £ Ux) give a filtration W on QDM(A, £ v ). It is preserved by the connection 
V s . We have the induced meromorphic connection on Gr ] 1 QDM(A, £ v ), denoted by the same notation. 

We regard bi £ Grjf Cok(N) ( i = 1,2) as sections of Gr ] 17 QDM(X, £ v ). We set 

-PfihJ^) :=\- k Pf(h,b 2 ). 

Thus, we obtain a morphism P £V : Gr Y QDM(X, £ v ) ®/* Gr]] QDM(A, £ v ) —>• X~ k Oc x u x - 

We will give a proof of the following lemma by using the description as a specialization of the quantum 
D-module of Y in 37X31 

Lemma 7.31 X s is flat, and V £ are pairings of weight k on (Gr]]'' QDM(X, £ v ), V £ ). In other words, 
(QDM(X, £ v ), W, {V £v }) is a mixed TEP-structure. 

We also set /C(X, £ v ) := Oc x xU x ® H*(X). As in the case of QDM(X, £ v ), it is equipped with the 
meromorphic flat connection V £ satisfying the following: 

( V f 6 W) =- A_1 £4>, (Vfa^) (A , CT) = A- 1 A. Zrb + nxW + rb, ((A, a) £ C* xU x ) 

Here, b £ H*{X) and / £ H 2 (X). The filtration W is preserved by V £V . We obtain a morphism P £V : 
Grjf £{X,£ W ) x j* Gr ]] 7 /C(X,£ V ) —> A ~ k O C xU x by the formula: 

rf(h,j*b 2 ) = (-1 ) k ~ n - r X~ k Pf (b u b 2 ) 

We will give a proof of the following lemma by using the description as a specialization of the quantum 
(D-module of Y in 37.4.31 

Lemma 7.32 V £V is flat, and (P £V are pairings of weight k on (Gr]] 7 JC(X, £ v ), V £V ) . In other words, 
(/C(X, £ v ), W, {V £ }) is a mixed TEP-structure. 
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7.4.2 Quantum 2?-module of Y 

We recall the quantum 2?-module associated to the quantum products of Y. We set U 7l \= IZ 7 . We 

set Uyi '■= Ux x 1 which is the quotient of Uy by the action of 2 ^-^/—IZ 7 . We embed U^i —X C* induced 
by c 1 — X exp(c). The quantum products • tJtC depends only on (a,e c ). So, we denote them by • r7:e <=. 

We set QDM(F) := Oc x xu Y i ® H*(Y). Recall that we have the meromorphic flat connection V G on 
QDM(l r ) due to Dubrovin and Givental. Let py be the grading operator on H*(Y), given by /i y(b) := kb for 
b £ H 2k (Y). We naturally regard f € H 2 (Y) as a vector field on Uy , which induces a vector field on Uy\. 
We also naturally regard b £ H*(Y ) as a section of QDM(y). Then, V G is determined by the following on 
C* x xU Y1 : 

( V f 6 W,t) = ( V S^) (VT , t) = A6 + M&), ((A.a.t) € C’xl/n). 

It is equipped with the pairing Vy of weight — n — r induced by the Poincare pairing: 

Vy(b 1 J*b 2 ):=\ n+r (b 1 ,b 2 ) (149) 

It is well known that Vy is V G -flat. It is clearly equivariant with respect to the action of 2t:\J—1H 2 (X, Z). 


7.4.3 Logarithmic extension and the specialization 

Put Uryi := U-yi U {0} which is a neighbourhood of 0 in C. We set Uy\ := Ux x U^\. We set QDM(F) := 
O c xUyi ® H*(Y). We naturally regard QDM(F)| Wyi = QDM(F). The meromorphic flat connection V G of 
QDM(T) naturally gives a meromorphic flat connection on QDM(F) which is logarithmic along t = 0. The 
pairing Vy is naturally extended to the following morphism which is also denoted by Vy. 

QDM(F) QDM(F) —> A n+r O CxxUyi 
We set QDM(F) sp := Oc x xU x ® H*(Y). We naturally have 

QDM(y) s P = QDM(F)| C , xWxx0 . 

The residue Res t (V G ) : AQDM(T) sp —x QDM(y) sp is given by the multiplication of —A - 1 y. The specialization 
of the connection V Gsp is induced by the degenerated quantum products: 

(vf sp fo)( A CT) = -A -1 £ •cr 6, (V^ p 6) (Act) = A -'E.rb + nvib), ((A, a) eC(x U x ) 

It is equipped with the pairing Vy of weight —n — r given by the formula (I149D . 

By the construction ^t,-<s(QDM(P)(*f)) is naturally isomorphic to QDM(F) sp with V Gsp . By the con¬ 
struction, we have the following isomorphisms which are compatible with the meromorphic connections: 

Cok(ARes t (V G )) ~ QDM(X,£ V ), Ker(ARes t (V G )) ~ AC(X,£ v ) 

By the construction, we have the following which implies Lemma 17.311 and Lemma 17.321 

Lemma 7.33 The weight filtration W on QDM(A', £ v ) and the pairings Vf, on QDM(X, £ v ) are 

constructed from (QDM(Y), V G , Vy) by the procedure in HB.1.31 I 


7.5 Local mirror isomorphism 

Recall that the isomorphism L^ ~ H 2 (X, Z) is induced by —X H 2 (X, Z) given by a * e / 1 —*• S 

where ef (i = 1,..., m) is the dual frame of the standard basis ei,..., e m . 

Let ? 7 i,..., rp be a frame of H 2 (X, Z) such that the first Chern class of K x <8> ®’ =1 is contained in the 
cone generated by rji (i = 1 ,We can check the existence of such a frame in an elementary way. We have 
a frame f-[,... of L\ corresponding to 771,... , rje by the above isomorphism. For M £ M, we set 


l 

B m {i l) ■= £ff 2 (A,C) 

i =1 


Re(«i) < —M (i = 
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I 

B' m (C :={^M£6 a = L^ C 

i= 1 


Re(/3j) < — M (i = 1,.. 



We obtain the following theorem as a corollary of the theorem of Givental, according to which we have 
isomorphisms between the mixed TEP-structures associated to local A-models and local B-models in [30, '311. 
It is also related with j45j Conjecture 6.14], We use the notation in H7.2l and H7.4I 


Theorem 7.34 We have the following: 

• An open subset U\ C Ux C H 2 (X,C); It contains BMiivi) f or a positive number M\; It is preserved by 
the natural action of 2k\J — 1 H 2 (X,Z). 

• An open subset U 2 C 6^ s ; It contains Bm 2 (€) for a positive number M 2 ; It is preserved by the natural 
action of {fli:\J—\H)L\. 

• A holomorphic isomorphism p : U\ ~ U 2 ; It preserves the Euler vector fields. 

• Isomorphism of mixed TEP-structures 

4>* : (QDM(X,£ v ),W,{apf IfceZ})^ ~ip* X * A (V Ait ,W,{^ A , t , k \k£Z}) m 

: (JC(X, £' v ), W, {aVf I k e ^}) |(7l — T*X*a(^a,u W, I k G Z}) ^ 

Here, a is a non-zero complex number. We also have the following commutative diagram of mixed TE- 
structures: 

{K{X,£^),W) Wi V*XaWauW) W2 

i _ i _ 

(QDM(X, £ v ), W) |(/i V*X* a (Xa*,W) IU2 

The isomorphisms p and (* = *,!) are equivariant with respect to the actions of 2ir\/ — 1 H 2 ( X , Z) ~ 
(27t v /3 1Z)L^. 

Proof Let B e (t) := ||t| < e}. According to [17], as reformulated in [21] and [44], we have the following. 

• An open subset Uy C Uy, It contains Bm, (tj) x B €l (ti) for a large Mi and a small ei > 0; It is preserved 
by the action of 2-k\J— 1H 2 (X, Z). 

• An open subset Uj C &a = ® C; It contains Bm 2 (?) x B e2 (t 2 ); It is preserved by the action of 

2TTy/MLXr\ The restriction of V 4 to Uj is locally free 0 c x xi 7 ^(** 2 )-inodule. 

• A holomorphic isomorphism p : Uy — Up, It preserves the Euler vector fields; We have ip~ 1 {t 2 = 0} = 
{*i = 0 }. 

• An isomorphism of TEP-structures $ : (QDM(F)(*t), aVy) ^ — T*a) ^ . 

• The isomorphisms p and $ are equivariant with respect to the action of (2ny/—l)L\ ~ H 2 (X,Z). 

We set Z7i := Uy D {<1 = 0} and U 2 := Uj fl {f 2 = 0}. As the restriction of ip, we obtain a holomorphic 
isomorphism p : U\ ~ U 2 which is equivariant with respect to the action of the lattices. It also preserves the 
Euler vector fields. Then, the claim follows from Lemma 17.331 and Lemma 17.101 1 

Remark 7.35 If the Euler vector fields are 0, then the IZ-modules are C *-homogeneous with respect to the 
trivial action on the base space. So, they are equipped with the Hodge filtration. Because the Hodge filtration 
can be recovered from the connection, the isomorphisms in Theorem 17.341 also preserve the Hodge filtrations. I 
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Remark 7.36 If r = 1 and C± = K x , the mixed TEP-structure is expressed as in £16.41 in terms of the variation 
of Hodge structure associated to B. Here, B is related to A as in £16.4.11 I 

Remark 7.37 We set U[ := U\/ (2ny/—lH 2 (X, Z)) and U 2 := U 2 / (27Ti/—IT y) ■ We have the induced iso¬ 
morphism <p' : U[ ~ U 2 . We may regard U[ C H 2 (X, Z) ® C* and U 2 C L\ ® C*. They are naturally extended 
to neighbourhoods U 1 C H 2 (X, C) and U 2 C L _y 8 C of 0. According to [44], the isomorphism ip' is extended to 
an isomorphism U 1 ~U 2 . 

We can consider the descent of the objects and the isomorphisms in Theorem 17.341 to U[. The objects 
are extended on U i in the logarithmic way such that the residues endomorphisms are nilpotent. Then, by the 
uniqueness of such extensions, the isomorphisms given on U[ are extended to the isomorphisms on U^. I 

Remark 7.38 In [45] . it is announced that a result in 124] implies the comparison of the TE-structures in 
Theorem Vi .341 At this moment, it is not clear to the author if we could also deduce the comparison of the weight 
filtrations from [24] . I 

A Duality of meromorphic flat bundles 

A.l Isomorphism 

Let X be a complex manifold with a hypersurface H. Let dx '■= dim X. Let M be a reflexive meromorphic flat 
connection on {X,H), i.e., M is a X>A-module and that M is a coherent and reflexive (9A(*-ff)-module. We set 
M v := r Homo x ^H)(AI,Ox{*H)^ which is naturally a reflexive meromorphic flat connection. In this section, 
let D denote the duality functor on the category of holonomic X>A-niodules. As well known, Dx(*h)(M) ■= 
D(M)(*H) is isomorphic to M v as a meromorphic flat connection. Let us recall the construction of the 
isomorphism vm '■ D x uh){M) —M v as in [10] . 

Let ©a denote the tangent sheaf of X. We set & x p := /\ p ©a for p > 0. We have the Spencer resolution 
Vx 8 ©a of Ox by a locally free left D-modules. We set Qx ■= £l d x ■ The dual line bundle is denoted by 0^' ■ 
We have the following natural identification: 

Dx(*h){M) ~ 'Hom T>x ^ H ) (p x ® ©a ® M, V x <8 £lf}(*H)) [d x \- 

The degree 0 term in the right hand side is 'Homx> x (*H){'Dx <8 ^a- 1 ® M,V x <8 0^ 1 (*iL)) ~ T>x 8 M v . The 
isomorphism vm is induced by the canonical isomorphism D x uh){M) — T> x 8 0* 8 M v whose degree 0-term 
is the identity. 

We have another description of the isomorphism vm in the case H = 0. Let Lm v be the sheaf of flat sections of 
M v which is a C-local system. We have a natural isomorphism DR D X M = RHomT> x (M, O x [dx\) — Lm v [dx]- 
We have DR(^m) = (— l) dx id which characterizes I'm- 

Under the natural identification D X (*h ) 0 Dx(*h){AI) = M, we have the induced morphism D X (*h) v m ■ 
D X (*H) (M v ) ~ M. We shall use the following lemma implicitly. (See [40] .) 

Lemma A.l We have D X (*h) v m = (—l) dx ^M v • I 

A. 1.1 A commutative diagram 

For any morphism of meromorphic flat bundles / : M\ —> M 2 on (X , H ), the following diagram is commutative: 

D X (*h)M 2 Dx( ’ H) - f > Dx^Mi 

"M 2 I vm, 

M 2 v - /V - > Mf 

Let Mi be reflexive meromorphic flat connections on (X,H). Let p : M± —> D x uh)M 2 be a morphism of 
2?-modules. We have the induced morphisms vm 2 0 P '■ Mi —> M 2 and vm x 0 D X (*h)P '■ M 2 —> Mf. We shall 
use the following lemma in Proposition IB.2l 
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Lemma A. 2 We have i / m 1 ° D X (*h)P = (— 1 ) dx (vm 2 ° pY ■ 
Proof We have the following commutative diagram: 


Dx(*h){M i) 




Dx(*h)(vm 2 °p) 



Mi 


Om 2 0 p) V 


•S- 


Dx(*h){M 2 ) 

I 


M 2 


Here, the right vertical arrow is the composite of D X (*h){M 2 ) — 2 (M 2 Y — M 2 . Note that vm, 0 D X (*h)P 

Dx (* H) P 

precisely means the composite of M 2 ~ Dx(*h)(D X (*h)M 2 ) — > D X (*h)Mi — M x v . We remark that the 

composite of the following natural isomorphisms is the multiplication of (— l) dx . 


m 2 -» (M 2 v ) v -» D x( * h) (MZ) ? x( * g),2M - 2 > D X{ *H)(D X{ * H) M 2 ) -> m 2 

Then, the claim of Lemma [A. 2 1 follows. 


I 


A.2 Duality and localizations of flat bundles 

This subsection is a preliminary for 1 1A.3I and 1 13.31 

A.2.1 Statement 

Let A be a complex manifold with a smooth hypersurface Y. Set d x := dim A. Let 1 : Y —> X be the inclusion. 
Let M be a flat bundle on A, i.e., a locally free Ox-module with a flat connection. The pull back of M to F 
is denoted by My- For any TA'-module N , we set N(*Y) := N ® O x {*Y) and N(\Y) := D X (D X (N)(*Y)). 

We have the natural morphisms Pm,i ■ M(*Y) — > i+My and pM ,2 : i+My — > M(\Y). Locally, they are 
given as follows. Let (aq,... ,x n ) be a holomorphic local coordinate system of A such that Y = faq = 0}. 
We have i+My ~ ©^L 0 L *My(dx i) _1 d " 1 . Then, we have PM,i{f ■ = L *(f\v(dx i) _1 ) for any section / of 

M. And, we have pM, 2 (fft*(dxi) _1 ) = —d Xl (g) in M{\Y) for any section g of My, where g is a section of M 
satisfying g\ Y = g and d Xl (g) = 0 in M. They are independent of the choice of coordinate systems, and we have 
the global morphisms. 

The isomorphism i>m : DM ~ M v induces um* '■ D(^M(*Y)^ ~ M V (\Y) and um\ ■ D(jM{\Y )) ~ M V (*Y). 
We have um y '■ DMy —>■ My determined by a similar condition. The composite Di+My ~ i+DMy ~ u + M Y 
is denoted by i+vm y - We shall prove the following proposition in 1 1A.2.2I - K.2.4I 

Proposition A.3 We have vm* 0 DpM, 1 = —Pm v ,2 0 M u m y an d i + v M Y 0 Dpm,i = Pm v + 0 v m\■ 

Clearly, it is enough to prove the case M = <D X for which we naturally identify M v = O x . We shall pM,i 
by pi, and vm x and v m y by v x and vy, respectively. 

We set dy := dim Y = d x — 1. Because Dv x = (—1 ) dx v x and Dvy = (—1 ) dv uy, the two equalities are 
equivalent. Hence, it is enough to prove i+v Y o Dp 2 = p±o v X \. 

We have only to prove the claim locally around any point of Y. We may assume that A = Ct x Y. We have 
natural isomorphisms O x ~ Oc t 13 Oy and DO x ~ DOc, 13 DOy. The equality t+uy o Dp 2 = p\o u X \ means 
the commutativity of the following diagram: 

D(OcM) ®DOy Oc t (*t)MOy 

J H)p 2 Klid 

d(l+o { 0 } )mdo y i + o {0} mo Y 

Hence, it is enough to consider the case dim A = 1, i.e., A = C* and Y = {0}, which we assume in the following. 
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A.2.2 Commutativity of duality and push-forward 

First, let us describe the isomorphism Di + Oy ~ i + DOy. We naturally have i + Oy = ©4o t *®-'' ©(dt) _1 - 

We have the exact sequence 0 —> T>x -4 T>x -©■ i+Oy —t 0, where kq{P) = P - t and «i(l) = t*(dt) _1 . It 
induces the exact sequence: 

0 —> 'Hom-px(Dx,Px ® I© 1 ) —^ Pomp x {'Dx 1 P > x ® I© 1 ) —-D(t_yCV) —> 0 

Here, n' 0 (g)(P) = g(Pt). Under the natural identifications / Homp x (V_x,T>x ® I© 1 ) ~ T>x ® I© , we have 
k'o(Q) = tQ. 

We naturally have i + DOy = ®°L 0 (.* Hom(C,C) • c©*(di) _1 . 

Lemma A.4 The isomorphism D{i + Oy) ~ qD(Oy) is ©yen by ©((dt) -1 ) i—» — (.*(id-(dt) _1 ). 

Proof Note that the following diagram is commutative, due to M. Saito [5B] (see also [101 Proposition 12.4.25]): 

DR {Di+Oy) - > DR(t + ROy) 

1 _ 1 

-Dt*DR0y --> t,DDROy 

Here, the vertical arrows are the exchange of the de Rham functors with the others, and the horizontal arrows 
are the exchange of the duality functor and the push-forward. We describe the induced morphism DR Di+Oy — 
qPDROy. We set = 2)b^[2] and ajy P = Cy. Then, it is described as the composite of the following: 


RHomp x (t+Oy, 0 a'[1]) — RHomc x (DRt+CV,w*©) — RHomc x (i* DROy,Wy 0p ) 

~ Hofflc, Y (i* DROy, t«Wy p ) = t*Hom(C,C). (150) 


Let us describe the morphisms more explicitly. We have C©[1] = Sby*[l] = (Sb^ 0 — 
sits in the degree — 1. We have 

RHomp x {i + 0 Y ,O x [ 1]) ^ -Homp x (i + Oy,m 0 /[ 1 ]) ~ Sb^VW. 


Sb*^ 1 ), where Sby° 


where J)b denotes the sheaf of (0, ©currents on X whose supports are contained in Y. The last isomorphism 
is given by T i—> ’P(t*(df) _1 ). We have the section —d(t _1 ) of (Db^y. Recall that, for a complex manifold Z 
with dim Z = dz, we identify the total complex of fl z [dz] ® Db° z *[dz\ with T>b z [2dz\ by the correspondence 


ydz+i (^Jjdz+j !_j. ^_y^dz(dz-3)/2+dzi r^dz+i /\jjdz+j ly ave 


a(—d{l/t))(diu(dt) 1 dt) = —d J t dtd{t x ) = d{d(dt/t), a(— d(l/t)) (d{i*(dt) 1 )=d^d(t *). 

Hence, we have (boa)(— 9(t _1 ))(i*(dt) _1 dt) = d(dt/t). Note that c is induced by the trace morphism i ,Wy P 
Wy P , for which we have i*(l) i —> d(t~ 1 dt). Hence, we have (co 6 o a)(— c>(t _1 )) = i*l. 


We have the quasi-isomorphism: 

Hom(i + Oy,Db°^[ 1]) ~ DRD(qOy) ~ (^Hom Dx (Px , O) -4 Uom Dx (V x ,0 )) 


(151) 


The complexes (11511) are naturally quasi-isonrorphic to the total complex associated to the following double 
complex: 

HomvxiVx^b 0 /) 'HompxiV- Y,2>b%°) /(0,-1) -> (1, —1)\ 


-a 


-a 


Hornpx (V x .m^) 


-t PompxCDx,®^ 1 ) 


V (0,0) 


( 1 , 0 ) ) 
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Here, the right square in the parenthesis indicates the degrees of the double complex. Then, we can easily 
deduce d{t ~ l ) in T~Lom{i + Oy ,T>b a 1 *) i s e 9 ua l 1° 1 in Homr> x (Vx,0) in the cohomology of (11511) . 

Hence, the isomorphism DR i+DOy — DR D(i + Oy) is identified with t* Hom(<C, C) ~ Cok((D —^ O) for 
which (,* id is mapped to the image of —1 in Cok((D —->■ O). Then, the claim of Lemma [A.41 follows. I 

The isomorphism Vy : DOy — > Oy is given by id i —> 1. We have the induced isomorphism L+Vy : 
D(l + Oy) ~ t+Oy. The following lemma is an immediate corollary of Lemma [A.41 

Lemma A. 5 We have i + vy (^((dt) -1 )) = — /ci(l). 1 


A.2.3 A description of vx 

Let us describe the isomorphism vx '■ DOx — Ox- We use the following natural free resolution of Ox'- 

Ox - {Vx A Vx) 


It induces the following free resolution of DOx- 

DOx — (Vx 8 fly 1 ——> Vx 8 ^a' 1 ) 

We have the morphism of 'DA'-modules ^ : Vx — > Vx <8 Hy 1 given by a-jdl i —> (—1 ® (dt) _1 . We have 

the following commutative diagram: 


V x 8 H y 1 —^ v x 8 fix 1 

(152) 

V x —^ V x 

It induces DOx —>• Ox- We can check that the induced morphism DRO,y — DRDOx is given by C ~ 
Hom(C,C), 1 i —> — id. Hence, it is vx- 


A.2.4 End of the proof of Proposition [A31 

We have the following commutative diagram: 


V x 

Vx 

-> Ox 

id ! 



1 

V x 

v x 

O x {*t) 

dt 

id 


Pi 

Vx 

—^ Vx 

> l+Oy 


Here yq(l) = t 1 . We also have the following commutative diagram: 

V x —^ V x i+Oy 

-id I P2 | 

V x —^ V x —^ Ox{\t) 

■t id 

V x —^ V x -> Ox 


(153) 


(154) 
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Here y+l) = 1- As the dual of (11541) . we obtain the following: 


D(l+O y ) 

- V x ® B y 1 y-^— 

Vx 0 +y 

Dp2 

-id 


(-a*)- 

D(O x (U)) < - 

- V x <g> ( )+ 

V\ 0 fly 

I 

t 


“I 

DO x < - 

Vx ® fl y ^-— 

Vx 0 1+ 


We have the following commutative diagram: 


(155) 


T>X ® Hy 1 

- M_1 1 


V x 


y V x - 

- > D{O x m 

^1 

vx \ 

y V x - 

O x (*t) 


Because </?i(l) = t 1 , we have Dp 2 o *) = ~ K i ((<+ + We also have p\(t *) = Ki(l). Then, we obtain 

Dp 2 o i/y} = (i + i/y) _1 o p 1 by Lemma lA. 5 1 Thus, the proof of Proposition IA.31 is finished. 1 


A.3 Duality and nearby cycle functors 

We shall generalize Proposition lA.31 This subsection is a preliminary for TO. 31 


A.3.1 Some induced isomorphisms 

Let t be a function on X such that the zero divisor (t )0 is smooth and reduced, i.e., the zero set H of t is smooth 
and reduced as a subscheme. Let M be a regular singular meromorphic flat bundle on (X,H). 

We use the natural identification (n+Af) V ~ H^ b+1 ’~ a+1 M v . (See [4DJ §2.3] where the identification is 
explained for 7?.-modules. The identification for flat bundles is obtained as the specialization at A = 1.) We 
have the isomorphisms v u a.,b M : (H Y(*yr)H“’ b Af) — n+ +1 ’ _a+1 Af v , which induce 




Dx(U a t l b M) ~ n 


—6+1,—d+1 


AT 


nyjif,! 


: Dx(n a /M) ~ n 


— 6+1,—(i+l 


AT 


We have the following isomorphism for a sufficiently large N: 

+ (q) (A0 ~ Ker^n“, _Ar ’ a (Af) —> n£+’°(M)) ~ Cok(ll^ a+N (M) —» n“’ Q+JV (Af)), 


Hence, we have the following canonical isomorphisms: 

■ D H 4 a) (M) * 4~ a+1 \M' / ) 

We have the H-filtration U of M along t. Here, we adopt the condition that d t t + a is nilpotent on 
:= U a (M)/U <a (M). The natural perfect pairing M 0 Af v —» Ox{*H) naturally induces a perfect 
pairing of Ox-modules F_i(Af)0F_i(Af v ) —» Ox- It induces a perfect pairing x +_i(A/ v ) — Oh 

of flat bundles. It gives the following natural identification: 


V’t,-i(Af) v ~ +,-i(A/ v ). (156) 

We have the canonical isomorphisms '■ +^(Af) — i +4’t,- i(Af) and ~ L + ip t ,-i(M). The 

construction of the isomorphisms is explained in the case of 7?.-modules in ES S4.3]. The construction for 
V -modules is obtained as the specialization to A = 1. 
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A.3.2 Some commutative diagrams 
Proposition A.6 The following diagram is commutative: 

D X ^\M) - M 


(i) 


->• 


^ t (0) (M v ) 


d 1 ) 


DxZ'i, 
Dxv+4>t,-i(M) 


t (0) 


-»■ c+A,-i( mV ) 


(157) 


Here, the lower horizontal arrow is induced as the composite of the natural isomorphisms Dxt+ipt,-i{M) ~ 
i + D H ipt,-i(M) ~ i + ip t _i(M) v ~ 


TTie following diagram is also commutative. 

Dx4°\m) 

~]dx^ 

Dxt+fpt-iiM) 


V’ t (1) (M v ) 


^M v 


(158) 


i + ^ t ,_i(M v ) 


Here, the lower horizontal arrow is induced as the composite of the natural isomorphisms D xt+ift,- i(Af) ~ 
l+D H if t _i(M) ~ t+^ tj _i(A/) v ~ ( + V’ t ,-i(M v ). 

Proof Let V be any regular singular meromorphic flat bundle on (X,H). We set 14 := V(*H). Let AV and 
CV denote the kernel and the cokernel of V\ —> 14. We have the following natural commutative diagram: 

0 -> DxCy -> Dx 14 -> D\V\ -> D x Kv -> 0 


-> 0 


K v - 


(’^ V )i 


A (V V )* 


CVv 


Let A'ov and Coy denote the kernel and the cokernel of the morphism ipt,- i(P) —> ipt,-i{V). We have 
natural isomorphisms fc,v '■ Cy — £+C ov and fx.v '■ AV — t+Aoy. The construction of the isomorphisms is 
explained in [3D) §4.3.2] for 7?.-modules. The construction for P-modules is obtained as the specialization at 
A = 1. Under the natural identification if t ,-i{V) v = -! /’t,-i(V v ), we have Cq V = Kqv v and Kq V = C'oyv. 

Lemma A.7 The following diagram is commutative: 


D X K V 


~ Dxt K,V 


Dx(t+Kov) 


-t Cyv 

— ?C,V v 

L+Cov v 


(159) 


The lower horizontal arrow is the composite of Dx(t+K 0 y) ~ l + DhK 0 v ~ l + Kq V ~ r + Coyv 
The following diagram is commutative: 


DxCy 
— J Dxic.v 
Dx(l+C 0 y) - 


4 Ky\ 


£k,v v 


(160) 


i+K 0 y\ 


The lower horizontal arrow is the composite of Dx(i+Cqv) ~ l+DhCqv ~ (-+(4^ ~ i+A'oyv. 

Proof It is enough to consider the case that the monodromy of V along the loop around t = 0 is unipotent. 
Moreover, we may assume that the logarithm of the monodromy is a Jordan block. Then, we have a flat 
subbundle L C V of rank one such that I\l — Ky and Aol — Kov- We also have U v —> A v which induces 
Coyv ~ C'ol v and Cyv — Cl v - Then, we obtain (115911 from the claim for A, which follows from Proposition 
IA.3I We obtain (1 1601) similarly. I 

We have K 0I i-n,im — V’t.-iC^O an d Cqjv°< n + 1 ,m^ — Hence, we obtain the commutativity of 

(I157D from Lemma [A. 71 We obtain the commutativity of (11581) similarly. 1 
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A.3.3 Specialization of pairings 

Let Mi be regular singular meromorphic flat bundles on (A, H). Let P : Mi 0 M 2 —> Ox(*H) be a morphism 
of P-modules. We have the naturally induced pairing ip t _i(P) : 1 'pt-i(Mi) 0 —> Oh- 

The pairing P and the isomorphism Um 2 induce a morphism Tp : Mi — D X (*h)M 2 - For a = 0,1, we have 
the induced morphisms 

t/> ( a) {Mi ) —> ^ a) {D x M 2 ) ~ D x ^- a+1 \M 2 ). 

By the natural isomorphisms t+ipt,-i(Mi) ~ ip( a \Mi) and the isomorphism i>^, t _ 1 (m 2 )> we obtain 

HV't-i(Mi) ~ D x i + i/) t ,-i(M2) cs i + D H ipt,-i(M2 ) ~ L + ipt-i(M 2 ) v - 

It comes from a morphism p a : ip tt _i(Mi) ~ ipt - 1 (A 1 / 2 ) v , which is equivalent to a pairing 

P a : Vp-i(Mi) x &,_i(M 2 ) —► Op. 

Corollary A.8 We /lave Po = ipt-i (P) and Pi = —ipt-i(P). 

Proof Let jx : ipt t ~i(Mi) —► it>t,-i(M 2 ) v be the morphism induced by ipt-i(P)- The push-forward t + /x : 
—► L+i/jt,~i(M 2 ) v is the composite of the following morphisms: 

i+^,_i(Mi) ~ ^ a \Mi) —■» V> (a) (M 2 v ) ~ t+V>t,-i(M 2 v ) 

By the construction, i+p 0 is composite of the following morphisms: 

i + ^i(Mi) ~ ^ (o) (Mi) —► V> (a) (M 2 v ) ~ ^ a \D x M 2 ) ~ D x ^~ a+l \M 2 ) ~ £> A - t+ ^,_ 1 (M 2 ) 

~ l+D x ^i{M 2 ) ~ t+^ t> _ 1 (M 2 ) v (161) 

By Proposition IA.61 we have i+fx = t+po and = — t+pi- S 

A.4 Push-forward 

This subsection is a preliminary for EIB.4I 

A.4.1 Statement 

Let A be a complex manifold. Let Mj be flat bundles on A. Let P : Mi 0 M 2 —»• 0 A be a morphism of 
©-modules. By the isomorphism vm 2 '■ D X M 2 ~ M/, P is equivalent to a morphism <p : Mi —► D X M 2 . 

Let F : A —> S' be a smooth proper morphism of complex manifolds. We have the flat bundles P? Mj on 
S. We obtain the following morphism: 

F 3 + Mi -■> F 0 + D x M 2 -> D s F~ j M 2 

The composite is denoted by P+p. By the isomorphism v F -i M2 : DsF+ 3 M 2 — (P)7 :, M 2 ) V , we obtain a flat 
morphism 

P(P>) : PjMi 0 F~ j M 2 —> O s . 

We give a more direct expression of the pairing P(P?<p). For each Q £ S, we set Aq := P _ 1 (Q), and 
let M, q denote the restriction of the flat bundles Mi to A q. Let d := dim A — dimS. Let H^ r (Xq, M it Q) 
denote the de Rham cohomology of the flat bundle ApQ. The fiber of n (Mi )iq is naturally identified with 
H]yR {Xq, Mi : q) . The pairing P naturally induces the following pairing PF,j,Q- 

^dr (X Q i Mi,q) x h£- j '(X q ,M 2 ,q) —> H™( X Q ,C) —> C 

Here, Pdr(Aq,C) —> C is induced by (2ni/^l)~ d f x ^. The family {Pfj,q \ Q G S} gives a flat morphism 
Ppj : P|Mi 0 F+ 3 M 2 —> O 5 . We shall prove the following proposition in EIA.4.2IIA.4.3I 

Proposition A.9 We have P(F^_ip) = e(d)(—l) d: >Ppp, where e(d) = (— l) d ( d B/ 2 . 
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A.4.2 Preliminary 


We have only to prove the claim locally around any point of S. So, we may assume that S' is a multi-disc. Let t 
be a holomorphic function on S such that the zero divisor (t) 0 is smooth and reduced. Let So := |(t)o|- The pull 
back t o F is also denoted by t. Set X 0 := {Q £ X \ t(Q) = 0}. The induced morphism X 0 —> S 0 is denoted 
by Fq. We naturally identify the restriction of the flat bundles Mj to Xq with We also identify the 

restriction of F+Mi to So with ^ ti _iP|(Mj), which is also naturally isomorphic to FFil> t _i(M i ). 

We obtain the following pairings as the restriction of P, P{Fi_ip ) and Pfj- 

i>t,-iP ■ V’t.-i(Mi) ®‘ipt„-i{M2) —* O x o 

P(P>) : V’t.-i(8 —► Oso 

ip t ,-iPF,j ■ fpt,-iF^_(Mi) 8 i/jt-iF^ 3 (M 2 ) —* Os 0 

By the construction, we have (V’t,-iP)F 0 ,j = ipt,-iPF,j- 

Let <^o : —► Dx 0 tl}t,- iM 2 be the morphism corresponding to ipt,-iP- 

Lemma A.10 We have ipt,-iP(F+tp) = P(F+(po). As a consequence, to prove Proposition |A9j it is enough 
to consider the case where S is a point. 

Proof Let Lx 0 '■ A 0 —> X be the inclusion. By Proposition IA.61 the morphism lx 0 +Po '■ ixo+^t-i^'h —> 
ix 0 +Dx 0 ipt,— iM 2 is identified with the composite of the following morphism: 

#(^r) -^4 4°\DxM 2 )~Dx4 1 \m 2 ) ( 162 ) 

We have the morphism pj : —> Ds 0 'ipt,-iF+M 2 corresponding to V’q-iPCP+V 3 )- Let tg 0 '■ So —> S 

be the inclusion. By Proposition IA.61 Ls 0 +Pj is identified with 

^FiM, ^ F --> i>\ 0 ) D s F~ j M 2 ~ Ds^F^Ah. ( 163 ) 

Note that the following diagram of the natural isomorphisms is commutative, which can be checked easily: 
D s ^ 1] F- j M 2 ^ 0) DsF~ j M 2 / t 0) F+ j D x M 2 

DsF^^hh — F- j D x ^ 1) M 2 F~ j 4 0) D x M 2 

Then, the morphism (11631) is identified with the push-forward of (11621) by F. Hence, we have pj = F+ip 0 , 
which implies the first claim of the lemma. The second claim follows from the first claim and the equality 
{' t l ) t,-iP)F 0 ,j = ipt,-iPF,j- I 

A.4.3 The case where S' is a point 

Let d := dim A. Let Li be the sheaf of flat sections of Mi. Let L V denote the local system obtained as 
the dual of Li. The pairing P induces (•,•} : L\ x L 2 —> Cx, which induces v : L\ —> L\. We have the 
natural isomorphism DR Mi ~ Li[d] and DR DM 2 ~ RHomv x {M 2 ,0\[d]) ~ L 2 [d] . The morphism ip induces 
(-l) d u : L^d] —> L%[d\. 

Let us describe the induced morphism Li[d] —)> KHomc x (DR¥ 2 ,DRO.y[^)- A section e of L\ naturally 
gives a section of (Li[d])~ d , which is denoted by e!. We have the section (— l) d v(e') of 7iomv x {M 2 ,0[d])~ d . 
The image of (— l) d v(e’) in 'Homc A: (DRM 2 ,DR(!l[d]) _<1 is denoted by F e . Then, we have 

F e (r] d+j m) = {-l) dj r] d+j ■ {-l) d v(e') (m) = (-1 ) dj+d r] d+j {e,m)' 

Here, r] d+3 is a section of (ST® [ci]= f2 d+J ', to is a section of M 2 , and ( e,m)' denotes the section of {0[d\) d 
corresponding to ( e,m). 
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We have the natural quasi isomorphisms DR0[d] ~ Tot(f2*[d] (g> ®b ( ^*[d]) ~ 2)b\-[2d], where the latter is 
given by ? 7 d+i7 (g)Tf*" 1- * i—*■ e(d)(—l) d ^rj d+: > A rj d+x . Let F e denote the image of F e in 'Homc x (DRM2,^Db\[2d])~ d . 
It is given by 

F e (ri d+J m) = e(d)(-l)V +J (e,m) 

which is naturally regarded as a section of (3)b * x [2 d\y~ d . The morphism L\ [d] — > T-Lomcx (DR M 2 , J)b^- [2 d])~ d 
is extended to the morphism DRAfi —> 'Homc x (DR M 2 , 53b Y[2d]) -d induced by the multiplication DR Mi x 
DRM 2 —> Qb* x [2d\ given by (^ d+k e,r] d+ hTi) 1 —> e(d)(—l) kd ^ d+k r] d+: ’{e,m). Then, we obtain the claim of 
Proposition [A79] in the case where S is a point. By Lemma [A.10I the proof of Proposition IA.91 is finished. 1 

B Pairings and their functoriality 

B.l Mixed TEP-structures and their functoriality 

B.l.l Pairing of weight w and graded pairing 

Let X be a complex manifold with a hypersurface H. Set X := Ca x X. For any (D^-module N, let N(*H) := 
N®Ox(*{ Ca x H)). An lZx(*H)-modu\e V is called smooth if (i) Vi c xX (x\H) is locally free as an Oc xX (x\h)~ 
module, (ii) V is (H,y (*i/)-coherent and reflexive. For a smooth 7?._Y(*M)-module V, a pairing of weight w on V is 
defined to be an 'K-x-homomorphism P '■ V® —> A ~ w Ox(*H) such that (i) j*P = (—l) 1 "Poexchange, (ii) P 
is non-degenerate, i.e., the induced morphism V —> 'hlomo x {*H) (j*V, X~ w Ox{*H)^ is an isomorphism. Such a 
pair (V, P) is a TP(—m)-structure in the sense of [Hi. Note that P naturally induces P{* A) : V(*A)® j*V(*A) —> 
A), and P is the restriction of P(*A) to V ® j*V. We also obtain pairings P^ of weight w + 2a on 
A -a V as the restriction of P(*A). We have P^ a \X~ a vi,j*(X~ a V 2 )) = (— l) a X~ 2a P(vi, j*v 2 ). 

Suppose that a smooth Px(*M)-module V is equipped with an exhaustive increasing filtration W of 
P.Y(*P)-submodules indexed by integers such that Gr^(V) are also smooth P.Y'(*M)-modules. A graded 
pairing of (V,W) is defined to be a tuple of pairings P w (w £ Z) of weight w on Gr^(V). Such a filtered 
smooth Px(*M)-module (V, W) with a graded pairing {P w \ w £ Z} is called a mixed TP-structure. For any 
integer a , we set H4 + 2 a (A _a V) := A ~ a WkV. We naturally have Gr])^_ 2o (A _a V) = A _a GrJ^ (V). The pairing P& 
on Grjf (V) induces P^“ 2a 011 Gr^ 2 a(M a V). Thus, we obtain another mixed TP-structure which consists of a 
filtered Px(*P)-nrodule (A -a V, W) and a graded pairing (Pffi \ w £ Z). 

A mixed TP-structure (V, W,P) is called integrable if (i) V is an P..Y(*P)-module, (ii) IF is a filtration by 
P.Y(*P)-submodules, (iii) P w are also TZx (*P)-homomorphisms. In that case, (V, W, P) is also called a mixed 
TEP-structure. 

B.l.2 Specialization of pairings 

Suppose that Y is a hypersurface of X given as {t = 0} for a holomorphic function t such that dt is nowhere 
vanishing. We introduce a procedure for pairings in the context of TZx (*F)-modules, which we call specialization. 
The procedure can also work in the non-integrable case. 

We set X := C\ x X and y := C\ x Y. Let p\ : X —■> X be the projection. Let VTZx C TZx denote the 
sheaf of subalgebras generated by Ap^0.Y(logF) and X 2 d\ over Ox- 
Let V be a smooth 1Z X (* Y)-module. We assume the following: 

(BO) V is regular along t, i.e., there exists a filtration F.(V) = (14(V) | a £ R) by WP.Y-submodules such that 
(i) F 0 (V) are locally free CW-submodules and Gr^(V) are locally free Ov-modules, (ii) Xd t V a C I4+i and 
tV a (V) = K_i(V), (iii) A d t t + Xa are nilpotent on Gr^(V). 

We obtain TvW-modules Gr)f (V) which are smooth. We are particularly interested in Gr)() 1 (V). It is also denoted 
as ip t -s{V)- We also assume the following: 

(Bl) The conjugacy classes of (A!V)|(x,w) : V’t,-tf(E)(A,Q) —> ipt,s(V)(\,Q) are independent of the choice of 
(A, Q) £ y. Here, N : —> ipt,-s{V)X~ 1 denote the morphism induced by the multiplication of 

td t . 
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Let P be a pairing of weight w on V. We have the induced morphism P : V-\V ® j*V-iV —> X w Ox- 
Then, we have the naturally induced pairing of weight w : 

A,-s(P) : 1>t,-s(V) —► A ~ w O y 

Let W(N) denote the monodromy weight filtration of A N on ipt t _g(V). By the assumption, W(N) is a filtration 
by subbundles. We have the induced non-degenerate pairings: 

i’t,-s(P)k ■ Gr w fc (JV) x j* Grf (JV) ^,-«(V) —► X~ w O y 

For k > 0, let FGrf ip ti _g(V) denote the primitive part, i.e., the kernel of N k+1 : Grjf t/j t ,-g(y) —> 
A -fe_1 Gr vv fe _ 2 We have the induced pairings: 

sp t {P) w+k := i>t,-s(P)k o (fV fc x id) : PGrf (JV ) V*,-i(V) x j*PGrf (iV) V>t,-a(V) — ► X~ w ~ k Oy 

By using 4>t,-g{P) ° (id xj*N) = —ip ti _g(P) o (N x id), we can easily check that sp t (P) w+k is a pairing of weight 
w + k on PGrJ^W ^^(y). 

Let k < 0. Let P' Gr^' ^>t,-«(V) C Gr]f ip t ,-g(V) denote the image of X~ k PGr^ k ip t _s(V) by N~ k . We 
have the isomorphism 

id xj* N~ k : P 1 GtY A,-siV) x j*^~ k PG^ k i>t,-s(y)) - P' A,-s(V) x j*P' GtY A,-s(^)- 

We obtain the induced pairing of weight w + k. 

sp t (P) w+ k ~ 4 > t,-s{P)k o (id xfN^r 1 ■ P’ Grf i/>t,-s(y) X j*P' Grf (V) —> A ~ k ~ w Oy 

It is also induced by (— 1 ) k ip t ,s(P)-k ° {N k x id) -1 . 


B.1.3 Filtration and graded pairings 

We continue to use the notation in HB.1.21 Let W(N) denote the filtration on Cok(XN) induced by the filtration 
W(N) on ijj t _g{y). It is equipped with the flat connection. We set 

W k Cok(XN) := W(N) k -w Cok(AiV). 


In other words, W k Cok(A N) is the image of W(N)k- w ipt,-s(V) 

Grjf Cok(AiV) ~ 


PGrr^^fV) 


0 


Cok(ATV). We have 

(k > w ) 

(k < w) 


Hence, we have the pairing of weight k on Grjf" Cok(A N) induced by sp t {P)k- The induced pairing is also 
denoted by sp t (P) k - The tuple (sp t {P) k \ k £ Z) is denoted by sp t (P). Thus, we obtain a mixed TEP-structure 
(Cok(XN),W,sp t (P)y 

Similarly, we set W k Ker(A-ZV) := W{N) k - w D Ker(A N). We have 


Grjf Ker(AlV) 


P’G^^siV) ( k<w) 

0 (k > w) 


Hence, we have the pairing sp t (P)k of weight k on Grf' Ker(A N). The induced pairing is also denoted by 
sp t (P)k- Thus, we obtain a mixed TEP-structure (Kei(XN), W, sp t (P)), where sp t (P) := (sp t (P)k | k € Z). 
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B.1.4 Dependence on defining functions 


Let t be a holomorphic function on X such that (i) Y = {r = 0}, (ii) dr is nowhere vanishing. The Infiltrations 
for t and r are the same, and we naturally have ip T! _s(V) = as (Ay-modules. Let N t and N T denote 

the morphisms ip T g(V) —> A -1 ? p Ti s(V) induced by td t and rd T . We remark the following standard lemma. 

Lemma B.l We have N t = N T and i/j t ,-s(P) = ip t,s(P )• As a result , we have Cok(A r i ) = Cok(.ZV T ) and 
Ker(A r i ) = Ker(iV T ). On Cok(N t ) = Cok(iV T ) and Ker (Nt) = Ker (N T ), the induced connections are also equal. 
Moreover, the induced filtrations and the graded pairings are also equal. i 

In other words, the induced mixed TEP-structures are well defined in the sense that they are independent 
of the choice of a defining function of Y. Note that the induced connections are not the same on ip tt _s(V) = 
Xp T> -$(y), in general. 

B.2 Pairings associated with real structure and graded sesqui-linear duality 

B.2.1 Compatibility of sesqui-linear duality and real structure 

Let X be a complex manifold. Let T = (At',At",C) be a pure twistor D-module of weight w on X. Let 
S : T —> T*(—w) be a sesqui-linear duality. Let k : q*T —> T be a real structure. We say that S and k are 
compatible if the following diagram is commutative. 

7*r-* i*{T*){-w) 

« K* 

r t*(-w) 

S' S" 

Recall that S is expressed as a pair of morphisms At' <— M."X w and At" —> M'\~ w satisfying S' = 

5", and that k is expressed as a pair of morphisms Dxj*M" At' and Dxj*M' At" satisfying 
j*D \k" o n' = id and k" o j*D\n' = id. Here, D\ denotes the duality functor for 7£x-modules. Note that 
7 *(T(-w)) ~7*(T)( — w) is given by ((—l) w , (—l) 1 "). Then, the commutativity of the above diagram means 
the commutativity of the following: 

fDx(M') - ~ irr - Px5 - "> j*D x (M")\~ w 

k" k! 

At" — M'\~ w 

Because k" = (j*DxK l )~ 1 , the commutativity means k' o S" = (—1 ) w j*Dx(n' o S"). 

Let (T, W) be a mixed twistor P-module with a real structure k and a graded sesqui-linear duality (S w | w € 
Z). We say that the real structure and the graded sesqui-linear duality are compatible if the induced real 
structure and the sesqui-linear duality on Gr^ (T) are compatible for any w. 

B.2.2 The associated TEP-structure in the pure case 

Let T = (At', At", C) be an integrable pure twistor ITmodule of weight w on a complex manifold X with a 
real structure n and a polarization S which are compatible and integrable. We have the following isomorphisms 
of 7tx-modules: 

At" — M'X~ W - > X~ w j*D x M" 

Let H be a hypersurface of X. Suppose that A and are smooth 7?.A'(*Lf)-modules. We have 

a natural isomorphism 

iv M " ■ ( D X M")(*H ) ~ X dx ■ At"(*iJ) v 
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whose restriction to {Ao} x X (Ao 7 ^ 0) is given by the morphism in HA. II We consider the pairing P induced 
by (— l) dx VM" and k' o S 


P : M"{*H) x j*M"(*H) -> A dx ~ w O x (*H) 

Proposition B.2 We have j*Po exchange = (— l) dx ~ w P. In other words , P is a pairing of weight w — dx on 
In other words, (Xi"(*H), P) is a TEP(dx — w)-structure. 

Proof The claim of this proposition follows from the relation k' oS" = (—l) w j*D(n'oS") and Lemma [A. 2 1 I 

For any n £ Z, the pure twistor 2?-module T < 8 > T{—n) of weight w + 2 n naturally equipped with the 
polarization and the real structure which are compatible. The polarization is given by ((—l) n «S', (—1)"5"). 
The real structure is given by ((—(— T) n n"). Hence, the induced pairing is P^ which was introduced in 

Em 

Example B.3 LetT(F) = (A dx £(F), C(F),C) be the integrable pure twistor V-module of weight dx associated 
to a holomorphic function F on X, where dx ■= dimA. The polarization S is given by ((—l) dx , (—l) dx ). The 
real structure 7 *T{F ) ~ T(F) is given by (n^ 1 , {—l) dx v ). The induced pairing C{F) x j*C{F) —y Ox is just 
the multiplication. 1 

B.2.3 The associated mixed TEP-structure 

Let (' T,W ) be a mixed twistor 25-module on X. Let (Xi',Xi",C) be the underlying Ax-triple of T. We 
often pick Ad", and we say that Ad" is the underlying Ax-module of T. We have the filtration W on Ad" 
such that Wj Ad" are the underlying A-modules of WfT, which we call the filtration of Xi" underlying the 
weight filtration of (' T,W ). In the following, we shall often use the shifted filtration W on Ad" given by 
W k (M") := W k+AimX M". 

Let (T, W) be an integrable mixed twistor 25-module with real structure and a graded sesqui-linear duality 
which are compatible and integrable. Let H be a hypersurface of X. Let M." be the underlying 2?.x-module. 
Suppose that is a smooth 2?.x(*2?)-inodule. Let W be the filtration of M" underlying the weight 

filtration of T. We set W k (M"(*H )) := W k +ds-M"(*H). Each Grjf ( M"(*H )) is equipped with the pairing 
P k of weight k induced by the real structure and the sesqui-linear duality. In this way, we obtain a mixed 
TEP-structure (M"(*H),W,{P k }). 

Remark B.4 The underlying IZ-module ofl~®T(—ri) is \~ n X4"(*H). The filtration W(X~ n Xi"(*H)) induced 
by the mixed twistor structure (T, W) ®T(—n) is given by W k (X~ n M"(*H)) = X~ n W k -2nX4''(*II), which is 
equal to the shift of the filtration in 1 1B.1.11 The graded pairing on {X~ n M."{*H),W) induced by the real 
structure and the graded sesqui-linear duality on (7”, W) <S> T{—n) is equal to that induced by the graded pairing 
on (Xi"by the procedure in HB.l.ll I 

B.3 Comparison of the specializations 

B.3.1 Statement 

Let X be a complex manifold with a smooth hypersurface Y. Suppose that Y is given as {t = 0} for a 
holomorphic function t. such that dt is nowhere vanishing. Let 7” = (Adi, Ad 2 , C) be an integrable pure twistor 
25-module of weight w on X with a sesqui-linear duality S and a real structure k which are compatible and 
integrable. 

Assumption B.5 We assume that Ad;(*E) are smooth IZx{*Y)-modules, and regular along Y. (See the con¬ 
dition (BO) in 11B.1.2I for the regularity.) 1 

Set d := dim A. We have the pairing P of weight w — d on Ad 2 (*P). We have the endomorphism A N : 
il>t,s{X4 2 ) —> ift-siXi^), where N is the induced by td t . Note that the condition (Bl) is satisfied because 
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A ^2 comes from a pure twistor V- module. By the procedure in i jB. 1.31 we obtain filtrations and graded 
pairings (Pj^ | k G Z) := sp t (P) on Cok(AlV) and Ker(AlV). 

Let M : ip t} -s(T) ®U(- 1,0) —>■ ipt-s(T) < 8 > U(0,—1) be given by (—N,—N), where N : ip t -s(M l ) —> 
X~ 1 ipt,~s{Xli) are induced by td t . According to the isomorphism in Proposition 4.3.1 of H2], we have the 
following commutative diagram: 

#(T) -* ^ ( 0 ) (T) 

“1 “1 

i^t,-s{T)®U{- 1,0) i t V>t,-«(T)®W(0,-l) 

Here, the upper horizontal arrow is the canonical morphism. Hence, we have the following natural isomorphisms 
of mixed twistor P-modules: 

i t Cok(AT) ~ Cok(i/> t ( 1 ) (T) —► V> t ( 0 ) (T)) ~ Cok(T[!i] —> T[*i]) 

i t Ker(AA) ~ Ker(^ t (1) (T) —>■ ^ t ( 0 ) (T)) ~ Ker (r[\t\ —> T[*t]) 

So, Cok (A/ - ) <g> T(l) and Ker(AT) are equipped with the real structure and the graded sesqui-linear duality 
which are compatible and integrable. The underlying Py-modules of Cok(7V) ®T(1) and Ker(AA) are Cok(A N) 
and Ker(A-ZV), respectively. Applying the procedure in TO. 2. 31 we obtain filtrations and graded pairings 
(Pf 1 | k G Z) on Cok(AlV) and Ker(A N). 

Proposition B.6 We have and Pj^ = Pj^ for any t € Z. In other words, the induced mixed 

TEP-structures are the same. 

For the monodromy weight filtration W(N) of AT on ip tt s(T), we have W(Af)j4>t,-s(T) = Wj+ w ift,-s(T). 
Then, we can check the equality for the filtrations easily. We shall compare the pairings in TO.3.2IIB.3.3I 

B.3.2 Preliminary 

Let V be a smooth P.Y(*^)-module which is regular along t = 0. We have a natural isomorphism z/y : 

D(V)(*Y) ~ X d • V v whose specialization at {Ao} x X (Ao ^ 0) is equal to the morphism in TO.ll By a 

procedure similar to that in TO. 3. 11 it induces the following isomorphisms of P-A'-modules for a = 0,1: 

: D x 4 a \v) ~ 4~ a+1 \v^)X d 

Lemma B.7 The following diagram is commutative: 

D X ^\V) #(V v )A d 

„ ~ (164) 

Dxt^-siy) ^t,-s(v v )X*- 1 

Here, the vertical arrows are the isomorphisms in §4.3 of [40| . and the lower horizontal arrow is induced as the 
composite of the isomorphisms Dx^'ipt-sO?)) — pDyift.-siy) — tf 4>t.-s(y) v X^ 1 ~ t| , 0 t i _a(V v )A d_1 . 

The following diagram is commutative: 

— V IQS 

Dx(4 0) (V)) ^ t ( 1 ) (V v )A d 

(1.65) 

Dx^sWX- 1 ) i^t,-s(V v ) X d 

The vertical arrows and the lower horizontal arrows are given as in the diagram (11641) . 
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Proof We have only to prove the commutativity of the diagrams after taking the specializations to {Ao} x X 
for any generic Aq 7 ^ 0, which follows from Proposition IA.61 1 


Let Vi (i = 1,2) be smooth 7£x(*P)-modules which are regular along t = 0. Let P' : V\ ® j*V 2 —> 
A ~ m Ox(*Y) be a morphism of 7?.x(*T)-modules. We have the induced morphism of Py-modules 

iPt,-s(P') : &,-«(Vi) (8 j*^,_ a (V 2 ) —t A ~ m O y . 

The pairing P’ and the isomorphism (—l) d j/y 2 induce an 7?.x-homomorphism Vi —> X~ m ~ d (j* DxV 2 )(*Y). 
It induces the following morphisms for a = 0,1: 

—► a - m - d j*D x ^- a \v 2 ) 

By the isomorphisms A _1+a • i}ip t -s(Vi) ~ and \~ a i^t,s{V 2 ) — ip[ 1 ~ a \v 2 ), we obtain the following: 

1 ) —> X~ m ~ d+1 j*D x (ifV't-a(V 2 )) ^ \~ m - d+ htfDYipt.-si^) (166) 

The morphism (11661) and (—1 ) d_1 ^p t _ 5 (v 2 ) induce a pairing P' a : ^ ti _, 5 (Vi) x 2 ) —> A ~ m Oy. We 

obtain the following lemma from Lemma IB. 71 as in the case of Corollary IA. 8 I We remark the twist of the 
signatures, i.e., we use (— l) d v v and (— l) d ~ l v^, t _ s (v 2 )- 

Lemma B .8 We have ipt,s(P') = P{ and 4>t,-s(P') = —Pq- I 


B.3.3 Proof of Proposition [B.61 

For a = 0,1, from the morphisms ip[ a \s) : ij)[ a \T) —* ®T(—w — 1 + 2 a) and 4>[ a \"f*) : 7 *^ 0 \T) — 

^“) (T), we have the following Px-lannomorphisms: 


4 a \M 2 )^ A 




—m-l+2o„/,(l-a 






v -w—l-\-2a 


j*Dx4 a \M 2 ) 


(167) 


The composite 0 comes from an isomorphism ipt,s(Xi 2 )X 1 ~ A w 1 j*Dx (ipt,s{M 2 )X 1 ), in the 
case a = 0, or 1 'pt,s{-M 2 ) — X~ w+1 j*Dx (ipt,-s{-M 2 )) in the case a = 1. Together with (— l) d_ 1 27 /> t ,~, 5 (Ai 2 b we 
obtain a pairing P a : ^t,-s(M 2 ) x j*ipt-6{M 2 ) —» A d ~ w Oy. 


Lemma B.9 We /lave ipt,-s{P) = Pq = Pi- 


Proof According to §4.3 of [ID], we have the following commutative diagram: 


^(o) (T) ^(o) (r) . 0 T(- w - i) 

(168) 

l^ s {T)®U{ 0,-1) -> ( it V't,-a(T)®W(0,-l))*<8)T(-M;-l) 

The lower horizontal arrow is induced by ipt S). It means that the following diagram is commutative: 


, ( 0 ) 

^\ m 2 ) —*—► ^ 1) (A4i)A _u ' _1 

- (169) 

We have the pairing P' : M\{*Y) x j*M 2 {*Y) —> A d Ox{*Y) induced by k' : A4i —■> j*DM 2 and 
(— l) d * 7 w 2 (*y)- The morphism comes from ipt,s{-Mi) —> j*D(ip t ,i4s(J\4 2 )X~ 1 ). Together with the 
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morphism (—1 ) d l v^ t _ s (m 2 )j we obtain a pairing P[ : ip ti _g(M 1 ) x j*ipt.s(M 2 ) — > A d Oy. We obtain 
ipt-s{P) = Po from the equality ipt-s(P') = P[ in Lemma IB.81 and the commutativity (I169D . 

We also have the following commutative diagram from (11681) : 

ip ( t 1] (M 2 ) 

“1 _ -1 < 170) 

i^t,-s(M 2 ) - ^ t '~ s( ' S 

The morphism b ^ comes from a morphism \~ lr tj) t ^s{Mi) —> j*D{%j) t -s{M 2 )) ■ It induces Pg : ipt.-s(Mi) x 
j*4>t,-s{M 2 ) — > A d Oy. From the equality ij) t _${P') = —Pg and the commutativity of the diagram (11701) . we 
obtain t/j t ^s(P) = Pl- Thus, the proof of Lemma IB.91 is finished. I 

The graded sesqui-linear duality on Gr^ 1+fc Cok(A/’) is induced by ip^°\s) o (—J\[) k . Hence, by Lemma 
E3 we obtain pW = P^ 2 1 on Cok(Af). The graded sesqui-linear duality on Gr^ / _ 1 _ fc Ker(Af) is induced by 
(<S) o A f k . Hence, by Lemma fB. 91 we obtain pW = P^ 2 1 on Ker (J\f). Thus the proof of Proposition IB. 61 is 
finished. I 


B.4 Push-for ward 


Let X be a complex manifold. We set dx := dimX. Let T = (Mi,M 2 ,C) be an integrable pure twistor 
P-module of weight w on X with a sesqui-linear duality S and a real structure n which are compatible and 
integrable. Suppose that T is smooth, i.e., Mi are locally free C^-modules. We have the associated pairing 
P(<S, n) on M 2 of weight w — dx- 

Let F : X —> Y be a smooth projective morphism. We set dy := dimF. We have the pure twistor 
P-modules FUT) = (FF z Mi, F1M 2 , F^C). They are equipped with the induced real structure Kj. We also 

have the induced morphisms Si : F\T —> (P + _I T)* 0T(— w). Note that F^Mi are locally free (Dy-modules. 
As in TO.2.21 we have the associated morphism 

P(F t S, P t K)i : F\M 2 0 fF i ~ t M 2 —> X~ w+dY O y 

induced by the composite of the following morphisms: 


-> \- w F^*DM 2 ^ \- w j*DF^M 2 ^ \- w+dY j*(F^M2) V ( 171 > 


F\M 2 - 

The last isomorphism is given by (— l) dY v F -i M . We give an expression of P(Fj<S, Pf/c)* in terms of P. 


Let Q £ Y be any point of Y. We set Xq := F 1 (Q). Let Fq : Xq —> {Q} be the restriction of F. Let 
7 q := {Miq,M 2 q,Cq) be the restriction of T to Xq as smooth P-triple. Let F^(T)q be the restriction of 
F|(T) to Q as smooth P-triple. We naturally have Fq^{Tq) = F^(T)q- 

We set fl Y Q := A ~ 1 p* x Xl 1 XQ and := f\ p O a - q . We have the de Rham complex fi YQ 0 {-M. 2 q) for M 2 q- 
We have 

Fqi(M 2 q) = R l+d F*(p' XQ 0 (M 2 q)-) 

Set d := dx — dy = dim Xq. Let denote the sheaf of C°° (0,g)-forms on Xq. Let ^C\xx Q /C\ := 
Ta(^a' q ) ® p - i 0x p A 1 (fl Yg ). The pairing P induces the following: 



n 


k,p 

CxXq/C 


®m 2 ) xr(A-( d - fc )^- x fe 47^0Af 2 ) 


\-d—w-\-dx C)d,d 
A “CxXq/C 


given by (£ fe ’ p rai, £ d k,d p m- 2 ) 1 —> k ’ d p P(mi,m 2 ). Note that —d — w + dx = —w + dy. It induces 


Pi |Q : R d+i F*(n' XQ {M 2Q )) x j*R d ~ l F*(p.' XQ (M 2 )) — ► A ~ w+dY 0 Cx 


By varying Q , we obtain Pfa : F^M 2 0 l M 2 —» A w+dy Oy. 
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Proposition B.10 We have P(F t< S, F t /c); = e(d)(-l) di P F ,i. 

Proof It is enough to compare the specializations along {A} x X for A ^ 0, which follows from Proposition 

El I 

C Some functoriality of 7^-modules 

In an_earlier version, in the proof of Theorem l7.ll we used the comparison of the duality functors for 7Z- modules 
and P-modules. After the proof of the theorem has been simplified, we do not need it in the current version. 
(See Remark 1 7. 41 1 Hence, the most results in this section are not used in the other part of this paper. However, 
because the author hopes that the results in this section would be useful for our understanding of the duality 
of integrable mixed twistor 'D-modules, we keep this section. 

C.l Preliminary 

C.1.1 Some sheaves 

For any complex manifold X , let X := C\ x A'. Let p\ : X —> X be the projection. Set dx '■= dim A. Let 
Oc x denote the sheaf of functions on X which are locally constant in the A-direction, and holomorphic in the 
CA-direction. 

Let denote the sheaf of holomorphic 1-forms on X. Let fl x := X~ 1 p* x fl x and fl P x := /\ p fl x . In 

particular, we set fix '■= fix ■ As in the case of P-modules, for any left Px-module A , we naturally obtain a 
right Px-module fix 0 Af e . Conversely, for any right Px-module Af r , we naturally obtain a left Px-module 
A f r ®fT x . __ _ ___ 

Let 0 y be the sheaf of holomorphic vector fields on X . We set Q x '■= Xp* x Q X - We set 0^ := /\~ p 0x- 
We obtain the Spencer resolution TZx 0 ©a °f by locally free left Px-modules. (See H7j.) 

Let X° := {0} x X. Let H^.(logA’°) be the sheaf of logarithmic holomorphic 1-forms on (X, X°). We set 
fP x := H^(logA°) ® O(X 0 ), and fl x := /\ p fl x . We set fix := H^J mX+1 . For any left 7£x-module Af e , we 
naturally obtain a right Px-niodule fix 0 A/A Conversely, for any right Px-module Af r , we naturally obtain 
a left Px-module Af r 0 il x . We have the natural isomorphism A _2 f2x — fix given by r i —> rdX. 

Let ©a (log if 0 ) be the sheaf of tangent vectors on A which are logarithmic along X°. Set Qx '■= A0;r(log,r o ) 
and Q x := /\~ p Qx- We obtain the Spencer resolution IZx 0 ©^ of @x by locally free left P^f-modules in the 
standard way. 

C.l.2 Partial Spencer resolution 

Let A f be any 72-A-module. We set Af(X 2 d\) := ®°1 0 d x 0 A 2j A f. We have the isomorphism of sheaves 
$ : TZx ®n x W —> ( Af(X 2 d\ ), v) given by ^(9^A 2j ) 0 mj i—» ® (A ^mj). The natural 72-x-action on 

1Z x ®TL X W is transferred onto Af(X 2 d\). We denote it by V which is explicitly described as follows. 

• Let P and m denote local sections of 1Z X and A f, respectively. For any j > 0, we have local sections Pij (i = 
0,..., j) of IZx such that Pd J x A 2 - 7 = Yli =o PijA 2 * in TZx- Then, Pv(d J x 0 A 2j ’m) = J2i=o ® ( PijX 2l m ). 

• We also have (d\X 2 )v(d :> x 0 A 2j m) = 0 (A 2j+2 m) — 2 jd J x 0 A 2j+1 m + j(j — 1)<9-( _1 0 A 2j 'm. 

We have the inclusion i : A f —> Af(X 2 d\) given by i-(m) = 1 0 m. It is an Px-homomorphism. We have the 
decomposition: 

OO 

Af(X 2 d\) = 0(d A A 2 y Vt(A0 (172) 

j =o 

We also have the Px-action T on Af(X 2 d\) given as follows. 

• For any P and m as above, we set Pj(d x 0 A 2 ^m) = d x 0 P(X 2 lm). 


Ill 




If moreover A f is an 7£x-module, the 7?..Y-action ▼ is extended to the 7 ?.a- action ▼ on Af(X 2 d x ) given as follows: 

d x X 2 J{d{ 0 A 23 m) = d{ 0 d x X 2+2j m - d{ +1 0 A 2j+2 m. 

It is easy to check that (Af(X 2 d x ), T) is an 7£x-niodule. (See also Lemma lCTTl belowb We have the decomposition: 

OO 

Af(X 2 d x ) = 0(a A A 2 yT,(W). (173) 

3=0 

For any £ £ Z, we set X e Af(X 2 d x ) := ®^ 0 ^ A ® A 2j+ W. It is equipped with the natural 72,-actions V and 
▼ , obtained as above. We naturally have X 2 J\f(X 2 d x ) = X 2 VAf (X 2 d x ) = X 2 JAf(X 2 d x ). We have the well defined 
morphisms of sheaves <9 A V : X 2 Af(X 2 d x ) — >Af(X 2 d x ) and d x J : X 2 Af(X 2 d x ) — >Af(X 2 d x ). 

It is easy to check the following lemma. 

Lemma C.l Let Af be an IZx-module. 

• For any local section m of Af, we have the following relation 

(d x X 2 )V i(m) + (9 a A 2 )T t(m) = i(d x X 2 m). (174) 

• For the above isomorphism $ : IZx 0k x Af — Af(X 2 d x ), we have 

d x X 2 J$(d 3 x X 2j 0 m) = <h(d{X 23+2 (-d x ) 0 m )+$(3(A 23+2 0 3 A m). 

For any P G TZx, we have the following: 

Pl$(d 3 x X 23 0 m) = $(9^A 2j 0 Pm). 

• 9 a V gives a morphism (X 2 Af(X 2 d x ), t) —> ( Af(X 2 d x }, ▼), and d x J gives a morphism (X 2 Af (X 2 d x ), v) —»• 

(Af(X 2 d x ), v). I 

By the lemma, for any 72..\'-niodule Af, we obtain the following exact sequence: 

0 -> (X 2 Af(X 2 d x ), ▼) {M(X 2 d x ),J) —^ W -» 0 

Here, a± is the projection onto the 0-th component with respect to the decomposition (11721) . We also have the 
following exact sequence: 

0 -► (A 2 W(A 2 d A ),v) (Af(X 2 d x ), V) Af -» 0 

Here, a 2 is the projection onto the 0-th component with respect to the decomposition (11731) . We obtain the 
following TZx -resolutions of Af: 

S J x (Af) := ({X 2 Af(X 2 8 x ),j) (Af(X 2 d x ),j)) 

SIW) := ((A 2 W(A 2 9 a ),v) (Af(X 2 d x ), v)) 

Example C.2 Let us consider the case Af = IZx- We consider the IZx-action given by the left multiplication. 
We have the isomorphism TZx{X 2 d x ) ~ 7 Zx given by^dZ® X 2j mj i —> d x X 2j mj. Under the isomorphism, 
(9 a A 2 )V is the left multiplication of d x X 2 , and (d x X 2 )J is the right multiplication of —X 2 d x . Hence, we naturally 
have IZx 0 ©a — S X fox 0 0*-) • I 
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C.1.3 Exchange 

We define ’F : Af(X 2 d\) —> Af(X 2 d\) by ^((c^A 2 )^Vi(m)) := (d\X 2 y Ti(m). By the construction, T gives an 
isomorphism (j\f(X 2 d\), v) —» (Af(X 2 d\), ▼). 

Lemma C.3 \I> a/so gives an isomorphism IF : (J\T(X 2 d\), ▼) —► (Af(X 2 d\), v). 

Proof It is enough to check that 5'((9 aA 2 )t(9aA 2 )- j V t(m)) = (d\X 2 )V^((d\X 2 ) J Vt(m)) due to the decom¬ 
position (11721) . By the commutativity of (<9 aA 2 )Y and (SaA 2 )V, we have only to check ((d\X 2 )Yi(m)) = 
(d\X 2 )Vt(m). It follows from (11741) . I 

We have the induced isomorphisms T : S x (A f) —> S x (A f) and ’F : S x (A f) —> S x (A f). 

Example C.4 If AT = TZx, under the isomorphism TZx — TZx(X 2 d\), the isomorphism \F : P x —> TZx is 
given by ^(X^a m j) = <9a) j - 1 

C.1.4 Bi-modules 

Let Oc x {X 2 d\) denote the sheaf of subalgebras in TZx generated by X 2 d\ over Oc x - Let B be an CVj A -module. 
An action of X 2 d\ on B means a morphism of sheaves p{X 2 d\) : B — > B such that p{X 2 d\)(fP) = fp(X 2 d\)(P) + 
(. X 2 d\f ) P for any local sections / £ Oc x and P £ B. If B is a sheaf of algebras over Oc x , we moreover impose 
the Leibniz rule p(X 2 d\)(PQ) = p(X 2 d\)(P)Q + Pp(X 2 d\)(Q). If we are given a sheaf of algebras B over Oc 
equipped with an action of A 2 c?a, the sheaf B®o Cx 0(X 2 d\) is naturally a sheaf of algebras. The multiplication 

is given by (P ® ( X 2 d\) k ) - (Q ® (A 2 9a Y) = : 3)^ ‘ p(A 2 c?a) j '(Q) ® (X 2 d\) k+e ~ :i , where (k : j ) denote the 

binomial coefficients. 

We can naturally regard TZx as a left Oc x {X 2 d\). The action of A 2 <9 a on TZx is given by p(X 2 d\)(P) = 
[A 2 9a,P] in TZx which satisfies the Leibniz rule p{X 2 d\){PQ) = p(X 2 d\){P) ■ Q + P ■ p(X 2 d\)(Q). The sheaf 
TZx ®0 Cx @C x {X 2 d\) is naturally a sheaf of algebras. We have the isomorphism TZx ®O c> CAc a (A 2 c>a} — TZx 
given by J2 p j ® (A 2 9 A ) j '—> ■ 

Because Oc x is the center of TZx, we have the naturally defined sheaf of algebras TZx ®e> c> TZx on X. It 
is naturally an Oc x (A 2 <9A)-module. The action of X 2 d\ is given by pi(X 2 d\)(P ® Q) = p(X 2 d\)(P) ®Q + P0 
p(X 2 d\)(Q). It satishes the Leibniz rule. We set Ax '■= TZx ®e>c A TZx ®o Cx Oc x (X 2 d\). It is naturally a sheaf 
of algebras. Let ki : TZx —A Ax (i = 1,2) be the morphism of algebras given by the inclusion to the i-th 
component. They are extended to the morphism of algebras ki : TZx —> Ax- 

Let M be an Ax-module. Let £ (resp. r) denote the Px-action or Px-action on M induced by k\ (resp. 
A®. We set J\f(X 2 d\) := ® JL 0 d J x ® A 2 - 7 J\f. The Px-action £ on J\f and the construction ▼ give an Px-action £j 
on J\f(X 2 d\). The induced multiplication of g £ TZx and c £ Af(X 2 d\) is denoted by g(£j)c. We obtain an Px- 
action by taking the restriction, which is also denoted by £j. For a £ TZx, let £w(a) denote the endomorphism 
of the sheaves Af(X 2 d\) given by m i —> a(£l)m. We use the notation fV, rV and rT similarly. 

Lemma C.5 We have rV(ai) oijfa) = ^’▼( 02 ) orV(ai) for any 01,02 £ TZx- 

Proof By using the explicit construction of V and ▼, we can observe that rV(ai) o £ 1 ( 02 ) = £l ( 02 ) o rV(ai) 
if ai,a 2 £ TZx- By the assumption, we have r(X 2 d\) = £{\ 2 d\). Hence, we have rV{d\X 2 ) = £v(d\X 2 ) and 
rj(d\X 2 ) = £f(d\X 2 ). By using Lemma ICJl we obtain rV(ai) 0 ^( 02 ) = £^{ 02 ) orV(ai) if either one of a\ or 
a 2 is d\X 2 . I 

The following lemma is clear by construction. 

Lemma C.6 We have rV(ai) o £^( 02 ) = fv(d 2 ) o rV(ai) and rT(ai) o £ 1 ( 02 ) = £^{ 02 ) o rT(ai) for any 

ffli, a 2 £ TZx- I 

As mentioned in the proof of Lemma 1C.51 we have rV(<9 aA 2 ) = £s/(d\X 2 ) and rj(d\X 2 ) = £j(d\X 2 ), the 
morphism T in ^C.1.31 is independent of the choices of £ and r. It exchanges (rV,f▼) and (rY,fV). 
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Example C.7 We consider M := 7 Zx ® fix as an Ax-module. Here, the TZx-actions £ and r are induced by 
the left and the right multiplications. The action of X 2 d x is given by X 2 d x (P) = [A 2 9a,P] in TZx- 

We have the isomorphism (M(X 2 d x ),£v) ~ 77x (■A/’,£) = TZx ® fix — <8 fix (dA) _1 . Under 

the isomorphism, £\7 is equal to the left multiplication, and rl is equal to the TZx-action induced by the right 
multiplication. 

We have the isomorphism (M(X 2 d x ), rv) ~ IZx ®n x (-A/ - , r) = 7 Zx ® fix 1 — TZx ® fix (dA) _1 . Under 
the isomorphism, rV is equal to the IZx-action induced by the right multiplication, and £l is equal to the left 
multiplication. 1 


C.1.5 Functoriality for inner homomorphisms 

Let Mi be an 7£x-module. Let M 2 be an Alx-module. Let Homn x (Mi . M$) be the sheaf of 7£x-homomorphisms 
from Mi to (Mi, £)■ It is equipped with the 7?x-action induced by r. It is naturally extended to an 72-x-action, 
where the action of \ 2 d\ is given by \ 2 d\(f)(m) = A 2 d\(f(m)) — f(X 2 d x m). We have the 77-x-actions V and 
▼ on 'Hom nx (Mi,M$)(\ 2 d\). 

Let 'Hom-iz x (Mi,M 2 (X 2 d x Y y ) denote the sheaf of 7?x-homomorphisms Mi — > (M 2 (X 2 d x ),£l). By Lemma 
EU we have the Tvbv-action on Homn x (Mi,M 2 (X 2 d x Y y ) induced by rV on M 2 (X 2 d x ). The induced 7^-x-action 
is also denoted by rV. By Lemma ICTl we have the 77x-action on Homn x (Mi,M 2 (X 2 d x ) l ' f ) induced by rW on 
M 2 (X 2 d x ). It is extended to an 77x-action. The action of X 2 d\ is given by (X 2 d\g)(m) = X 2 d\(£l)(g(m)) — 
g(X 2 d\m). The induced T^y-action is denoted by rJ. 

We define a morphism of sheaves F : Homn x (Mi,Mi)(X 2 d\) — > Homn x (Mi,M£ J (X 2 d\)) given as follows. 
For any local section Y d\ ® A Hgj of Homn x (Mi,M£) (X 2 d\) and any local section m of Mi, we set 

9 A 2j gj) (m) :=J2d{® X 2j gj (m). 

If Mi is IZx -coherent, then F is an isomorphism. We can check the following lemma by a direct computation. 

Lemma C.8 For local sections a £ IZx and b £ Homn x (Mi,M 2 )(X 2 d x ), we have F(aX7b) = a(rV)F(b) and 
F(aJb ) = a(rJ)F(b). I 

We have the following natural isomorphism by the decomposition (11721) : 

'Homn x (Mi,M 2 (X 2 d x y j ) ^ Uom^ x (Mi(X 2 d x )' f ,M 2 (X 2 d x ) ej ) (175) 

Lemma C.9 We have the following commutative diagram: 


Homnx (Mi,M 2 (X 2 d x ) iJ ) ——> Hom^ x (Mi(X 2 d x ) J ,M 2 (X 2 d x Y J ) 


a 1 


CL2 


Homn x (X 2 Mi,M 2 (X 2 d x ) ly ) — b —> Hom^ x (X 2 Mi(X 2 d x ) J ,M 2 (X 2 d x Y J ) 


The horizontal arrows b are (11751) . The morphism a 2 is given by d x V on Mi(X 2 d x ). The morphism ai is 
determined by ai(g)(m) = —d x (£j)(g(m)) + g(d x m) for any g £ Homn x (Mi,M 2 (X 2 d x ) ej ) and m £ X 2 Mi- 


Proof For any g £ Homn x (Mi,M 2 (X 2 d x Y J ) and to = A 2 TOi £ X 2 Mi, we have 


(a 2 o b)(g)(i(X 2 mi)) = &(ff) ((<9 a A 2 )Vc(toi))) = b(g) (-(d x X 2 )ji(mi) + i(d x X 2 mi)^ 

= (-d x X 2 )(ej)(g(mi)) +g(d x X 2 mi) = -d x (£T)(g(m)) + g(d x m) (176) 

Thus, we obtain the claim of the lemma. I 
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Corollary C.10 We have the following natural isomorphism of !Zx~complexes: 


(177) 

(178) 

I 


SlUomn x (M.-A/if) - (S y x M u X 2 Af 2 (X 2 d x y y ) [1] 

SlUomnx (MX) ^ (SJM, A 2 M(A 2 S a )^) [1] 

Proof We obtain (11771) from Lemma [U~8l and Lemma (Uhl We obtain (11781) by exchanging V and ▼. 


C.2 Push-forward 

C.2.1 Push-forward of 72-modules and 72-modules 

We recall the push-forward of 72-modules and 72-modules. See [47] for more details. Let X be any complex 
manifold. Let denote the sheaf of C^-functions F on X such that d\F = 0. Let fl]^ 9 denote the sheaf 

of C°° (0,g)-forms on A'. Let Cff denote the sheaf of C^-functions on X. We define 

Cx j := ® ^p- 1 ^ (^X ®O x Cx/Cx)- 

p+q=j 

With the exterior derivative in the A-direction, we obtain the complexes (flx>d) an d (C' x ’ , d). The natural 
inclusion gives a quasi-isomorphism (f1 x ,d) > (C x ' ,d). 

Let / : X —> Y be any morphism of complex manifolds. The induced morphism X —> y is also denoted 
by /■ We set 1Zx,yj := 72 x ®0 Cx / _1 72y. It is naturally a sheaf of algebras. It is also naturally an Oc x {X 2 d\)- 
module, and the action of A 2 < 9 a satisfies the Leibniz rule. Hence, we obtain the sheaf of algebras Ax.yj '■= 
IZx.Y.f 0e> c> Oc x {\ 2 d\) as in the case of Ax- We have a natural inclusion 1Z X —> Axy.f and / _1 72y — » 
Ax,yj- We set TZy^x '■= fix ®O x f~ 1 ('^Y 0 fly 1 )- It is naturally a left 72x,y, /-module. We have the natural 
action of X 2 d\ on / -1 ( 72y) given by X 2 d\(Q) := [X 2 d\,Q\ in / _1 (72y). It induces an action of X 2 d\ on 72y < _x, 
with which 1Zy<-x is an Axy, /-module. We have a canonical locally free 72.x,y./-resolution (fix [dx] ®o x 

TZx) 0/-io y / _1 (72y 0 fly ) of 7 Zy<-x- It is also an Axy /-resolution. We have the following natural quasi¬ 
isomorphism of _4x,y/-complexes: 

(flx[dx] ®o x 72-x) 0/— 1 Oy / _1 (72y 0 fly ) —> (C x [dx] 00 * 72x) 0/-io y / _1 (72y ® ^y ) 

Let M.* be any 72-x-complex. We obtain the following 72-y-complex: 

f\M* := f< (((^x’ Mx] 0o* TLx) ®f~ 1 o y f~ l {'R-Y 0 fly )) ®n x 

= f\ ((Cx’*[dx] 0/-io>> f~\n Y 0fi^)) 0o* M *) (179) 

It induces a functor D b (lZx) —> D b (lZy). We denote the right hand side of (11791) by Rf\ (1 Z y <-x ®n x Ai m )- If 
At* is cohomologically 72x-coherent and good relative to /, then /f Al* is also cohomologically 72-x-coherent. If 
M* is an 72x-complex, f\M* is naturally an 72y-complex. Hence, (11791) gives a functor D b (lZx) —> D b (lZy). 


C.2.2 Another expression of the push-forward of 72-modules 

We put 

P\ l ^ X l ®p-yc^ C^y ®o x Cx/c x )■ 


Cfffd ■= , 


p+q=j 


With the exterior derivative d, we obtain the complexes (fl^,d) and (C^’*,d), and we have the natural quasi¬ 
isomorphism (fl^.,d) —A (C“’*,d). 

Let / : X —> Y be a morphism of complex manifolds. We set 72 x,yj ■= 72x 0c / _1 72y. We set 
72y<-x := fly 0/-i Oy y ® ) • It is naturally an / l^x,Y,f~ module. We have a canonical locally free 
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TZx,y ,/-resolution (fly [d x + 1] ®o x Ax) ®f~ 1 o y f *(Ay ® fly 1 ) of TZy^-x- We have the following natural 
quasi-isomorphism of Ay ® /^Ay-complexes: 

(Cl x [dx + 1] ®o x TLx) <S>f-io y f~ 1 {'R-Y ® fly 1 ) —* (C x ’*[dx + 1] <8>o x Hx) ®f~ 1 o x f^ 1 (j^Y ® fly 1 ) 

Let M* be any Ax-complex. We obtain the following Ay-complex: 

IxM* := /, (((C“’*[dx + 1] ®O x Kx) ®f-iO y /"'(Ay (gfiy 1 )) M *) 

= f ] - ((px’*[dx + 1] ®f~ 1 Oy f~ 1 (jl'Y ® fly 1 )) -Ad*) (180) 

It induces a functor D b (TZx) —> IA b (Ay). We denote the right hand side of (11801) by Rf\ (Ay^x ®^ x .Ad). 
Lemma C.ll We have the following natural isomorphism: 

(c x ’*[dx + 1] ®f-iOy f~ 1 ('^'Y ® fly 1 )) ®o x M * ~ 

Si ((cT[dx] ® f -i 0y J” 1 (Ay <8)00) ®o x -Ad*) (181) 

Proof Let i and r denote the Ay-action (resp. Ay-action) on Ay ® fly 1 ( res P- ^r®^ 1 ) induced by the left 
and right multiplications. Let £w (resp. rV) denote the Ay-action on (Ay ® fl Y 1 )(X 2 d\) induced by l and T 
(resp. r and V). We have the isomorphism fly 1 ~ A -2 !!^ 1 given by r i —> r(dA) -1 . As mentioned in Example 
m they induce the following isomorphism: 


(n Y ®(x _2 fiy 1 ),£,rj ~ ([n Y ® n Y 1 )(x 2 dx),i’f,rvy 


(182) 


We obtain (11811) from (11821) . 


Corollary C.12 We have the natural isomorphism /fAI* ~ Sj/fAd* of Ay -complexes. In particular, we have 


a natural isomorphism f^-M* —> /fAd* in the derived category of Ay -modules. 

C.2.3 Trace morphisms 

Let T)b x /Cx be the sheaf of distributions F on X such that d\F = 0. We set 

: = 0 Px 1 ^ ® p ~ 1 c% fox ®o x ®b x / Cx ). 


I 


p+q=j 


With the exterior derivative d in the A-direction, we obtain the complex (©b Y ,d). We have the natural 
quasi-isomorphism (f l x ,d) —> (©bx,d). We also set 


“ 0 Px l ^x 


X 


(fly ®O x ©by/cj- 


p+q=j 


With the exterior derivative, we obtain the complex ( fDb x ,d ). The natural inclusion (f2 x ,d) — > (©b x ,d) is a 
quasi-isomorphism. 

Let / : A' — > A be a proper morphism. Recall that we have the trace morphism try : A dx f-\O x [dx] —> 
X dv Oy[d Y ] in the derived category of Ay-modules: 

A d *hO X [d X ] f^X^m'xlldx] ®f-lOy r\K Y ® fly 1 )) ~ f\(X dx ©bx [2d Y ]) ®o y (Ay ® Oy 1 ) 

X dY m Y [2d Y ] ®Oy (Ay ® Oy 1 ) ~ A dY Oy[d Y \. (183) 
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Here, a is given by the integration of currents along / multiplied by (27iV— 1) dx+dv . We also have the trace 
morphism tr/ : A dx faOx[dx] —> X dy Oy [dy] : 

^ /i(A dx ®b x [2d x + 1] 0/-i Oy / _1 (£f 8 fly 1 )) ^ /!(A dx Sb’ Y [2d Y + 1]) 8o y (fty (8) tty 1 ) 

-4 A dy Sby[2dy + 1] 8o„ (£f <8 fly 1 ) - A dY Oy[dy] (184) 

Here, b is given by the integration of currents along / multiplied by (2n\/—l)~~ dx+dY . The following is clear by 
the construction of the morpliisms. 

Lemma C.13 tr f is equal to the composite of X dx faO x [dx] —> X dx faO x [dx] andtif. 

Proof As in Lemma 1C.Ill we can identify the morphism (118411 with that obtained from (118311 by the functor 
S x . Hence, the claim is clear. I 

C.2.4 Complement 

Let A f be any TZ x -module. We have the morphism of sheaves 

(c x [dx] ^f~ 1 o y 1 if^'Y 8) fly )) ®o x (N{X 2 d\), ▼) —> 

({Cx'[dx}® f -i 0y r\K Y 8 Hy 1 )) 8o* Af)(A 2 a A ) (185) 

by g 8 (d J x 8 A 2j m) i —> d x 8 (g 8 A 2j m). By construction, the following holds. 

Lemma C.14 The morphism (| 185[1 is an TZx-homomorphism with respect to the natural f~ 1 7Zy-action on the 
left hand side, and the f~ 1 TZy -action ▼ on the right hand side. The morphism () 1851) is compatible with the 
actions (d\X 2 )V on the both sides. 1 

Corollary C.15 The morphism (118511 induces an isomorphism fa (A4*(A 2 <9 a ), ▼) — > (fa(A4*)(X 2 d\), t) . It 
also induces an isomorphism faS x (A4) ~ S x fa(A4). 1 

C.3 Duality 

C.3.1 Duality of Til-modules and Til-modules 

Let X be a complex manifold with a hypersurface H. Set dx ■= dim A'. We naturally regard X dx TZ x {*H) l S>^x 
as an AA'(*Lf)-module. We take an Ax(*tf)-injective resolution Q * of X dx TZ x (*H)®n x [dx]- For any TZ x (*H)- 
module Af, let A/”, Go’ e ) denote the sheaf of 7?-x(*Lf)-homomorphisms Af —> (Go, £). It is naturally 

an 7?.A'(*-ft)-module by r. If Af is an 7vlx(*H)-niodule, it is naturally an 7£x(*-f0~ moc iule. The action of X 2 d\ 
is given by (A 2 d\f)(m) = X 2 d\(f{m)) - f(X 2 d x m). 

For any 7?-A(*Tf)-complex A4*, we obtain the following 7ilx(*.£0-complex: 

Dx(*h)M* := 'Hom 1Zx ^ H faM*,G* e ) (186) 

If A4* is an 72.A'(*-ff)-complex, then D X (*h)W is naturally an 7?.A'(*Lf)-complex. We shall often denote the 
right hand side of (11861) by KHomTi x ^ H ) (A4*, X dx TZ x (*H) 8 Oy) [. d x ] if there is no risk of confusion. 

C.3.2 Another expression of the duality of Til-modules 

We give another expression of the duality functor for Til-modules. We naturally regard 1Z X (*H) 8 as 
7 Z X (*H) 8c TZx(*H )-module. Let £ (resp. r) denote the 7ilx(*-ff factions induced by the left multiplication 
(resp. the right multiplication). We take an injective 1Z X (*H) 8c ~R-x(*H )-resolution G * of X dx TZ x (*H) 8 
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Vt ? ^{dx+]]- For any lZx{*H)-modu\e AT, let denote the sheaf of 77.x(*7?)-homomorphisms 

Af —» (17f,f). It is naturally an 77x(*.fO-module induced by the 77.x(*-ff)-action r. 

For any 7?.x(*-ff)-complex A4*, we obtain the following 7£x(*-ff)-complex: 

D X (. H) (M m ) ■■=Uom jix ^ H) (M\gi l ) (187) 

We shall denote the right hand side of (11871) by RHom^ x ^ H ^M*,TZ x < 8 > flj^^dx + 1] if there is no risk of 
confusion. 

We have the 7T.A'(*77)-action £▼ on (TZ X (*H) ® Ll x 1 )(X 2 d\) induced by the 7?.A'(*77)-action l and the 
construction T. We also have the 7?.x(*-ff)-action rV on (TZ x (*H) ® Ll x )(A 2 <9 a ) induced by the 77.(*f7)-action 
r and the construction V. Similarly, we have the 7tx(*-ff)-actions ^ and on I?o(A 2 <9 a ). As in (11821) . we have 
the isomorphism 

(( n x {*H)^Ti~x){\ 2 d x ),£y,r \~ (n x (*H)®(\ - 2 ^ 1 ),£,r). (188) 

Hence, we may assume to have a quasi-isomorphism of TZ x {*H) ®c 77.x (*-ff )-complexes 

A 2 S 0 *(A 2 c> a )[ 1 ] — >g*. (189) 

From Corollarv IC.lOl and (11891) . we have the following morphisms of 77x(*77)-complexes: 

SlHom nx{itH) {M\g- 0 £ ) c nom^ H) (SlM-,X 2 g- 0 (X 2 d x r[l}) —> nom^ x{tH) {siM\gi l ) (190) 

We also have the following natural quasi-isonrorphisms: 

SZHom nx{ * H) (M',g' e )-^Uom nx{ * H) (M\g m /) (191) 

Kom^ H) (M%gi l ) ^Uom^ H) {SlM\gi £ ) (192) 

Proposition C.16 If At* is cohomologically TZxi*H)-coherent, then (11901) is a quasi-isomorphism. Together 
with (I191D and (11921) . we obtain the following isomorphisms in the derived category of cohomologically TZ x (*H)- 
coherent complexes: 

D x M m — D x SlM m — SlD x M m —=-+ D x M m 

Proof For simplicity of the description, we omit to denote ( *H ) in the proof. It is enough to prove the claim 
for an 77x-module At which is coherent over TZ x ■ We begin with the following lemma. 

Lemma C.17 Let 0 —> M\ —> A4 —> A /3 —► 0 be an exact sequence of coherent TZx-modules. Let T be any 
injective TZx-module. Then, the following is exact. 

0 —> Tiom^ x (N 3 (X 2 d\),l(X 2 d\)) —* Uom^ x ( N 2 {X 2 d\),l(X 2 d \)) 

—► Uom^ (Mi{X 2 d x ),l(X 2 d x )) —► 0 (193) 

Proof The sequence (11931) is rewritten as follows: 

0 —» TLomux (Af 3 ,l{X 2 d\)) —> Hornn x ( N- 2l T(X 2 d \)) -A- 7 Iom nx (A/j,X(A 2 <9 A )) —* 0 (194) 

It is enough to prove that /? is an epimorphism. For any non-negative integer L , we set FifL{X 2 d\) := 
0 d 3 x ® A 2 j I. They are naturally an TZ X -submodules of I(X 2 d\). Let F^TLorn-jZx ( Afi,I(X 2 d \)) be the image 
oiTLomrix (A/), Fifl{X 2 d\)). Because A/i is 77x-coherent, the filtration F is exhaustive on TLomiix (A/i,I(A 2 <9 A )). 
By construction, we have Gr^ Tiomn x (A/i,I(A 2 <9 a )) ~ Tiom^ x (A/), A 2 - 5 !). Because T is TZ- injective, we have 
the surjectivity of Gr^ 'Homn x (A/ 2 ,X(A 2 < 9 a )) —> GTj'Hom-ji x (Afi,I(X 2 d\)). Then, we obtain the desired 
surjectivity. 1 

The claim of Proposition 1C.161 is reduced to the following lemma. 
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Lemma C.18 For any coherent 1Z X -module M, the natural morphism 


Hom^ x (Af(X 2 d x ),X 2 g' 0 (X 2 d x y y [l}) — >Hom 1ix (Af(X 2 d x ),g m /) (195) 

is a quasi-isomorphism. 


Proof The morphism (11951) is a quasi-isomorphism if AT = 1Z X • It is enough to prove that (11951) is a quasi¬ 
isomorphism locally around any point of X. We may assume to have an 7^.A-free resolution V m of AC We have 
the following commutative diagram: 


n ° m Tix {N{X 2 d x ), X 2 g^{X 2 d x Y y [1]) 

Ot 2 

Tot Uom jix (V(X 2 d x ),X 2 g^(X 2 d x ) ej [l}) 


■> ft omji x (Af(X 2 d x ), g \ £ ) 

“ 3 1 


* Tot nom^ x (V (A 2 d x ), gi l ) 


Here, TotC** denote the total complex of a double complex C**. As remarked above, oq is a quasi-isomorphism. 
Because ((?*,£) is Alx-injective, oq is a quasi-isomorphism. As for a 2 , note that (A 2 t/*,f) is TZ X ~ injective. We 
have the isomorphism exchanging V and ▼ as in ( 1C.1.31 Hence, a 2 is a quasi-isomorphism by Lemma 1C. 171 
Then, we obtain that a\ is a quasi-isomorphism. Thus we obtain Lemma lC.181 and hence Proposition 1C. 16l I 


C.3.3 Smooth case 

Let At be a smooth TZx(*H)-modu\e. Let At v be the smooth 7 ?-x(*-ff)-inodule ' Homo x { * h)(M,Ox(*H)) with 
the induced meromorphic connection. As remarked in (40] . we have a natural isomorphism D X (*H)-Xd — X dx At v 
in the derived category. Together with Proposition 1C. 161 we obtain D X (*h )At ~ A dx At v . 

We also have the isomorphism D X (*h )At ~ X dx At v given in a more direct and standard way, by using the 
Spencer resolution 1Z X (*H) 0 Q x °f 

RUom^H) (At, A dx K x (*H) 0 H* 1 ) [d x + 1 ] ~ 

n ° m n x (*H) 0 0^ 0 At, X dx K x (*H) 0 H* 1 ) [d x + 1] ~ 

-Rx{*H)® X dx M v ~ X dx M v (196) 

Lemma C.19 The isomorphisms D X (*h )At ~ A dx At v are equal. 

Proof We have the natural quasi-isomorphisms S X ((1Z X (*H) ®O x ©a) 00* At) —> SJ (At) —> At. We 
have the following natural isomorphisms: 

S x 0o* ©at) 0o* At) ~ ((7 Z X (*H) <S>o x & x ) 0 o* At) ~ (1Z X {*H) 0o* ©at) 0o* At 

The isomorphism in Proposition 1C. 16l is expressed as follows: 

(R-x{*H) 0 <d' x 0 M,1Z X (*H) 0 [d x + 1] — 

R° m i z x (*h)(S x (R-x(*H) 0 ©x 0 At),7^A (*H) 0 ) [d x + 1 ] — 

S x 'Hom Ux ^ H ) (1Z X {*H) 0 0 A - 0 M,1Z X (*H) 0 H\- ) [dx] — 

0 ©a 0 At, 1Zx(*H) 0 fi A ) [dx] (197) 

Then, the claim is clear by the constructions of the isomorphisms D X (*h )At ~ A dx At v . I 
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C.4 Compatibility of push-forward and duality 

C.4.1 Compatibility for 7^-modules 

Let us recall the compatibility of the push-forward and the duality for 7?.-modules studied in [SO] , Let Y be a 
complex manifold. 

We set Myo '■= (Py 0 toy Y®Oy (Pf 0 fly ), where means that we consider the actions i for the tensor 
product over Oy. It is equipped with the Py-actions r, (i = 1,2) induced by the action r on the i-th factor. 
We also have the Py-action i ® £ induced by the actions t. We have the action of X 2 d\ on Myo induced by 
the actions on Py 0 fly with the Leibniz rule. Each Py-action with the action of A 2 d\ gives an Py-action. 

We set My i := (7 Zy 0 fly ) r ®o y (7 Zy 0 fly ), where r ® e means that we consider the action r on the first 
factor and the action l on the second factor for the tensor product over Oy. It is equipped with the Py-action 
l\ induced by the action £ on the first factor, and the Py-action ri induced by the action r on the second factor. 
We also have the Py-action r ® £ induced by the action r on the first factor and the action £ on the second 
factor. As in the case of Myo > we have the action of X 2 d\ on Myi with which each Py-action is extended to 
an Py-action. 

Recall that we have a unique isomorphism of sheaves 'Ll : Myi —> Myo such that (i) 'Ll o r 2 = f 2 o 'Ll, 
'Ll o £ x = [£ ® £) o 'Ll and \Li o (r 0 f) = n o 'Ll, (ii) 'Ll induces the identity on fly 1 ® fly . Here, ’Ll o ?~2 = 
V 2 o 'Ll means 'f?i(r 2 (P)m) = 7 - 2 (P)’Ll (m) for any local sections P € TZx and m € Myi, and the meaning of 
'Ll o £ 1 = (£®£) o vL 1 and 'Ll o (r ® £) = rio$i are similar. The uniqueness is clear by the conditions (i) and (ii). 
Locally, *L is given as follows. For any local frame r of f2 A - , we have V ((Q 0 r) 0 ro) = (£®£)(Q)((1 ®t)®to) 
for Q £ IZx and m £ IZx 0 fl^- 1 - It is compatible with the actions of X 2 d\. 

Let / : X —> Y be a proper morphism. We obtain the morphism 

X dx ft(o x ® f -i 0y f- 1 (n Y ®'fi?)ydx] —► A(198) 
in the derived category of Ay-modules as the composite of the following morphisms (see AC. 1.41 for Ay): 

x dx /t (c>x f-\n Y ®ny))[V] 

— X dx f\ ^(®b x [2dx] ® Px) 0/-'Oj, / —1 (Py ® fly )) ®n x (Px ®f-^o y / _1 (Py 0 fly ))) 

- X dx f,(m x [2d x ] Sy-io, f^Myo) ~ A d */,(sb*[2cV] 0/-'^ / _1 A<yi) 

~ A d */,(sb^[2djt] 0/-i Oj , / _1 (7Jy ® fly 1 )^ 0 Oy (Py 0 H” 1 ) 

~ A d */ t (CV[V]) ®o y (Py ® TV 1 ) X dv (Py 0 TV 1 ) [dy] (199) 

Here, aq is induced by ’Lj" , and is induced by the trace morphism (see flC.2.31) . 

Let M be a coherent Py-module which is good relative to /. Then, we have the natural morphism 

f^DxM —> DyfrM (200) 

obtained as the composite of the following morphisms: 

f\D x M ~ Rf\RHomn x ( M,X dx O x 0 /-i Oy / _1 (Py 0 T2^)[V]) 

—* RfiKHonif-i-jiY (Py-s-.v ®n x M.TZy^x x ®/- 1 o y / -1 (Py 0 fly )) [<V]j 

—> RMomny (f f M, X dx f f (o x ® f -i 0y / _1 (Py 0 T^)) [V]) 

—> RHom nY ^M,X dY n Y ® TvVr]) ~ DyfrM (201) 
If M is also an P A -module, then (12001) is a morphism in the derived category of Py-modules. 
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C.4.2 Compatibility for 7^-modules 

We set Myo '■= (7£y 0 fly 1 )^© (^y ® fly 1 )- The tensor product is taken as in the case of Myo- We have the 
7 £a— actions r* (i = 1, 2) and £ 0 £ on A4yo as in the case of Myo- WesetAIyi := (J^Y®^y l Y®o y (K-y 0fly 1 ), 

where the tensor product is taken as in the case of Myi- We have the 7?-x-actions V 2 , £\ and r 0 £ on Myi as 
in the case of Myi- 

We have a unique isomorphism of sheaves ’f'l : Myi —> Myo such that (i) $ior 2 =r 2 0 ^ 1 , Ti o td = 
(£®£) o\fi 1) (ii) \ii 1 induces the identity on fl ^, 1 . For any local frame r of fly 1 , we have \11i((Q0t)0to) = 

(£ 0 £){Q)(( 1 0 r) 0 m). 

Lemma C.20 We have H/i o (r 0 £) = rq o \1/ j. 

Proof It is enough to prove the equality locally around any point of X \ X°. We may assume to have a frame 
r of fly 1 such that r(u)(r _1 ) = 0 for any v £ 0y. Let Q £ 7 Zy and m £ TZy 0 fly • For any g £ Oy , we have 


ri(g)^i((Q ®T)®m) = ri(g)(£ 0 £)(Q)(( 1 0 r) 0 m) = (f 0 £)(Q)((g 0 t) <0 to) 

= (f0 f)(Q)((l 0 r) 0 gm) = $i((Q 0 r) 0 gm) = 4>i((r 0 £)(g)((Q 0 r) 0 to)). (202) 

For any v £ @y, we have 

H/i ((r 0 f)(u)((Q 0 r) 0 to)) = \Pi ((—Qv 0 r) 0 m) + v k(Q 0 urn) 

= — (f 0 f)(Qi;)((l 0 t) 0 to) + (£ 0 £)(Q)((1 0 r) 0 vm) = {£ 0 £)(Q)((—v 0 r) 0 to) 

= (£ 0 £)(Q)ri(ti)((l 0 r) 0 to) = ri(u)\I/i ((Q 0 r) 0 m) (203) 
Thus, we are done. 1 

Let / : X —► y be a proper morphism as in 30.4.11 We obtain the morphism 

\ dx Y (Ox 0/-i Oy / _1 (£y ® fly 1 )) Ma + 1] —> A^fty 0 hyYdy + 1] (204) 

in the derived category of 7 Zy 0C 7£y-modules as the composite of the following morphisms: 

\ dx h(o x 0 /- io y r l (n Y 0 fiy 1 )) [dx + 1 ] 

- \ dx h [((Sb* /C j2 d X + 2] 0 Kx) 0/-! Oy r\^Y 0 fly 1 )) 0^ x (Ox ®f-i 0y rY^-Y 0 fly 1 )) 

~ \ d xf,(pb x/Cx [2dx + 2] ® f -. 0y f^Myo) £ \ dx fr(m x/Cx [2d X + 2] 0j~ipy r'MyY) 

- A^/,(sb^ /CA [2dx + 2] 0/-!^ f~^(JZy 0 fly 1 )) 0 Oy (£y 0 fly 1 ) 

- A dx /t(C^[dx + 1]) 0 Oy (Kx 0 fly 1 ) A dr (7^y 0 fly 1 )[dy + 1] (205) 

Here, d\ is induced by fE') -1 , and S 2 is induced by the trace morphism (see 3C.2.3I) . 

Let M be a coherent 7\lx-module which is good relative to f. Then, we have the natural isomorphism 

/ t D X M —► DyfrM (206) 

in the derived category of 7?.y-modules, obtained as the composite of the following morphisms: 

YDxM ~ Rf\KHom nx (M,\ dx O x 0/-i Oy / _1 (^y ® fly 1 )^ + 1]) 

—> Rf\RHom f ^iji Y (ily^x 0^ x M,TZy^x 0^ x (A dx O x 0/-io y f~ 1 (Ky 0 fly 1 ))^ + 1]) 

—> RHomj^ Y (j f M,\ dx f^(Ox 0,-i Oy / _1 (£y 0 fly 1 )) [dx + 1]) 

—> RUom^ Y (YM,\ dY Hy 0 fly^dy + 1 ]) ~ Dyf^M. (207) 
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C.4.3 Comparison 


Let / : X —> Y be a proper morphism of complex manifolds as above. We shall prove the following proposition 
in HC.4.4HC.4.5I 


Proposition C.21 Let XI be a coherent TZx-module which is good relative to f. 
commutative: 


ftD x M D Y ftM 


The following diagram is 


~ ~ (208) 
f]D x M DyfrM 


Here, the horizontal arrows are given in i fC.4.11 and E 1C.4.21 and the vertical arrows are given by the isomorphisms 
in Corollary 1C.121 and Proposition 1C.161 


C.4.4 Step 1 

We construct a natural transform f\D x —> Dy/f modifying the constructions in f lC.4.1l and 11C.4.21 

We set M' Y q := (7 Zy <8) fl Y ) e ®o y (TZy ® fly 1 )- The tensor product is taken as in the case of Myo- It 
is equipped with the 7\lx-action r 2 induced by the 72-x-action r on the second factor. It is equipped with the 
7Cv-action £®£ induced by the 7?x-actions £ on the first and second factors. It is equipped with the 7?x-action 
ri induced by the 7?x-action r on the first factor. Together with the action of A 2 d\ by l® £, it is extended to 
an 7^-x-action which is also denoted by r\. 

We set M Y1 := (TZy ® fly ) r ®Q y (TZy ® fly 1 )- The tensor product is taken as in the case of M.y\. It 

is equipped with the 7\lx-action r 2 induced by the TJ-x-action r on the second factor. It is equipped with the 
7?-x-action r®£ induced by the 72-x-actions r and £ on the first and second factors, respectively. It is equipped 
with the 7?x-action £\ induced by the 7?-x-action l on the first factor. Together with the action of X 2 d\ by 
r ®£, it is extended to an 7?x-action which is also denoted by £\. 

We have the isomorphism : XI[ Y ~ M' oy determined by the conditions (i) 4^ o £i = (£® £) o^i and 
T'[ o r 2 = r 2 o 4' 1 , (ii) 4^ induces the identity on fl Y ® fly 1 . It also satisfies the condition T) o (r ® £) = rq o 4^, 
which can be checked by the argument in Lemma 1C. 201 
Then, we obtain the morphism 

X dx /t (p x ®f-i 0y r 1 (Ky ® fly 1 )) \dx + 1] —> \ dY TZy ® fly 1 [d Y + 1 ] (209) 

in the derived category of TZy ® 7?y-complexes, obtained as the composite of the following: 

X dx /t [o x ®f~ 1 o y r\Ky ® ITy 1 )^ [d x + 1] 

— A dx /t(((®&x[2dx + 1] ® TZx) ®f-io y f 1 (R-y ® fly )) ®iz x (Ox ®f- l o y f 1 ('R-y ® ^y 1 ))) 

- \ dX .f(m' x [2d X + 1] ®f-!Oy f^M'yo) ~ X dx f\(m x [2d X + 1 ] ® f -, 0y f^M'y,) 

— X dx ft (l)b x [2dx + 1] 1 (TZ Y ® fly )) ®o y (R-y ® 

— X dx /f {Ox [dx + 1]) ®O y (Hy ® fl^ 1 ) — X dY (TZy ® fly^ldy + 1] (210) 

Here a[ is induced by 4 f, 1 , and a 2 is induced by the trace morphism in i fC.2.31 Then, for any T^x-module M 
which is good relative to / and coherent over TZx, we obtain the morphism 

J(d X M —> byf t M (211) 
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as the composite of the following morphisms: 


frD x M ~ Rf\RHonriji x (M,X dx O x <g> f -, 0y f~\lZ Y g> n y l )[d x + 1]) 

— RfiRHom(R y<-x ®n x R-y<-x ®tz x (•^ d ' Y £ ) ,r ®f- 1 o y / _1 (^r ® f^ 1 ))^ + 1]) 

—► (hM,\ dx h(o x ® f -i 0y r l (n Y ® H" 1 ))^ + 1]) 

—> RHom^ (ffM, X dY 7Zy ® O^riy + 1]) ~ Dyf^M (212) 

Lemma C.22 TTie following diagram is commutative: 

X dx ft {px ®f~ 1 O y {j^-Y ® H-y 1 )^ Ky + 1] -~—t X dY lZy ® H^/fdy + 1] 

=1 (213) 

X dx ft (@X ^f~ 1 Oy f 1 (fR-Y ® Hy 1 )) M-Y + 1] ~—t X dY R,Y ® H-y^dy + 1] 

Here, ci and C 2 are green by (120411 and (12091) . and the left, vertical arrow is given in Provosition 1C. 16l 

Proof We can regard A4y 0 as an .Ay-module by l <g> f and n with the action of X 2 d\. We can also regard 
M'yi as an .Ay-module by r ® £ and l\ with the action of X 2 d\. As mentioned in Example 1C.71 we have the 
following isomorphisms: 


(TZy 8>H r 1 (A 2 9 A ),fT,rv) c 
It induces the following isomorphisms: 

± (TZy ® A 2 tty 1 ,d, r) 


(M' Y0 {X 2 d\), (t <g> £)▼, nv) 

~ (^X~ 2 Myo,£ ®£, rij 

(214) 

(A4^ 1 (A 2 a A ),(rOf)v,4v) 

~ (^X~ 2 M Y i,r ® £, 

(215) 

The isomorphisms are compatible with the Hx-actions r^- 

We have the following commutative diagram: 


M' Y1 (X 2 d x ) - 

1 

— y A -Myi 

i 


1 

M' YQ {X 2 d\) - 

1 

-¥ X A4yo 



Here, the vertical arrows are induced by ’3 / , 1 and tEr, and the horizontal arrows are as in (I214D and (12151) . Hence, 
the following diagram is commutative: 


X dx f,(vb' x/Cx [2d x + 2] ® f - 10y f-'Mxo) —3-+ X dx f,(®b x/Cx [2dx + 2] ® f -, 0y f~ l M Y i) 

i ; _ i 

\ dx f\(?b m x [2d x + 1] ®/-i 0y f^M’yo) — X** fi(®b x [2d x + 1] ®/-l 0y f^M'y,) 


We also have the compatibility of the trace morphism in Lemma 1C. 1 (11 Then, we obtain the claim of Lemma 
IC.22l bv construction of the morphisms. 1 

The natural transform /•)■ —> fa in Corollarv IC. 121 induces Dy ft —► Dyff 


Lemma C.23 The composite of (12111) and Dyft —t Dyft equal to (12061) . 

Proof We obtain the claim by comparing the constructions (12071) and (12121) and by using Lemma IC.221 1 
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C.4.5 Step 2 

We consider the following diagram: 


i\D x 


01 


Dyfi- 


7i 


-+ f\D x Sl 

02 

-+ Dyf^Sl 


->■ / t £»x 

03 


(216) 


72 


-> Dy/t 


The morphisms ay and 7! are the natural ones. The nrorphisms fa (i = 1,2) are given in (1C. 4. 41 The morphism 
fa is given in 1 1C.2.41 The morphism a 2 is induced by fa —>■ fa in Corollarv lC.121 and D X SJ cs S\Dx —> Dx 
in 1 1C. 3. 21 The morphism y 2 is induced by faS* — Sj/f and D Y S J ~ SJD Y —> fly in 1 1C.3.21 The 

morphism fa is given in 11C.4.1I Clearly, the left square is commutative. For the proof of Proposition 1C.211 it 
is enough to prove the commutativity of the right square. 

We have the following expression: 

faDS^M - \ dx Rf\ [(f2* [dy +1] 0/-i Oy f~\RY ® fly 1 )) ®o x RHom^ x (SlM.Kx ® fl* 1 ) [d x + 1]] (217) 
It is rewritten as follows: 

A d * Rfa[(n%[d x + 1] ® f -i 0y /^(fty OOy 1 )) ®o x SlRUom nx (M,n x ®Tr x l )[d x ]] (218) 

We have the natural morphism from (I218D to the following: 

\ dx Rf\ (fly[dy] ®f-io y f~\RY ® fly )) ®o x R'Homux {m,TZ x ® fly ) [dx] — 

\ dx RfrR'Hom^^M.Ox ® f -i 0y r\R Y ® Hy 1 )) [dx] (219) 

Indeed, we have 

A dx Rf\ (fl m x [d x + 1] ®f-io y f l {R-Y ® fly 1 )) ®o x S'lR'Homux (m., R x ® fly ) [dx] —* 

\ dx Rf\ (fl x [d x + 1] ®f~ 1 o y f~ 1 {Ry ® fly 1 )) ®o x RHomux [m.TZx ® fly )[d x \ 

X dx Rf\ (fl Y [dy] ®f~i 0y f~ 1 (TZ Y ® fly )) ®o x R'Homnx (^M,1Z X ® fly ) [d x ] (220) 

We also have 

A dx Rf< [(n%[d x + 1] ®f-i 0y r\RY ® fly 1 )) ®o x SlKHormtx (m, R x ® fly) [dy]] —► 

X dx Rf\ (fly [dy] ®f-io y / _1 C Ry ® fly )) ®o x SlRT-Lom-iZx (m,R x ® fly ) [dy] 

X dx Rf\ (fly [dy] ®f-io y f~ 1 (Ry ® fly )) ®o x R'Homux (m,R x ® fl x ) [dy] (221) 
The composite of the morphisms (12201) and (12211) are equal. We have the following morphisms: 

RfiRHomax (• M,X dx O x [d x ] ® f -i 0y / -1 (fty fa 1 )) —► 

RRornuY (/t-Ad, fa(^X dx O x [d x \ ®f-io y I^ 1 [Ry ® fly ))) 

- RHom nY (faM, X dx fa(O x )[d x ] ® 0y (' Ry ® fly 1 )) 

—► RUornxy (faM, A dY K y ® fly- 1 [dy]) —> DfaM (222) 

As the composite of the above morphisms, we obtain a morphism G : f^DS^Ai —> Df^Ai. By construction, 
we can check that both fa o a 2 and q 2 o fa are equal to G. Indeed, fa o a 2 is induced by (12201) . and q 2 o fa is 
induced by (12211) . Thus, we obtain the commutativity of the right square of (I216D . and the proof of Proposition 
1C.211 is finished. I 
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D Comparison of some 7^-modules 

D.l Preliminary 

D.1.1 A construction 

Let W t = C[t](c?t) be the Weyl algebra in the variable t. We set Wl° c := W t <8>c[(] C[t, t -1 ]. Let X be any 
smooth algebraic variety. Let p : Ct x X —> X be the projection. In the algebraic setting, we naturally identify 
C t xx with T>x ® W t - We naturally identify algebraic T>c tX x -modules and algebraic T>x ® Wt-modules. We 
also naturally identify algebraic T>c* X A-modules and algebraic T>x ® W t loc -modules. 

We regard C T as the dual space of C t by the pairing (r, t) \—> rt. Let M be an algebraic T>c t x a— module. 
We have its partial Fourier-Laplace transform FL x(M) on C T x X. As a transform from T>x ® Wt-modules to 
T>x ® W T -modules, it is described as the quotient of d t — t : M[t) —> M[t], Here, the action of T>x ® W T on 
M[t\ is given as follows. We have v(rn,T J ) = ( vm) t j for a vector field v on A', and 3 T (mr 3 ) = jmr 3-1 — tmr^. 

By taking the restriction, we have the localized partial Fourier transform FL^ c (Af) on C* x X. We set 
A := t -1 . We may naturally regard FL^ C (M) as a T>x ® Wj( oc -module. Let us explicit it more explicitly. We 
have the action of V cjxx on M[ A, A -1 ] given as follows. We have v{mX) = (r;m)A J for a vector held v on X, 
and d\ (mA 7 ) = tmX~ 2 + jmA- 7-1 . Then, the T’cj x a— module FL]y C (M) is described as the quotient of 

M[X, A -1 ] M[ A, A -1 ]. 

The natural inclusion M —> M[ A, A -1 ] induces a T>x -homomorphism loc : M —> FL^ c (Af). 

Let ( M,F ) be an algebraic hltered Pc t xA-module, i.e., M is an algebraic Pa— module, and F is a good 
filtration of M. Following [49] , we set 

G 0 FL]° C (M, F) := ^ A P loc (FjM) c FL^ C (M) 

fez 

on A'. It is naturally an algebraic P-A-module. It is also equipped with the action of X 2 d\. Thus, we ob¬ 
tain an algebraic 1Zx~ module. Because d t Fj(M ) C Fj + i(M), we have loc(FjM) C A 1 oc:(F 7+ i M), and hence 
Go FL £ c (M, F) - Ej>n V loc (FjM) for any N. 

We have the Rees module R(M , F) = FjMXK We have the Pa- homomorphism R(M , F) —> FLa c (M, F), 
and the image is Gq FL]£ C (M, F). 

The quotient of the following is denoted by G' 0 FL^ C (M, F): 

X R(M, F) dt ^ R(M,F) 


It is naturally an algebraic P-A-module. 

Lemma D.l The image of the induced morphism GqFL)£ c (M, F) — > FL)y C (A1) is Go FL^ C (M, F). If the 
multiplication of X on GgFL^- c (M, F) is injective, the natural morphism G' 0 FL^ C (M, F) —> Go FL*£ C (M, F) 
is an isomorphism of TZx -modules. 

Proof The first claim is clear by the construction. The morphism G' 0 FL l x c (M, F) — > GoFLy c (M, F) is an 
isomorphism after the localization with respect to A. Then, the second claim follows. fi 

We may interpret the construction G' 0 FL y C in terms of P-modules. Let p denote the projection of Ct x X 
onto A, as above. We have the algebraic Pc t x x~ module C(—t) = (Oc x xC t xx, d—d(X~ 1 t)). Then, by definition, 
Gq FL]y c (M, F) is isomorphic to 

A • p? (R(M, F) ® C(-t)) ~ A • (R{M, F ) ® L(-t) A R(M, F) ® C(-t) ® (A" 1 ^ xXxCt /c x x x) ) 

Here, b is induced by the meromorphic flat connection of R(M , F) <8> C(—t). (See H3.2.4I for example.) 
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Proposition D.2 Suppose that (M, F) is a filtered T)c t xx-module underlying an algebraic mixed Hodge module. 
Then, the natural morphism GqFL^ c (M, F) —> Go FLj£ c (M, F) is an isomorphism. 

Proof By the assumption, we have a mixed Hodge module on P] x X whose underlying filtered P-module 
(M', F') on P] x X satisfies (M', F')|c t X x = (M, F). As explained in [401 §13.5], the analytification of R(M ', F') 
underlies an integrable mixed twistor P-module (T, W ) on P] x X. Let V(—t) = (£(—£),£(—f), C(—t)) denote 
the lZpi xX -triple as in 1 )3.2.11 As explained in [4(3] §11.3.2], we have a mixed twistor P-module ((T, W) ® 
V(-£))[*(£)oo] on Pj x X. 

Lemma D.3 The underlying lZ P i xX -module of (( T,W ) <8> V(—£))[*(t)oo] the analytification of R(M, F) ® 
£(-£). 

Proof The claim is clear on C* x X. Let Q be any point of X. It is enough to check the claim locally around 
(oo ,Q). Let M and M be the 7?. P i x x-modules underlying T and ((T, W) (g) V(—£)) [*(£)oo], respectively. We 

have M.{*{t)oo) = M <g> £(—£). 

Let k := £ _1 . We consider VTZc K xx C Rc^xx which is generated by A0c„x.Y(logK) over Gc^xC^xJC- We 
have the F-filtration V(M) of M along k. Then, V C (M) is F7£c reX x-coherent for any c€i. Let q : C K x X —> 
X be the projection. Note that V C {M) are q*TZ x -coherent because M is regular. We take sections si,..., s m 
of V C {M) which generates V C {M) over q*lZx- Let v be the generator of £(— t) such that Vu = vd(— A _1 £). 

Let Mi be the lZc K xA'-submodule of M (g) £(— t) generated by s* <g) v (i = 1 Let us observe 

Mi = M <8> £(—£). It is enough to prove that n~ n (V c M (g) v) C A4i for any n. We have V C M (g) v C Mi 
because V C (M) is generated by si,..., s m over q*!Zx- Suppose K~ n (V c M (g) v) C M\. Let / be any section of 
V C M. We have 

nd K (K~ n f (g) n) = — nn~ n f (g) v + K~ n {n.d K f) ® v — K~ n ~~ 1 f ® v. 

Hence, we obtain n~ n ~ 1 f ® v € Mi. 

Suppose c < 0. For a sufficiently large AT, (g) v (i = 1,..., m) are sections of A4. We also have that 
generates V c -xM. Hence, we obtain that t N Si (g) v (i = 1,..., m) generates A4 ® £(—t) over Fx- It implies 
that Ad = A4 ® £(—£). I 

Hence, the analytification of p° (i?(M, F) (g) £(—£)) underlies a mixed twistor P-module. It implies that the 
multiplication of A on p° (i?(M, F) ® £(—£)) is injective. Then, the claim follows from the Lemma rD.il I 

D.1.2 Comparison 

Let F be a smooth projective variety. Let A be any smooth algebraic variety. Let 7Ti : Y x Ct x X —> C f xl 
and 7T2 : F x €t x A —>• X be the projections. 

Let (M, F) be a filtered F-module onF x C* x X which underlies a mixed Hodge module. We obtain filtered 
2?-modules w[^{M,F) on Ct x X, which underlie mixed Hodge modules. Applying the construction in ( IP.l.ll 

we obtain F.x-modules Go FL'y c 7r^(M, F). 

Let R(M,F ) be the Rees module of ( M,F ). It is naturally an algebraic TZyxC t xx-niodule. We have the 
TZyxC ,.x v-niodule £(—£). We obtain an algebraic FvxC,xX-module R(M,F) ® £(—£). It underlies a mixed 
twistor P-module (Lemma ID.31) . We obtain Fx-modules 7n^(i?(M, F) ® £(—£)). 

Proposition D.4 We have natural isomorphisms A • tR 2 ^{R{M, F) ® £(—£)) ~ Go FLx c ^ t (M,F). 

Proof Note that we have 7rG (R(M, F)) ~ i?(7rF(M, F)) by the theory of mixed Hodge modules. Let px : 
Ct x X —> X denote the projection. We have px ° tti = 7T2. Let L(—t) denote the P-module associated to —t 
on P] x X as in 1 )2.1.11 Let us recall the following lemma. 

Lemma D.5 For regular holonomic V-modules M on Ct x X, we have pP x ^M ® L(—t) = 0 for j ^ 0. 
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Proof It is enough to consider the case j = —1. Let s be any section of M such that <9 t s — s = 0, and let us 
check that s = 0. We have the V'-filtration of V,M along u = t _1 . Suppose s / 0 around (oo, P) G P 1 x X. 
Because M is regular along u, we have ao := min{o | s G V a M }. Because d t s G V< O0 , we also have s G V <O0 
which contradicts with the choice of ao- Hence, we have s = 0 around (oo, P). Let Mi C M be the ©-submodule 
generated by s. We have Supp(Mi) D {oo} x X = 0. Let P G X. By shrinking A' appropriately, we take an 
algebraic function / on A such that f(P) = 0 and df is nowhere vanishing. We have the P-filtrations Vf of M\ 
and Mi ® L{—t) along /. It is easy to see that Gr Vf (M ® L(—t)) ~ Gr Vf (M) ® L(—t). If s is non-zero around 
(f, P), there exists b such that s gives a non-zero section [s] of Gr^ f (M) satisfying <9 t [s] — [s] = 0. Hence, we 
can reduce the claim to the case dim A = 0, where it can be checked easily. Thus, we obtain Lemma It). 5 1 I 

By the lemma, we have {R(M, F) ® £(—f)) — n 2j (. R(M , F) ® C(—t)) . Then, the claim of Proposition 

ID. 41 follows from Proposition ID.21 I 

D.2 7£-modules associated to subvarieties of P m 

D.2.1 Setting 

We fix a homogeneous coordinate system [zo : ■ ■ ■ : z m \ of P m . We set V := 7J°(P m , 0(1)). We put Vi := 
{ao-so | a 0 G C} C V and V 2 := {YJZ ^ ctiZi | a.i G C} C V. We may regard «o and (cti, ■ ■ ■, ct m ) as coordinate 
systems of Vi and V 2 , respectively. 

We set Hq := {^o = 0}. Let U be a smooth quasi-projective variety with an immersion lu : U —> P m \ H 0 - 
For simplicity, we assume that there exists a hypersurface H C P m for which is a closed subset of 

P m \ (Hq U H). We do not assume that H is smooth. 

We set P 2 * := V 2 \ {0}. We shall construct some ©-modules on V 2 * associated to U. 


D.2.2 A construction 

We take a smooth projective variety Y with an open immersion ii : U —> Y and a morphism i, 2 : Y —> F m such 
that (i) Dy ■= Y\U is normal crossing, (ii) i 2 ot 1 = ijj. We have Dy = t 2 ( HUH 0 ). We set Dyy* := Dy x V 2 *. 
We set 12 y* := (-2 x id y* ■ Y x V 2 —> P m x V 2 . We have the meromorphic function 


Fy,V£ aiZi 

i =1 

on (Y, Dy) x V 2 . We obtain the integrable mixed twistor ©-modules T+{Fy v ,, Dyy* )(*=*,!) and the under¬ 
lying TZyxv *-modules £*(Fy V *, Dyy*). Let iryy* : Y x V 2 —> V 2 be the projection. We obtain the integrable 
mixed twistor ©-modules ny v *jT+(Fyy *, Dyy*) and the underlying IZy *-modules n y y.^C+^yy*, Dyy*). 

If Y' and be another choice, then we take Y" with morphisms (" : U —> Y", a : Y" —> Y' and 
b : Y" —> Y such that a o i'-[ = bo i" = l' 2 o a = l 2 o b =: t 2 . Then, we have natural commutative diagram 

of isomorphisms: 

?r y,V r 2 *t^(^?,V r j* , ^ y ’b*) — ' K Y"y*\T'X^Y"y*i^Y",V*) — ' K Y'y*^(Fyiy*,Dyy») 

n Y,V‘i ^Y,V*) — 7T y„y,j%{Fy„y,,Dyffy*) ~ Tty, y,^%{Fy, y,,D Y 'y*) 

In this sense, Tty v »(Fy v ,, Dyy ■*) and the underlying P-v* -modules Tty (Fy v ,, Dyy ■*) are independent 

of the choice of Y. 

We shall observe that Tty V , .[.£* (Fyy *, Dyy *) are isomorphic to the ©v^*-modules given in [IS]. 


D.2.3 Comparison with a construction of Reichelt-Sevenheck 

Let Z C P m x V be the 0-set of the universal section J] ctiZi of 0pm (1) [x] Oy ■ The projections qi : Z — > P m 
and q 2 : Z — > V are smooth. We set Zjj := Z Xpm U . Let Lz v '■ Zjj —> P m x V denote the natural inclusion. 
Let Tty : P m x V —> V be the projection. 
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We have the variation of pure Hodge structure ( Oz v F ) with the canonical real structure, where the Hodge 
filtration F is given by F 0 = Oz v and F_i = 0. We have the associated pure Hodge module which is also 
denoted by ( 0 Zu ,F )• We obtain the mixed Hodge modules i Zu *(0 Zu , F) (* = *,!) on P m x V, and then 
L Zu*(Ozu,F) on V = Vi x V 2 . By applying the procedure in TO. 1.11 and by taking the restriction to 
Vf C V 2l we obtain the following 7Zy -modules: 

Go FL 1 - ■KyjLz u *{0 Zu , F)\ V * 


Proposition D.6 We have isomorphisms of IZx-modules: 

A • t T° Y ^C*{FZ,D Yy .) ~ G 0 F\}%^L Zu +{O Zu ,F\y 
We also have the following commutative diagram: 


^ ' 7r v,v 2 *fGi (Fy,v* > Dy,v *) 


> G 0 FLy 2 c 'Ky^Lz u \{Oz u , P)|v 2 * 


^ > GoFLy 2 c 7r^.|.iz u *(Gz; / ,.F)|v r 2 * 

Proof We set := Zfl (P m x V\ x V^*). Let Pyi denote the projective completion of V), i.e., Pvi =P(V 1 v ©C). 
Let be the closure of Zq in P m x Py x x Vf. Let i-g o : Zq —y P m x Pv^ x Vf denote the natural inclusion. 
By the construction of Z 0 , we have the following equality of meromorphic functions on Z 0 : 

m 

4 0 a ° = ~4 0 (51 aiZi/zo ) 

i=1 

Let Z 0 u := Zjj D Z 0 , and let Zou denote the closure of Z 0 u in Z 0 . Let q : Z 0 u — y P m x V 2 * denote the 
naturally induced morphism. Note that Zou is naturally isomorphic to U x V 2 *, and that the restriction q\z ou is 
an immersion. We can take a smooth complex algebraic variety B with projective morphisms ipi : B —> Zou 
and tfi 2 : B — > Y x V 2 *, and an open immersion j : U x V 2 * C B such that (i) q o ipi = ty,v* o ip 2 , (ii) tp a ° j 
(a = 1,2) are the identity of U x Vf, (iii) Db := B \ j(U x V 2 ) is a normal crossing hypersurface. We set 
G := — ip^ao = <p 2 Fy. We have the integrable mixed twistor D-modules T+{G,Db) on B. Let £*(G, Db) 
denote the underlying 7?.s-modules. Then, we have the following natural isomorphisms and the commutative 
diagrams: 

tp2tCi(G,D B ) — C\fFy y*, Dy,v *) 

1 _ I 

<p 2 }£*{G,D b ) - y C*{F$ tV .,Dy tVS ) 

We also have the following: 


<Pi\C\{G,D b ) ———> R(l Zu \(0 Zui F)) <S> £(—op) 

I I 

£i1 £*{G,D b ) ———y R[i Zu *{p Zu ,F)) ® £(— ao) 


Then, the claim of the theorem follows from Proposition ID. 41 1 

Reichelt and Sevenheck considered the image (M, F) of lz u \{Oz u ,F) —> iz u *(Oz u , F), that is the minimal 
extension of Zjj in P m x V. They proved that Go FLy 2 c ( 7 Xy^{M, F)) ^ v , is isomorphic to the image of the natural 

morphism G 0 FLy 2 c 7Ty^L Zu \(0 Zu , F) —* G 0 FL^ 2 C (0 Zu , F) |vy . 
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Corollary D.7 G 0 FL^ c (7r yt (M,F)) |V2 , is isomorphic to the image of the natural morphism 

^ ' 7r Y’,y 2 *t^' ! (-^y,V r a *! Dy,V*) 5- ^' 7r Y,Vf ^*(Fyy*,DY,V*)- 

In particular, Go FLy 2 c (7rvq (M, F)) underlies a polarizable integrable pure twistor V-module. 

Proof The first claim follows from Proposition [DT] and the result of Reichelt and Sevenheck mentioned above. 
Because the morphism of the mixed twistor P-modules 7r°- v ,^T\(Fy V , , Dyy*) —> Tty > Dy,v*) 

factors through the morphism of the pure twistor P-modules 


G^dim U+m n Y, V 2 * f 7T (^Y, V* > Dy, V 2 * ) * Gr dim(/+m 7Ty t y* j % (. Fy ) y» , Hy, y 2 * ) , 

the second claim follows. 


E Better behaved GKZ-systems and de Rham complexes 

E.l ©-modules 

E.l.l The 2?-modules associated to some better behaved GKZ-systems 

We recall a special version of better behaved GKZ-systems introduced by L. Borisov and P. Horja [5]. Let A = 
{ai,..., a m } C Z n be a finite subset generating Z ra . Let Kr(A) C K” denote the cone {Ejli r j a j \ r i > 0} gen- 
erated by A. We set K{A) := -Kk(.A)nZ n . The semigroup K(A) is the saturation of Z> 0 Vl = {Ejli n j a j \ n j £ 
Z>o}. We denote a,j = {a.ji ,..., aj n ). 

Let T C K(A) be any subset such that F + a C T for any a £ A. Let (3 £ C n . The following system of 
differential equations GKZ(_4, F,/3) for tuples of holomorphic functions ($ c | c £ T) on any open subset C m is 
called the better behaved GKZ-hypergeometric system associated to (A,r,/3): 

d Xj = ®c+ aj (Vc £ F, Vj = 1,..., m) 

( T, ajiXjd Xj + Cj — (3^J $ c = 0 (Vc e r, Vi = 1,..., n) 

3 

Here, {x \,..., x m ) denotes the standard coordinate system of C m . 

Let us describe the 'Dc m - m odule M GKZ (A, T, (3) corresponding to the system GKZ(Vl, T,/3). We introduce 
a free Go-module Q{A, T) generated by F. Let e(c) denote the element corresponding to c £ T. So, we have 
Q(A, T) = © cgr Oc m • e(c). We introduce the action of V o on Q(A, T) by d Xj e (c) = e(c + dj). Let J(A, F, /3) 
denote the F>c m -submodule of Q(A, T) generated by (JT ajiXjd Xj + Ci — /3j)e(c) for c £ F and i = 1,..., n. We 
set M gkz {A,T,(3) := Q(A,T)/J(A,T,/3). 

Let U C C m be any open subset. An G-homomorphism $ : M GKZ (A, T, j3)\jj —> Ou is uniquely determined 
by <F C := <F(e(c)) (c £ T). Conversely, any tuple of holomorphic functions (<f> c | c £ F) determines an G- 
morphism M GKZ (A, F, f3)\u —>• Ou. Then, the following lemma is clear by the construction. 

Lemma E.l Let U C C m be any open subset. The above correspondence induces a bijective correspondence 
between morphisms of V-modules M GKZ (A,Y,(3)\u —> Ou and solutions of GKZ(Vl, F, (3). 1 

Remark E.2 In |5], Borisov and Horja considered an m-tuple of a finitely generated abelian group, instead of 
a finite subset of I n . In that sense, we consider the only special case. However, we do not impose the existence 
of an element a £ (Z n ) v such that a.(a,j) = 1 (j = 1,..., to). 1 
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E.1.2 Twisted de Rham complexes 

We recall some notation used in ijf)] Let T n := (C*) ra . We consider the morphism i/j^ : T n —> C m given 
by (^i,... ,t n ) = ( t ai ,... 1 t a ’ m ), where = n' l =1 tf. 1 ' • Let X^ denote the closure of the image of . 

Let Xff —> X be the normalization. Let D^ denote the complement of T n in Note that X= 

SpecC[A'(_4)] and X^ = SpecC[Z>o-4]. 

The family of Laurent polynomials Y^jLi Xjt ai induces a meromorphic function F A on (Xff, D^) x C m . 
We also have the logarithmic closed one form k{(3) = XwLi Pidti/ti- We obtain the relative algebraic de Rham 
complexes: 

C*(A/3). := (n^xC-. ) /c-(logX <C m ),d + dF A - «(/3)) 

C m (A,f3) 0 '■= ^(x^ f ,£>^ f )xc m /c m ’ d + dF A — 

Let n A : X^ x C m —> C m denote the projection. Each n At C k (A, /3)* is naturally a 2?c m " m odule by 
d Xj • (g ) = d Xj g + d Xj F A ■ g. The differential d + dF A — k(/ 3) of the complexes are compatible with the actions 
of V cm. So, we obtain the following T>c m -modules 

:= (*=*,o). 

Remark E.3 In the notation of £ 16.1.61 (see also Examvle \6.13\) . we have the following commutative diagram: 

XIa,o,» -t Ma,o,o 


n^L t (A, C m , id) -► 7TfLi(A, C m , id) 


I 


E.1.3 Comparison 

Let K(A)° denote the intersection of Z" and the interior part of Ar(*4). 

Proposition E.4 We have the following natural isomorphisms of 2?c m -modules: 

M GKZ (A,K(A),p) ~ M m 3 .., M gkz (A, K(A)°,fi) ~ m a/3i o. 

Proof Although the claim is rather obvious by definition, we give some more details. Let : Xs ± —> X A® 
be any toric projective resolution. Set := \ T. According to [3], we have Rips i*^x Sl 0°g-^Ei) — 

fiA aff (logZ)^). Let 1 (p) denote the set of tuples of integers I = (A, • • ■ ,i P ) with 1 < i\ < ■ ■ ■ < i p < n. For 
any I G I(p), we set rj := 11^=1 ^dti x A • • • A dti p . Hence, we have QL aff (log D' r A ) is a free sheaf over CLjaff 
with a basis tj (/ G S(p)). Hence, we have 

n A *C p (A)* ~ ® © 0 Cm t c n. 

/es(p) c&K(A) 

We set w := T; lri a. We have d Xj (t c uj) = t c+aj uj. Hence, we have the isomorphism of 'Dc rn - m °dules 
Q(A,K(A)) ~ 7T A *C"(.A). given by e(c) i—t f c w. 

Let uJi denote the inner product of ui and tid/dti. We have uj = {dU/tpUi. We have 

n 

(d + dF A - K(P))(t c ijJi) = (a — pi + y ajiXjt a i^(t c u) = (ci - Pi + ^2 a ji x i^x^\ (f c u). 

i =i 

Hence, the image of 7r^*C n_1 (^l). —► 7r^*C"(yf). is identified with J(_4, A'(„4),/3). Hence, we obtain the 
desired isomorphism M GKZ (A, K(A), (3) — 
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According to [5], the space of global sections of f2E aff ^ aff , is ©/ g s( p ) © c eif(.A)° ^ ' t Cr i- Hence, we have 

7T^C P (A)o = 0 0 Oc^Tj. 

/es(p) c£K(A)° 

Then, as in the case of •, we obtain the desired isomorphism M GKZ (A, K(A)°,/3) ~ Ma,/ 3 ,o- I 

E.1.4 Special cases 

For any p = (p 1; ... ,p m ) £ Z m , we put s+(p) := {j\pj > 0} and s_(p) := {j\pj < 0}. We set 

■ II «8- II 

fes+(p) ies_(p) 

We have the morphism Z m —> Z n given by p = (pi,... ,p m ) i—>■ Y^JLiPj a j- Let L ^ denote the kernel. 

Suppose that T = Z> 0 „4 + c 0 for an element c 0 £ K(A). Then, as remarked in [5], GKZ(A, T, (3) is equivalent 
to the following ordinary GKZ-hypergeometric system GKZ ord (A, (3 — Co) for holomorphic functions 4> Co on any 
open subset of C m : 

□ P $c 0 =0 ( Vp£L A ) 

m 

Pi + ^ ^ $c 0 — 0 — f) * * ■ ; u) 

3 =1 

For any 7 £ C”, let I (A, 7 ) denote the left ideal of X>c m generated by D p (p £ LA) and —7 i + o-jiXjd Xj 
(i = 1,..., n). Then, we have a natural isomorphism M GKZ (A , T, (3) ~ V c m /I{A,f3 — c 0 ). 

Suppose that we are given Ti C T 2 C K(A) such that Tj = d + Z> 0 »4. We have the natural morphism 
M gkz )A , Fi, /3) —>■ M gkz (A, r 2 , (3) induced by the inclusion Q(A,Fi) C Q(A,r 2 ). The above isomorphisms 
induce g C2jCl :'D C m/I(A,c 1 ,f3 ) —> V C m/I{A,c 2 ,/3). 

We have an expression C\ = c 2 + YlJLi bj a j (bj G Z>o). We have the morphism of T?c m -modules h C2Cx : 

T>c m —> Vc m induced by the right multiplication of B C2Cl - nr=i d b / ■ We have D p ■ H C2 , Cl = H C2jCi • D p . We 
also have 

m mm m 

(cii - Pi + y^ <9^ = 5^ • (c 2i - Pi + ^2 n 3' x ! n 

j =1 i=i j =1 i=i 

Hence, we have the induced morphism h C2iCl : Vcm/I(A, Ci, /3) —>■ T>cm /I(A, c 2 , (3)- It is easy to check 

5c2,Ci = h C2 Cl . 

Let us consider some more special cases. Suppose that A'(A) = Z> 0 -4, i.e., Then, the system 

GKZ(A, K(A ), 0) is equivalent to GKZ ord (A, 0), and we have M GKZ (A, K(A), 0) ~ T>c^/I(A, 0). 

Suppose moreover that K(A)° = K{A) + Ci for some C\ £ K{A). Then, GKZ(„4, K(A)°, 0) is equivalent to 
GKZ ord (A,-ci), and we have M GKZ (A,K(A)°, 0) ~ V c ™/I(A,-c 1 ). 

The morphism M GKZ (A, K(A)°, 0 ) —> M GKZ (A, K(A), 0 ) induces T>c™/I(A, — c±) —> T>c™/I(A,0)- H 
ci = X)i=i a i f° r some £, it is equal to the morphism induced by the multiplication of J|j =1 d Xj ■ 

E.2 7^-modules 

E.2.1 Systems of differential equations and the associated Til-modules 

We continue to use the notation in dE.II Let T C K(A) be any subset satisfying T + a C T for any a £ A. 
We consider the following system of differential equations GKZ^(A,T,/3) for a tuple $r = ($ c | c G T) of 
holomorphic functions on any open subset of C x C m = {(A,a;i,..., x m )}'- 

$ c = $c+a 3 , (Vc £ F, j = 1 ,..., to) 
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(a 2 <9a + n\ + ^ \xjd Xj = 0, (Vc <E T) 

3 =i 

m 

(\(ci - fa) + ^ ajj\xjd x .) <1> C = 0, (Veer, * = 1,..., ra) 

j =i 

We describe the corresponding 7?-c m - m odule. We introduce a free (DcxO-module Q(.4,r) generated by 
T. Let e(c) denote the section corresponding to c e T. So, we have Q(A, T) = © cgr C ) cxC m e(c). It is an 
7?-c m - m odule by the actions Xd Xj e(c) = e(c + aj) and 


X 2 d\ e(c) = —nXe(c) — ^ XjXd Xj e(c). 

j =i 

Let v7(Vl, T,/3) denote the 7£-submodule of <2(_4,r) generated by (A(cj —A) + Sj=i a jiXxjd Xj )e(c) for c £ T 
and i = 1,..., n. We set Af GKZ (*4, T, (3) := Q(A , T,/3). 

As in jfEXT] we have the following. 

Lemma E.5 Let U be any open subset in C x C m . We have the natural bijective correspondence between the 
IZ-homomorphisms Af GKZ (*4, T, (3)\u —> Ojj and the solutions of GKZ^(A, T, (3) on U. 


E.2.2 Comparison with the twisted de Rham complexes 

We use the notation in 1 IE.1.2I Let q : C x x C m —> X^ denote the projection. We set 

C k (A,f3). := X- k q*n% f {\ogDf), C k (A,f3) 0 := X~ k q*^ k {jif ^ tf) . 

With the differential induced by d + d(X~ 1 FX) — ac(/3), we obtain the complexes of sheaves C*(A, /3)* (* = •, o). 

Let it a : C x X^ x C m — > C x C m denote the projection. Each f[A*C k (A, (3)+ is naturally an IZc™- 
module by Xd Xj • (g) = Xd Xj g + d Xj F _4 ■ g (j = 1,... ,m) and X 2 d\ • (g) = X 2 d\g — F _4 ■ g. The differentials 
d + d(X~ 1 Fy{) — k(/ 3) of the complexes are compatible with the actions of IZc m - So, we obtain the following 
7?.-modules 

Ma,p,* ■= K” 7 r_ 4 *C*(A,/ 3 )* (* = *,o). 


Proposition E.6 We have the following natural isomorphisms of 1Zc m -modules: 


GKZ 


(A,K(A),P)~M a ,p,., M GK7i (A, K(A)° } (3) ~ M A ,p 


M 

Proof The argument is similar to that in the proof of Proposition IE.41 We give just an indication. We have 

n A ^(A,P).= 0 0 OcxC-t'A-'V/. 

ieS( P ) oek(A) 


We have the following equalities. 


We also have the following: 


Xd Xj (t c X~ n u>) = t c+ai X~ n oj 


(^X 2 d\ + nX + ^2 ^ X jd x j ^ t c X n Lo = 0 
i=i 


(a(cj ~ Pi) a-jiXxjd x 2j{t c X n w) = (d, + d{ X 1 F A ) - k(/3)) {t c X n+1 tOi) 

3 =1 

Then, we obtain the claim in the case for • as in the case of Proposition IE. 41 The claim for o is obtained in a 
similar way. 1 
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Remark E.7 As studied in >16.2.31 we have the following commutative diagram: 

•k°£\(A, C m , id) -» 7T|£*(^4, C m , id) 

_“i “1 

tt*C'(A,0) o - > ir*C*(A, 0). 

Hence, Proposition IE.61 gives expressions of n®C*(A, C m , id) (★ = *,!) as systems of differential equations. I 

E.2.3 Special case 

We use the notation in HE.1.41 For any p £ Z m , we set 

n p := n (A^r- n (A dj)-*. 

jes+(p) ies_(p) 

Suppose that T = Z> 0 A + Cq for an element Co G K(A). Then, GKZ^(^4, T, (3) is equivalent to the following 
system GKZ!~ d (.4 ,(3 — Co) for $ Co : 

□p^c 0 =0 (Vp G L a ) 

m 

(x 2 d\ +n\ + ^2 XjAd x ^$ Co = 0 
j=i 

m 

^A(coi Pi) T ^ o.jjX j A() X:! ^ f h r , 0 — 0 (i 1,... ,n) 
o =i 

For any 7 £ Z m , let X(.4,7) denote the left ideal of TZcm generated by D p (p G L_ 4), A 2 d\ + nA + Axjd Xj , 
and —A7* + a jiAxjd Xj (i = 1,..., n). Then, we have a natural isomorphism 

A4 GK V,r,/3) ~Kcm/I(A,0-co). 

Suppose that we are given Ti C T 2 C K(A) such that r. t = c, + Z> 0 A. We have the natural morphism 
M GKZ {A,T\, fi) —> M GKZ {A,T 2 , ft) induced by the inclusion Q(A, Ti) C Q(A,T 2 ). The above isomorphisms 
induce g C2]Cl : /1(A, c 1 ,0) —> TZc^/X(A, c 2 , 0). 

We have an expression Ci = c 2 + bi a i {h £ Z>q). We have the morphism of 72.c m “ m odules h C2tC1 : 

lZc m —j> 7?-c m induced by the right multiplication of B C2tCl ■= n7=i(Aa^'. We have O p -B C2tCl = B C2iCl -O p . 
We have 

m m m m 

( a {c 2i - Pi) + ^2 a j i x j Ad Xj ^ J|(A9 a; J bfc = J|(A5 a: J bfc ( a ( c h - pi) + J2 a P x J Xd ^) 

j= 1 k—1 k—1 j= 1 

We have ( X 2 d\ + x 3 Ad Xj ) Xd x . = Ad Xj ( X 2 d\ + x :j Ad x .). Hence, 

m m m m 

(\ 2 dx + nA + x.j\d Xi ) ■ JJ(Ad fc ) bfc = JJ(Ad fc ) bfc • ( X 2 dx + nX + ^ XjXd x ^) 

j=l k=1 k =1 j—1 

Hence, we have the induced morphism h C2>Cl : IZc™/I{A, Ci, (3) —> lZc m /X(A, C2, (3). It is easy to see that 

ffc 2 ,ci = h C2 Cl . 

Let us consider some more special cases. Suppose that K(A) = Z> 0 A, i.e., Then, the system 

GKZ^(_4, K(A), 0) is equivalent to GKZ!~ d („4, 0), and we have Ai GKZ (A, K(A), 0) ~ 1Zc m /X(A, 0). 

Suppose moreover that K(A)° = K(A) + C\ for some C\ G K(A). Then, GKZ^(A, K(A)°,0) is equivalent 
to GKZ| d (A-ci), and we have M GKZ (A, K(A)°, 0) ~ K c ™/I{A,-c 1). 

The morphism J\A GKZ (A, K(A)°, 0) —> A1 GKZ (.4, K(A), 0) induces IZc™/X(A, — c{) —> lZc m /X(A,0). If 
ci = J2j=i a j f° r some ^ it is equal to the morphism induced by the multiplication of rij=i(A^xj)- 
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